- 1 -Parallel Asynchronous Label CorrectingMethods for Shortest Paths 1,2D. P. BERTSEKAS3, F. GUERRIERO4 AND R. MUSMANNO5Communicated by G.P. Papavassilopoulos

1The authors acknowledge the director and the staff of CERFACS,Toulouse, France, for the use of the Alliant FX/80.2This research was supported by National Science Foundation underGrants 9108058-CCR, 9221293-INT, and 9300494-DMI.3 Professor, Department of Electrical Engineering and ComputerScience, Massachusetts Institute of Technology, Cambridge,Massachusetts, U.S.A.4 Research Fellow, Dipartimento di Elettronica, Informatica eSistemistica, Universit� della Calabria, Rende, Italy.5 Assistant Professor, Dipartimento di Elettronica, Informatica eSistemistica, Universit� della Calabria, Rende, Italy.

- 2 -Abstract. We develop parallel asynchronous implementations of someknown and some new label correcting methods for finding a shortest pathfrom a single origin to all the other nodes of a directed graph. We comparethese implementations on a shared memory multiprocessor, the AlliantFX/80, using several types of randomly generated problems. Excellent(sometimes superlinear) speedup is achieved with some of the methods,and it is found that the asynchronous versions of these methods aresubstantially faster than their synchronous counterparts.Key Words. Shortest path problem, parallel asynchronous algorithms,shared memory multiprocessor, label correcting method.

- 3 -1. IntroductionIn this paper we consider the problem of finding a path of minimumlength from an origin node to each of the other nodes in a directed graph(N,A), where N is the set of nodes and A is the set of arcs. The numbers ofnodes and arcs are denoted by n and m respectively. For each arc (i,j) ˛ Awe are given a scalar length aij. For convenience, we assume that there isat most one arc from a node i to a node j, so that we can unambiguouslyrefer to arc (i,j). A path starting from a node i1 and ending at a node ikconsists of a sequence of forward arcs of the form (i1,i2), (i2,i3), ..., (ik-1,ik).The length of such a path is defined to be the sum of the lengths of its arcs:�j=1k-1aijij+1 .For each node j, we want to find to find a path of minimum length thatstarts at node 1 and ends at j. Throughout this paper we assume that allarc lengths are nonnegative and that there exists at least one path fromnode 1 to each other node.The shortest path problem is very common in practice, either by itself oras a subroutine in algorithms for more complex problems. Its fast solutionis thus of great practical interest. In this paper, we focus attention on theclass of label correcting methods. A recent computational study by Galloand Pallottino (Ref. 1) has shown that for single origin-all destinationsshortest path problems, the most efficient label correcting methods arefaster than the most efficient label setting methods in a serialcomputational environment, particularly for sparse problems, that is, forproblems involving graphs with a relatively small number of arcs. Thisconclusion agrees with our own experience. The results of this paperstrongly suggest that the advantage of label correcting methods for sparse

- 4 -all-destinations problems carries over to a shared memory parallelcomputation setting.The methods of this paper can be adapted to solve single origin-fewdestinations problems. For such problems, however, label correctingmethods have been outperformed by label setting (Dijkstra) methods andalso by auction algorithms, as reported in Refs. 2-4. Parallelimplementations of these methods for single-origin single-destinationproblems have been given in Refs. 4-5, and it is quite likely that for manyproblems of this type, the two-sided Dijkstra and the two-sided auctionmethods of Refs. 4-5, respectively, outperform the methods of the presentpaper in both a serial and a parallel computing environment.The prototype label correcting algorithm, as given by Gallo andPallottino (Ref. 6), maintains a vector (d1, d2, ..., dn) of labels and acandidate list V of nodes. Initially, we haved1 = 0 , di = ¥ for i „ 1 ,andV = {1} .The algorithm terminates when V is empty, and upon termination,each label di is the shortest distance to node i. Assuming V is nonempty, atypical iteration is as follows:Remove from V a node i that is in V.For each arc (i,j) ˛ A, if dj > di + aij , setdj := di + aijand add j to V if j does not already belong to V.There are several different methods for selecting at each iteration thenode to be removed from the candidate list V. If the node exiting V is the

