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ABSTRACT

Interconnecstructuresncluding dielectricscanbe modeledby an
integralequatiommethodusingvolumecurrentsandsurfacechages
for the conductorsand volume polarizationcurrentsand surface
chagesfor the dielectrics.In this paperwe describea meshanal-
ysis approachfor computingthe discretizedcurrentsin both the
conductorsandthe dielectrics.We thenshow thatthis fully mesh-
basedformulation can be castinto a form using provably posi-
tive semidefinitematricesmakingfor easyapplicationof Krylov-

subspaceasednodel-reductiorschemeso generataccurat@uar
anteecpassve reduced-ordemodels.Several printedcircuit board
examplesaregivento demonstratéheeffectivenes®f thestrateyy.

1. INTRODUCTION

Dielectric materialsare presentin almostall modernelectronic
circuits: from PrintedCircuit Boards(PCBs),to packagesMulti-
ChipsModules(MCMs), and IntegratedCircuits. Dielectricscan
significantly affect both the performanceand the functionality of
electroniccircuits. For instancethey canchangenterconnecte-
lays,aswell asthepositionsof frequeng responseesonancedg-
noring dielectricscanthereforepotentiallyleadto very inaccurate
resultsbothin timing analysistoolsandin signalintegrity tools.

Integral equationmethodshave provedto bevery effective tools
for analyzingon-chipandoff-chip interconnecstructuresandthere
are several approachedor including dielectric interfacesin inte-
gral formulations.For problemswhich canbe viewed asflat inter-
facesof infinite extent, suchas multilayer printed circuit boards,
the dielectricinterfaceconditionscan be satisfiedby an appropri-
ate choiceof Greens function[1, 2, 3, 4, 5]. For generalshape
or finite-size dielectric bodies, it is possibleto “replace” the di-
electricswith equialentfictitious electricand/ormagneticsurface
currentg6, 7]. Generaldielectricshapesanalsobe handledby a
volumeintegral equation(VIE) approachin which casethe polar
izationcurrentsareintroducedn thevolumeof thedielectrics,and
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chagesareintroducedon their surfaceq8, 9].

Asthelastdecadéhasmadeclear detailedelectromagnetianal-
ysisis avastlymoreeffective tool if it canbeusedto automatically
generateaccuratecircuit-level modelsof the interconnect.In this
paperwe shaw thatcarefuldiscretizatiorof the VIE methodleads
to, atleastin thelow frequeng regime, a linear dynamicalsystem
with positive semi-definitematrices.This positive-definiteresultis
importantbecausét makes possiblethe straight-forvard applica-
tion of the Krylov-subspacéasedyuaranteegassve model-order
reduction(MOR) technique$10, 11,12,13,14,15,16,17].

The paperis organizedasfollows: in Section2 we summarize
Maxwell equationsn VIE form. In Section3, we describehemesh
analysisformulationfor dielectrics.In Section4 we shaw thatthe
matricegesultingfrom the VIE full meshanalysisapproactcanbe
castinto a positive semidefiniteform, henceallowing guaranteed
passie low ordermodelsextraction. Finally, in Sections6 and7
we shaw the resultsof ourimplementatioron simple examplesof
interconnecstructuresncludingdielectrics.

2. BACKGROUND

Maxwell equationsn Mix edPotentialintegral Equation(MPIE)
form areasshavn in (1)-(4), whereV, andVy arethe unionof the
conductoranddielectricvolumesrespectiely, r. andry arevec-
torsindicating pointsin \; andVy respectiely. u is the magnetic
permeability &, is the permittivity, & is the dielectricrelative per
mittivity, o¢ is the conductvity of the metal,andw is the angular
frequeny of the conductorexcitation. Jc is the currentdensityin
the conductors.Jq = jw(e — ¢, )E is the polarizationcurrentden-
sity in theinterior of thedielectrics,andE is the electricfield. The
kernelK(-,-) for afull-wave formulationis a frequengy dependent
function
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When the relevant length scalesare much smallerthan a wave-

length, the abore kernelcan be approximatedwith the frequeny
independentunction
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Thescalampotentialsp. andgy, canberelatedto thesurfacechage
pc andpg, on boththe conductoranddielectric surfacesasshavn
in (3)-(4), where&: is theunionof theconductorsurfaces & is the
union of the dielectric surfaces,rcs is a vectorindicating a point
in &, andr¢s is a vectorindicating a point in §. Within each
conductorandwithin eachhomogeneoublock of dielectric,
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for all pointsrc andrg in theinterior of V; andVy respectiely. In
addition,thecurrentnormalto theconductoranddielectricsurfaces
is responsibldor theaccumulatiorof surfacechage,

f-Je(res) = jowpe(res) 9)
fAi-Jg(ras) = jwpa(ras) (10)

wherefi is the unit normalto S and & at the pointsrcs andrcs
respectiely.