- 5 -node with the minimum label, Dijkstra�s method is obtained. In this case,each node will enter and exit V exactly once. Label correcting methodsavoid the overhead associated with finding the minimum label node at theexpense of multiple entrances of nodes into V.The simplest label correcting method, the Bellman-Ford method (Ref.7), maintains V in a FIFO queue; nodes are removed from the top of thequeue and are inserted at the bottom. More sophisticated label correctingmethods maintain V in one or in two queues and use more complexremoval and insertion strategies. The objective is to reduce the number ofnode reentries in V. These methods are significantly faster than theBellman-Ford method, and will be discussed in the next two sections withan emphasis on a general principle enunciated in Ref. 8 for the casewhere the arc lengths are nonnegative. According to this principle, thenumber of node reentries is reduced if nodes with relatively small label areremoved from V. Dijkstra�s method, the threshold algorithm of Ref. 9, andthe SLF (Small Label First) method of Ref. 8 conform to this principle. Anew method, the LLL (Large Label Last) method, which also conforms tothis principle, will be presented in the next section. Other methods can beobtained by combinations of threshold, SLF, LLL, and also the D�Esopo-Pape method of Ref. 10. For a recent textbook discussion and analysis ofother shortest path methods, we refer the reader to Ref. 11.Label correcting methods can be parallelized in straightforwardfashion. Furthermore, they admit an asynchronous implementation, asfirst shown in Ref. 12 in the broader context of dynamic programming. Insuch an implementation, multiple nodes of the candidate list can beasynchronously and independently chosen for iteration by differentprocessors, and the associated calculations may be done at the variousprocessors with label information that is potentially out-of-date because of

- 6 -intermediate label updating operations by other processors; see also Ref.13, p. 451. An extensive reference on parallel asynchronous algorithms,including shortest path methods, is Ref. 14, particularly Ch. 6. There isconsiderable computational evidence at present that asynchronousalgorithms, when valid, can be substantially faster than theirsynchronous counterparts, primarily because they avoid the penaltyassociated with synchronizing the iterations at different processors. Wenote that with the exception of the auction algorithms of Ref. 5, all earlierimplementations of parallel shortest path algorithms that we are aware ofRefs. 4, 15-16, are synchronous.A major aim of this paper is to develop parallel synchronous andasynchronous implementations of a variety of label correcting methods,and to evaluate their speedup over their serial versions in a sharedmemory machine, the Alliant FX/80 with 8 processors. This is done inSections 3 and 4. Our major findings are that (a) with properimplementation, excellent (close to linear) speedup can be obtained withsome but not all label correcting methods, (b) asynchronousimplementations are considerable faster than their synchronouscounterparts, and (c) the threshold method, which in combination withthe SLF and the LLL methods is the fastest serial method in ourexperiments, does not lend itself to substantial speedup. As a result thepure SLF and SLF-LLL methods are the fastest in a parallel setting.2. Label Correcting Methods Based On the Small Label PrincipleIn this section we describe three methods motivated by a generalprinciple given in Ref. 8 regarding the node selection policy of a labelcorrecting method. According to this principle, for problems with

- 7 -nonnegative arc lengths, the number of iterations of the method is stronglycorrelated with the average rank of the node removed from V, where nodesare ranked in terms of the size of their label (nodes with small labels havesmall rank). Thus one should make an effort to select nodes with relativelysmall label. This was verified by extensive testing reported in Ref. 8 withtwo methods based on this principle, the threshold and SLF methods, andtheir combinations. We describe these two methods and we then propose athird new method, that can also be combined with the first two.In the threshold algorithm of Ref. 9, the candidate list V is partitionedin two disjoint queues Q1 and Q2, on the basis of a threshold parameter s.At each iteration, the node removed from V is the top node of Q1, while anode entering V is added at the bottom of Q2 or Q1 depending on whetherits label is greater than s, or smaller or equal to s, respectively. In thisway, the queue Q1 contains only nodes whose labels are not larger than s.When Q1 is exhausted, the entire list V is repartitioned in two queuesaccording to an appropriately adjusted threshold parameter.To understand the main idea of the threshold algorithm, suppose thatat time t, the threshold is set to a new value s, and at some subsequenttime t’>t the queue Q1 gets exhausted. Then at time t’ all the nodes of thecandidate list have label greater than s. In view of the nonnegativity of thearc lengths, this implies that all nodes with label less or equal to s will notreenter the candidate list after time t’. In particular, all nodes that exitedthe candidate list between times t and t’ become permanently labeled attime t’ and never reenter the candidate list. We may thus interpret thethreshold algorithm as a block version of Dijkstra’s method, whereby awhole subset of nodes becomes permanently labeled when the queue Q1gets exhausted.However, when one tries to parallelize the threshold algorithm, it is

- 8 -difficult to maintain the permanent labeling property described above. Thereason is that this property depends on using a uniform threshold valuefor the entire candidate list. In particular, this property will not hold if thecandidate list is divided into multiple (partial) candidate lists, eachoperated by a separate processor with its own independent thresholdvalue. The alternative to maintaining multiple parallel lists withindependent threshold values is either to maintain a single list, which isaccessed by all processors, or to maintain a common threshold valueacross the independent lists of the different processors. Both of thesealternatives requires considerable synchronization between processors,and this is the reason why we were unable to parallelize the thresholdmethod as efficiently as other methods.We also note that the performance of the threshold method is verysensitive to the procedure used for adjusting the threshold parameter s. Inparticular, if s is chosen too small, the method becomes equivalent to anunsophisticated version of Dijkstra�s algorithm, while if s is chosen toolarge, the method is quite similar to the Bellman-Ford algorithm. Theoriginal proposal of the threshold algorithm (Ref. 9) gives a heuristicmethod for choosing the threshold that works remarkably well for manyproblems, as also verified in Refs. 1, 8. However, it appears that choosingappropriate threshold values becomes more complicated in a parallelsetting.In the Small Label First algorithm (SLF) the candidate list V ismaintained as a double ended queue Q. At each iteration, the noderemoved is the top node of Q. The rule for inserting new nodes is givenbelow:

- 9 -Let i be the top node of Q, and let j be a node that enters Q.If dj £ di ,then enter j at the top of Q ;else,enter j at the bottom of Q.The SLF method provides a rule for inserting nodes in the queue, butalways removes nodes from the top of Q. We now propose a moresophisticated node removal strategy, which aims to remove from Q nodeswith small labels. In particular, we suggest that, at each iteration, whenthe node at the top of Q has a larger label than the average node label in Q(defined as the sum of the labels of the nodes in Q divided by the cardinality|Q| of Q), this node is not removed from Q, but rather it is repositioned tothe bottom of Q. We refer to this as the Large Label Last strategy (LLL forshort). The LLL strategy for removing nodes from V can be summerizedas follows:Let i be the top node of Q, and let s = �j˛Q˚dj/ |Q| .If di > s, then move i at the bottom of Q .Repeat until a node i such that di £ s is found and is removed from Q .It is simple to combine the SLF queue insertion and the LLL nodeselection strategies, thereby obtaining a method referred to as SLF-LLL.We have found that the combined SLF-LLL method consistently requires asmaller number of iterations than either SLF or LLL, although the gain innumber of iterations is sometimes more than offset by the extra overheadper iteration.The SLF and LLL strategies can also be combined with the thresholdalgorithm. In particular, the LLL strategy is used when selecting a node