The main unknowns, Je¢, Jg4, Pe, and pg can be approximated
by a weightedsum of a finite setof basisfunctions. One classi-
cal choicefor the basisfunctionsis to cover the surfaceof each
conductorand of eachdielectricwith panels eachof which hold
a constantchage density To model currentflow, the interiors of
all conductorsand dielectricsare divided into a 3-D grid of fila-
ments Fig. 3 shavs an exampleof the 3D volume discretization
of adielectricparallelepipedEachfilamentcarriesa constantur-
rent. Otherbasisfunctionschoicesare possiblefor the interior of
theconductorg18].

A Galerkinmethod[19] canbe usedto transformthe Mixed Po-
tentialsintegral Equationg1)-(4) into analgebraicform
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wherelg, lg, gc andqq are vectorsof basisfunction weightsfor
the conductorcurrents,dielectric polarizationcurrents,conductor
chagesanddielectricchagesrespectrely. V¢, Vy, @c andgy are
the vectorsgeneratedby inner productsof the basisfunctionswith
the potentialgradientandwith the potentialitself. The resistance
matrix R, the inductancematrix L andthe coeficientsof potential
matrix P areall deriveddirectly from the Galerkincondition[19],
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L andP arefrequeny dependentvhenusinga full-w ave kernelas
in (5), and frequeny independentvhen using a quasi-staticker
nel asin (6). Matrix Pol in (11) is a diagonalmatrix carryingthe
polarizationcoeficients
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wherel; andA; arethelengthandthecross-sectionareaof dielec-
tric filamenti respectiely.

Polij = (15)

3. THE MESH FORMULA TION

Imposingchage conseration (9)-(10) andcurrentconseration
(7)-(8)onsurfaceandoninterior of bothconductosanddielectrics
malesit possibleto usea meshanalysisapproach As a summary
acompletemeshformulationfor structuresncludingbothconduc-
torsanddielectrics aftertheGalerkintransformatiorcanbewritten
simply as:

MZegMT I = Vin, (16)

wherelp, aretheunknavn meshcurrentsy, is thevectorof known
meshvoltagesourcesnonzeroonly ontherowsassociateaith the
externalcircuit terminals.Z.q is the Galerkinimpedancenatrix
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M is avery sparsemeshanalysismatrix,
M = [M¢cMgMpcMpg], (18)

wheresubmatricedvsc andMpc arethe KVL’s meshmatricesfor
the conductordilamentsandpanelsasdescribedn [20]. In avery
similarwayto [20], we canconstructlsoM¢g andMpq, theKVL'’s
meshmatricedor thedielectricfilamentsandpanels.In fact,asfor
the conductorsgdielectricpanelchagescanbetreatedasdisplace-
mentcurrentsflowing on circuit branchego the nodeat infinity. A
setof independenmeshedor the threedimensionabiscretization
of theblock of dielectriccanbe found usinga minimum spanning
tree.

4. PASSIVE MODEL ORDER REDUCTION

In this Section,we will limit ourselfto the usageof the quasi-
statickernelin (6) which producesrequeny independent. and
P matricesin (13) and (14). The techniqueto handledielectrics
in [21] usesa similar quasi-stati@ssumptionandseemsnoread-
vantageousequiring fewer unknavns. However, not only mag-
netic coupling betweenconductve and polarizationcurrentsare
neglectedby that formulation, but also the matricesusedin that
formulationarenotin theform requiredfor Krylov-subspacéased
passive model-reductiorscheme$10]. In this Sectionwe shav in-
steadan easyway to castour meshanalysisapproachinto a form
suitablefor passie reducedrdermodeling.

Let uschooseasstatevectorfor alinearsystenrepresentation:

X:[ Im Qcs Qds Qav ]T (20)

In view of this choice ,we canrewrite (16) asshavn in (19) on next
pagewhere

|
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Orfinally in linearsystemterms:
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wherematrices. andR aredefinedas
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Vectoru(t) containsthe excitation voltagesourcesBu(t) = Vins
Vectory(t) containsthe obsened outputcurrents derived through
matrix C from themeshcurrents, in the statevectorx(t).