- 10 -to exit the queue Q1 (the top node of Q1 is repositioned to the bottom of Q1 ifits label is found smaller than the average label in Q1). Furthermore,whenever a node enters the queue Q1, it is added to the bottom or the top ofQ1 depending on whether its label is greater than the label of the top nodeof Q1 or not. The same policy is used when transferring to Q1 the nodes ofQ2 whose labels do not exceed the current threshold parameter. Thus thenodes of Q2 are transferred to Q1 one-by-one, and they are added to the topor the bottom of Q1 according to the SLF strategy. Finally, the SLF strategyis also followed when a node enters the queue Q2.It is also possible to combine the SLF and LLL strategies with theD’Esopo-Pape method (Ref. 10), as has already been proposed (for the caseof the SLF strategy) in Ref. 17. In the D’Esopo-Pape method the candidatelist V is maintained as a double ended queue Q. At each iteration, the noderemoved is the top node of Q, but a new node is inserted at the bottom of Q ifit has never entered Q before, and is inserted at the top of Q otherwise. Therationale for this queue insertion strategy is somewhat unclear, but theliterature contains numerous reports of excellent performance of theD’Esopo-Pape method. However, the results of Ref. 8 show that theD�Esopo-Pape method is not consistently faster than the Bellman-Fordalgorithm and indeed in some cases it is dramatically slower. Followingthe suggestion of Ref. 17, we have also experimented with serialimplementations of various combinations of the SFL and the SLF-LLLstrategies with the D�Esopo-Pape method. We have verified that the use ofthe SLF strategy for nodes that enter Q for the first time reduces thenumber of iterations and that the use of the LLL strategy, in addition toSLF, reduces the number of iterations even further. However, we foundthat in a serial environment, the combinations of SLF and LLL with thethreshold algorithm are much faster than the corresponding

- 11 -combinations with the D�Esopo-Pape method. We have not experimentedwith combinations of the D�Esopo-Pape method with SLF and LLL in aparallel setting. We note, however, that parallel asynchronousimplementations of such combinations based on the ideas of this paper arestraightforward. It is plausible that these implementations will proveeffective for problems where the D�Esopo-Pape method is much faster thanthe Bellman-Ford algorithm.The results of Ref. 8 and Ref. 17, and the results of the present paperdemonstrate that for problems with nonnegative arc lengths the SLF andLLL strategies consistently improve the performance of the Bellman-Ford,the threshold, and the D�Esopo-Pape method. It is seen therefore that SLFand LLL are complementary to the other basic label correcting methodsand improve their performance when combined with them. We will see inthe next two sections that the same is true in a parallel setting.Regarding the theoretical worst-case performance of the SLF and thecombined SLF-LLL algorithms, it is not known at present whether thesealgorithms have polynomial complexity. However, extensivecomputational experience has yielded no indication of nonpolynomialbehavior. In any case, it is possible to construct provably polynomialversions of these algorithms as follows.Suppose that there is a set of increasing iteration indices t1, t2,...,tn+1such that t1=1, and for i=1,...,n, all nodes that are in V at the start ofiteration ti are removed from V at least once prior to iteration ti+1. Becauseall arc lengths are nonnegative, this guarantees that the minimum labelnode of V at the start of iteration ti will never reenter V after iteration ti+1.Thus the candidate list must have no more than n-i nodes at the start ofiteration ti+1, and must become empty prior to iteration tn+1. Thus, if therunning time of the algorithm between iterations ti and ti+1 is bounded by

- 12 -R, the total running time of the algorithm will be bounded by nR, and if Ris polynomially bounded, the running time of the algorithm will also bepolynomially bounded.Assume now, in particular, that between iterations ti and ti+1, eachnode is inserted at the top of Q for a number of times that is bounded by aconstant and that (in the case of SLF-LLL) the total number ofrepositionings is bounded by a constant multiple of m. Then it can be seenthat the running time of the algorithm between iterations ti and ti+1 isO(m), and therefore the complexity of the algorithm is O(nm). To modifySLF or SLF-LLL so that this result applies, it is sufficient that we fix aninteger k>1, and that we separate the iterations of the algorithm insuccessive blocks of kn iterations each. We then impose an additionalrestriction that, within each block of kn iterations, each node can beinserted at most k-1 times at the top of Q (that is, after the (k-1)th insertionof a node to the top of Q within a given block of kn iterations, all subsequentinsertions of that node within that block of kn iterations must be at thebottom of Q). In the case of SLF-LLL, we also impose the additionalrestriction that the total number of repositionings within each block of kniterations should be at most km (that is, once the maximum number of kmrepositionings is reached, the top node of Q is removed from Q regardlessof the value of its label). The worst-case running time of the modifiedalgorithms are then O(nm). In practice, it should be highly unlikely thatthe restrictions introduced into the algorithms to guarantee O(nm)complexity will be exercised if k is larger than say 3 or 4.3. Parallel Label Correcting MethodsThe general principle for parallelizing the generic label correcting

- 13 -method is straightforward. The basic idea is that several nodes can besimultaneously removed from the candidate list and the labels of theadjacent nodes can be updated in parallel. In a shared memory machine,the label of a node is maintained in a unique memory location, which canbe accessed by all processors. During the concurrent label updating it ispossible that multiple processors will attempt to modify simultaneouslythe label of the same node. For this reason, the label updating operationmust be executed with the use of a lock, which guarantees that only oneprocessor at a time can modify a given label.Two important characteristics of a parallel shared memoryimplementation of a label correcting method are whether:(a) The candidate list is organized in a single queue shared by allprocessors, or in multiple queues, that is, a separate queue for eachprocessor.(b) The label updating is synchronous or asynchronous.The issue of one versus multiple queues primarily deals with thetradeoff between good load balancing among multiple processor queuesand increased contention for access to a single queue. We will see,however, that multiple queues also enhance the effectiveness of the SLFand LLL strategies because with multiple queues, more nodes with smalllabels tend to rise to the top of the queues.Our implementation of the various queue strategies is as follows:Parallel One-Queue Algorithm. We have a single queue Q sharedamong all processors (in the case of the threshold algorithms this queue ispartitioned as discussed earlier). Each processor removes the node at the

- 14 -top of Q, updates the labels of its adjacent nodes, and adds these nodes (ifnecessary) into Q, according to the insertion strategy used. The procedureis repeated until Q is found empty. In the latter case the processorswitches to an idle state and reawakens when Q becomes nonempty. Theexecution is stopped when the idle condition is reached by all processors.This algorithm suffers for substantial contention between the processors toaccess the top node of Q and also to insert nodes into Q.Parallel Multiple-Queues Algorithm. In this algorithm, each processoruses a separate queue. It extracts nodes from the top of its queue, updatesthe labels for adjacent nodes, and uses a heuristic procedure for choosingthe queue to insert a node that enters V. In particular, the queue chosen isthe one with minimum current value for the sum of the out-degrees of thenodes assigned to the queue (the out-degree of a node i is the number ofoutgoing arcs from i). This heuristic is easy to implement and ensuresgood load balancing among the processors. In our implementations, anode can reside in at most one queue. In particular, a processor can checkwhether a node is present in the candidate list (that is, in some queue) bychecking the value of a boolean variable, which is updated each time anode enters or exits the candidate list. In the case of the thresholdalgorithms, the threshold setting policy of the corresponding serialmethod was used independently for each of the queues.For all algorithms tested, we have found that the multiple-queuesversions were more efficient than their single queue counterparts. Thereason is that in the case of multiple queues, there is much less contentionfor queue access than in the case of a single queue, because with multiplequeues, the likelihood of multiple processors attempting simultaneously to