THEOREM 1. Matrices and R in (24) and (25) are positive
semidefinite

PROOF. The polarizationmatrix [Pol] is diagonalwith positive
coeficients,hencadt is positive semidefinite Whenusinga Galerkin
techniqug19], the coeficient of potentialmatrix P in (14) andthe
inductancematrix L in (13), are both positive semidefinite. The
matrix [MscM¢q] L[MscM¢q]" is thenalso positive semidefinite.
Sinceall thethreeblocksof theblock-diagonamatrix L in (24) are
positive semidefinite[ is positive semidefinite This concludeshe
first partof the proof.

To prove thatR in (25) is positive semidefinitdet uscalculate:

. 2[MtcMiq]R[MtcMtg]™ 0 0
R+RM = 0 00 (26)
0 00

The resistancematrix R is positive semidefinite,hencethe sub-
matrix 2[M¢cM¢q]RM¢cM¢q]" is positive semidefiniteand so is
R+RT. Sincex' (R+RT)x = 2x" Rx, we canthenfinally conclude
thatR is positive semidefinite. [

OBSERVATION 1. Whenmodelingthe input impedancesand
the transferfunctionsof a 3D structuie, we apply input voltages
at someports, and we measue the resultingcurrentson the same
setof ports,hencewe are choosingC = BT in eq(22) and (23).

OBSERVATION 2. From Theoem 1 and from Observationl,
onecan concludethat the formulationin (22)-(25) satisfiesto the
conditionsfor guaranteedpassiveKrylov subspacebasedmodel
reductionin [10].

5. SUMMARY OF OUR PROCEDURE

We summarizéherebriefly for the corvenienceof thereaderour
entireproposedcroceduren its final form:

1. First, we discretizeboth the volumesandthe surfacesof the
conductorsanddielectrics.An exampleis shawvn in Fig. 3.

2. We usea standardGalerkintechnique[19] to constructma-
tricesR L, P, Pol in eq.(12)to (15).

P [QesQus] T + Miq [Pol] Qav = Vin, (19)

3. A meshanalysisapproachis usedto constructthe sparse
KVL's matricesM¢c, Mtd, Mpc, andMpg in (18). More de-
tails on how to handleconductorsarein [20]. For the di-
electrics,we usea minimum spanningtreeto find a setof
independenineshes.

4. A Krylov subspacéasedmodel reductionalgorithm such
as[10] is then usedto producereducedorder linear sys-
temmodels.At eachstepof the algorithmthe quantlty[R+
soL] 1{ v, could be computedusingfastmatrix vectorprod-
uctsandKrylov subspacéerative methods.

5. Thereducedbrdermodelis thenusedto obtaina plot of the
frequeng responsasin Fig. 1, andFig. 4 or to producean
equivalent SPICE circuit for a time domainsimulationin-
cludingthe non-linearcircuitry.

Theoverallcompleity of this procedurés O(NmNIog(N)), where
Nm is thetotalnumberof momentsnatchedy themodelreduction
algorithmat all frequeng expansionpoints. N is the size of the
original full linearsystemmodelin (22)-(23),or aboutthe number
of basisfunctionsusedin the volumeandsurfacediscretization.

6. A TRANSMISSION LINE EXAMPLE

Two PCBtracesareconsideredn this examplein atransmission
line configuration.Tracesarelocatedon oppositesidesof adielec-
tric substrateandshortedat oneend. Fig 1 shows the frequeny
respons®f suchtransmissiorine structure.In Fig 1 we alsoshav
theresponsef the calculatededucedrdermodel.

Shorted T-Line with dielectric in between. epsr=4. lenght=30cm.
10 T T T T T

Admittance [1/Ohm]

—— mesh analysis, reduced order model
O mesh analysis, full model

4 I I I I I

frequency [Hz] 8

Figure 1: Reduceorder modeling of a shorted PCB transmis-
sion line. Traces’ dimensionsare 250um x 35um x 30cm. A
100um thick dielectric layer (€, = 4) is presentbetweenthe two
traces. The continuousline is the admittance vs. frequencyof
the calculated reducedmodel. The circlesare the responseof
the original system.

At thefrequenciesvherethefrequeny independenkernelin (6)
yields accurateresults,it may alsobe reasonabl¢o neglect mag-
netic couplingbetweenconductorsaanddielectricpolarizationcur-
rents. However there are caseswhere even with a non-fullwave



kernel one might obsene someeffects of the magneticcoupling
betweendielectric polarizationcurrentsand conductors. One of
suchcasess illustratedin Fig. 2. A via is locatedin proximity of
theshortedPCBtransmissiotine. Theline is thenexcitedatafre-
gueng closeto thefirst quarterwavelengthresonanceln this situ-
ationmostof thecurrentclosests paththroughthedielectriclayer
in the form of polarizationcurrents. If a nearbyvia corresponds
to a quietvictim line, somecouplingcanbe obsened betweerthe
vertical polarizationcurrentsandthevia.