- 15 -insert a node in the same queue is much smaller. For this reason, weconcentrate in what follows in the multiple-queues implementation.The issue of synchronous versus asynchronous implementation is anissue of tradeoff between orderliness of computation and penalty forsynchronization. In a synchronous implementation, the computationproceeds in rounds of parallel iterations. During each round, eachprocessor removes a different node from the candidate list (if the numberof processors is greater than the number of nodes, some processorsremain idle). The processors then update in parallel the labels of thecorresponding adjacent nodes. Finally, a new round begins once all thelabel updating from the current round is finished.In an asynchronous algorithm, there is no notion of rounds, and a newnode may be removed from the candidate list by some processor whileother processors are still updating the labels of various nodes. A singleorigin-single destination label correcting method resembling the onesconsidered here is given in p. 451 of Ref. 14. More formally, for t = 0, 1, �,let dj(t) denote the value of the label of node j at time t; this is the value of djthat is kept in shared memory. In our mathematical model of theasynchronous label correcting algorithm, the label dj(t) is updated at asubset of times Tj

⊂

{0, 1, �} by some processor that need not be specifiedfurther.The updating formula is:

d j(t +1) = di (τ ij(t)) +a ij , if di (τ ij(t)) +a ij < d j(t) and t ∈ T j d j(t) , otherwise .

(1)Here

τ ij(t)

is the time at which the label d i w a s r e a d f r o m s h a r e d memory by the processor updating dj at time t. The asynchronism results

- 16 -from the possibility that we may have

τ ij(t)

< t and

di (τ ij(t))

„ di ( t ) b e c a u s e the label di stored in shared memory may have been changed between thetimes

τ ij(t)

and t by another processor. Note, however, that before the labelof dj can be changed according to (1), the value

di (τ ij(t)) +a ij

must be foundsmaller than the current value dj (t). One way to accomplish this is to lockt h e m e m o r y l o c a t i o n s t o r i n g d j a f t e r d j i s r e a d , t o e n s u r e t h a t n o o t h e r processor can change dj while the test

di (τ ij(t)) +a ij < d j(t)

(2)is conducted. The drawback of this method is that the memory location ofdj may be locked unnecessarily, while other processors are waiting to readthe value of dj.An alternative method that we found much more efficient is to first readd j (

t'

) at some time

and (without locking its value) compare it to

di (τ ij(t')) +a ij

. If dj is found smaller, its memory location is locked and itscurrent value dj(t) (which may have been changed by another processor asthe test (2) was being conducted) is read again. Depending on whether thetest (2) is passed, the new value dj(t+1) is recorded according to (1) and thec o r r e s p o n d i n g m e m o r y l o c a t i o n i s u n l o c k e d . T h i s m e m o r y m a n a g e m e n t m e t h o d r e d u c e d s i g n i f i c a n t l y t h e n u m b e r o f l o c k i n g o p e r a t i o n s a n d contributed substantially in the speedup of the algorithms.T h e c o n v e r g e n c e o f t h e p r e c e d i n g a l g o r i t h m t o t h e c o r r e c t s h o r t e s t distances

di*

, that is,di(t)=

, " t ‡

t

, i = 1, 2, �, n , (3)where

t

is some (finite) time, can be shown under very weak assumptions.In particular, what is needed is that Tj is an infinite set for each j „ 1, thatif (i,j) is an arc, the node i is used in (1) for an infinite subset of Tj, and that

τ ij(t) → ∞

as

t → ∞

. These are the minimal conditions for asynchronousconvergence, as discussed in Ref. 14, Ch. 6. Note that the computation can

- 17 -be terminated once a time

t

such that (3) holds is found. In our sharedmemory context, the time

t

where termination occurs as in (3) isrecognized as the time where the queue Q is empty and all processors areidle. The proof of convergence closely resembles related proofs in Ref. 14,Section 6.4, in Ref. 11, and inRef. 13, Section 5.2.4, and will not be givenhere.It has often been found empirically that asynchronous algorithms,when valid, outperform their synchronous counterparts because they arenot delayed by synchronization requirements. Examples are given in Refs.6, 18, which give parallel asynchronous implementations of auctionalgorithms that bear similarity with the implementations given here.However, to our knowledge, the present paper is the first to address theimplementation of asynchronous label correcting methods and to assesstheir performance.The synchronous algorithms also use multiple queues, since we foundthe single queue versions to be relatively inefficient. The insertion of nodesin the queues is done similar to the corresponding asynchronousalgorithms. Our implementation is depicted in Fig. 1, and involves twosynchronization points, the first at the end of the label updating procedureand the second at the conclusion of the iteration. Each processortemporarily stores the values of the updated labels in a private memoryarea; in this way, the new labels of nodes can be computed by a processorwithout locking their shared memory locations, which would delay thereading of these labels by other processors. Thus, at the end of the labelupdating task, the same node could be stored into multiple private memorylocations with different label values. Following the label updating task, theupdated labels are transferred to their main (shared) memory locations,and the corresponding nodes are added to V, if they are not already

- 18 -present in V. We have also tried the alternative scheme where the nodelabels are directly updated at their shared memory locations, but thisapproach turned out to be less efficient.In our implementation of theasynchronous algorithms, a processor upon completing an iteration, doesnot wait for the completion of the iteration of the other processors at anytime but starts instead a new iteration (if V is not empty), thereby avoidingthe corresponding synchronization penalty.V = {1}V empty ? At most p nodesin V are extractedLabel updating of adjacent nodes to i stopyes i1ip...............no1Label updating of adjacent nodes to i p

Possible insertion of nodes in V Possible insertion of nodes in VFig. 1. Parallel synchronous label correcting algorithm

- 19 -4. Numerical ExperimentsThe SLF and SLF-LLL algorithms were implemented and tested usingan Alliant FX/80. This computer is based on a vector-parallel architecturewith 8 processors, each with 23 Mflops of peak performance, sharing acommon memory of 32 MBytes. The compiler used was FX/Fortran 4.2.The vectorization capability of the processors was not used in ourexperiments.In order to evaluate numerically the efficiency of the methods, we havetested the following six codes, which evolved from the codes of Refs. 1,8:-B-F: Bellman-Ford method;-SLF: Small Label First method;-SLF-LLL: Small Label First method, using in addition the LargeLabel Last strategy for node removal;-THRESH: Threshold method; the method for setting the thresholdparameter is the same as the one that was recommended in Ref. 9and was also used in Ref. 8;-SLF-THRESH: Threshold method in combination with the SLFmethod for the node insertion strategy;-SLF-LLL-THRESH: The preceding method, using in addition theLarge Label Last strategy for node removal;We used four different types of randomly generated test problems forwhich all arc lengths were chosen according to a uniform distributionfrom the range [1,1000].Grid/Random Problems (G1, G2, G3, G4). These are problems

- 20 -generated by a modified version of the GRIDGEN generator of Ref. 11. Thenumber of arcs is 1,000,000 for all problems, and the nodes are arranged ina square planar grid with the origin node 1 set in the southwest corner.Each pair of adjacent grid nodes is connected in both directions. We canalso have additional arcs with random starting and ending nodes. Thenumber of nodes was selected so that the total number of additional arcs isapproximately 2, 3, 4, and 5 times the number of grid arcs.Euclidean Grid/Random Problems (E1, E2, E3, E4). These problems aregenerated similar to the preceding class. The only difference is that thelength of each nongrid arc from the grid node (i,j) to the grid node (h,k) isset to r.e i j , h k , w h e r e e ij,hk i s t h e E u c l i d e a n d i s t a n c e o f t h e n o d e s ( t h e s q u a r e r o o t o f ( i - h ) 2 + ( j - k ) 2 ) , a n d r i s a n i n t e g e r c h o s e n a c c o r d i n g t o a uniform distribution from the range [1,1000].Netgen Problems (N1, N2, N3, N4). These are problems generated withthe public domain program NETGEN (Ref. 19). The number of arcs is1,000,000, whereas the number of nodes was chosen as 31,622, 15,811,11,952, and 10,000.Fully Dense Problems (C1, C2, C3, C4). In these problems all thepossible n(n-1) arcs are present.Road Networks (R1, R2, R3, R4). These are the Manhattan, Waltham,Boston, and Middlesex Country road networks from the TIGER/LineTMCensus Files, which were also tested in Ref. 17. We thank Dr. T. Dung forproviding these networks to us. In all our tests, node 0 was taken as theorigin.