Figure 2: Via located near a PCB transmission line. In this
pictur e we do not shaw the dielectric layer which is located be-
tween the two dark PCB transmission line traces. Shadings
correspondto current density amplitudes. On top we show
the current densitiescorrespondingto the casewhere magnetic
coupling betweenpolarization currents and conductors is ac-
counted for. On the bottom we show the same example but
settingLcg =0, Lgc = 0 and Lgqg = 0 in (13) which corresponds
to neglectingmagnetic coupling betweenpolarization currents
and conductors.

7. MCM INTERCONNECT EXAMPLE

In asecondexample we have appliedourtechniqueo analyzing
two wiresof aninterconnecbusonanMulti-Chip Module(MCM),
asshavnin Fig. 3. A dielectriclayer(g; = 4) is presenuinderneath
thetracesandthechips.In Fig. 4 we shav the frequeny response
of the two interconnectsvhen shortedon one side and driven on
the other We shaw the frequeng responsewith andwithout the
dielectricsubstrateA significantdifferencein theresonanceosi-
tion canbeobsenred. Fig. 3 shavsthepolarizationvolumecurrents
atthefirstresonancé = 3 GHz. In Fig. 4 we comparehereduced

Figure 3: Two tracespart of an MCM interconnectsystem(fig-
ure above). A dielectric layer € = 4 is presentunderneath the
traces and the chips. The figure below shows the volume po-
larization currentsinside the dielectric layer at the 3 GHz res-
onance.For visualization purposesthe axesin this pictureare
not “to-scale”. Tracesare 2cm long, 4mm far apart, 250um
wide and 40um thick.

ordermodelto the full modelfor the casewhenthe dielectricsub-
strateis present. The reducedorder model hasbeenbuilt match-
ing four momentsaroundeachof the following expansionpoints:
s1 = j2m-100KHz, s, = j2m- 3 GHz, andsz = j2m- 6 GHz. In
orderto includealsothe point sp = 0 amongthe other expansion
points, a non-singulark in (25) would be necessarylt canbeen
shawn [22] thata matrix of theform suchasin (25)is non-singular
underthe condition that thereare no cut-setsof only capacitors.
Unfortunately eachnodein our dielectricdiscretizationis sucha
cut-setwhendielectriclossesarenegligible. Thereforefor lossless
dielectricsthe pointsy = 0 cannotbeincludedin the multipoint ex-
pansionalgorithm,anda non-zerolow frequeny expansionpoint
is usedinstead.From our experimentswe have obseredthatthis
expansionpointrestrictionis notinterferingwith accurag. Forin-
stancen thisparticularexample thezerofrequeng behaior of the
structurehasbeenaccuratelycapturedasshowvn in Fig. 5, whichis
amagnifiedview of thelow frequeng partof theplotin Fig. 4,

8. CONCLUSIONS

In this paperwe describedapplyingthe meshanalysisapproach
to solvingfor thediscretizedcurrentsandchagesin a VIE formu-
lation. We showved thatthe approacHeadsto a systemwith prov-
ably positive semidefinitematrices makingfor easyapplicationof
Krylov-subspacdasedmodel-reductiorschemego generateac-
curateguaranteegassie reduced-ordemodels. Several printed
circuit boardexamplesdemonstratethe effectivenesof the strat-
€gy.

Arguably it is temptingto assumehat the VIE approachis a
stepbackward, asit involvesdiscretizingvolumesinsteadof sur
faces. However, volume integral equationmethodsare usedfor
magneticanalysisof conductormproblems becauseonductorsoc-
cupy avanishinglysmallregion of the problemdomain.The same
vanishinglysmalloccupang argumentcanbe madefor dielectrics
aswell. In addition,sincepolarizationcurrentsarenot “outputs”, it
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Figure 4: Admittance vs. frequencyfor the two tracesin Fig. 3.
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Figure 5: Magnified view of the low frequencypart of the plot
in Fig. 4, to verify that the reducedmodel(continuousline) cap-
turescorrectly the DC behavior of the original system(circles).

might be possibleto align themwith aregulargrid. Suchanalign-
mentmight improve the performanceof fastsolvers, suchasthe
Conjucate GradientFFT (CGFFT)[23] or Precorrected-FFT24]
methods.This is animportantconsideratiorsincesuchsolversare
requiredwhenusingary integral formulationon modelswith com-
plicatedgeometries.
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