- 21 -Table 1. List of test problemsTestNodesArcs

G1, E1707561000000G2, E2501761000000G3, E3408041000000G4, E4353441000000

N1 316221000000 N2158111000000N3119521000000N4100001000000C125062250

C2500249500C3750561750C41000999000R1479516458

R22634764708R3102557250616R4108324271340

5. Experimental Results and DiscussionWe now discuss our experimental results. For each category of testproblems we give the sequential (one-processor) and the parallel (8-processor) solution times for each algorithm. We also give the speedup for4 and 8 processors. We measured speedup for a given problem and for agiven algorithm as the ratio of the one-processor time over the multiple-processor time required by the algorithm. A more detailed accounting of

- 22 -our experimental results is given in Ref. 20, and includes the number ofiterations and the times required by the synchronous and theasynchronous version of each algorithm on each of the test problems. Forthe parallel algorithms we report results only with the more efficientmultiple-queues versions.Grid/Random Problems. Fig. 2 gives the sequential execution timesand shows that the threshold methods are much faster than the others.For these problems, the threshold methods require a very small number ofiterations, almost equal to the number of nodes, which is the lower boundattained by Dijkstra�s algorithm. The combinations with the SLF and LLLstrategies consistently require a smaller number of iterations than thepure threshold method. However, since the threshold method works verywell for these problems, there is little or no further reduction in the serialexecution time as a result of the combination and, in some cases, there is aslight time increase due to the extra overhead of the SLF and LLLstrategies. However, the SLF and LLL strategies are also very helpful inreducing the number of iterations without a threshold, as can be inferredby comparing the results of the SLF, SLF-LLL, and B-F methods.

- 23 -

01020304050607080G1G2G3G4

SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 2. Time in secs required to solve grid/random problemswith the sequential codesThe improvements due to parallelism are summarized in Table 2,where the speedup values using 4 processors and 8 processors arereported for the asynchronous parallel algorithms. Fig. 3 gives thecorresponding times using 8 processors.Table 2. Speedup values for the asynchronous parallel codes(4 processors / 8 processors)ProblemB-FSLFSLF-LLLTHRESHSLFSLF-LLL

THRESHTHRESH

G12.67 / 4.282.81 / 5.212.51 / 4.481.17 / 1.431.16 / 1.581.11 / 1.59G22.92 / 5.093.01 / 4.772.49 / 4.611.22 / 1.611.28 / 1.961.27 / 1.95G32.98 / 4.712.97 / 5.482.52 / 4.750.96 / 1.461.29 / 1.721.32 / 1.81G42.03 / 5.253.21 / 6.252.75 / 5.470.92 / 1.361.19 / 1.831.28 / 1.81

- 24 -It can be seen from Table 2 that the performance of the parallelasynchronous threshold methods is poor; a maximum speedup value ofonly 1.96 is obtained. This is due in part to the difficulty in parallelizing thethreshold methods, which involve operations, such as the thresholdsetting and the transfer of nodes between the two queues, that areinherently sequential. Furthermore, with the use of multiple queues thepermanent labeling property of the threshold method is lost, as discussedin Section 2. In addition, in the threshold methods, it is difficult to choosean appropriate threshold, especially in the parallel case, when a thresholdmust be set for each queue. The SLF and LLL strategies are very helpful inreducing the number of iterations and are well suited for parallelization.An interesting result, especially with SLF, is that the use of multiplequeues reduces substantially the number of iterations over the sequentialversion. This phenomenon was also noted for the other test problems. Onepossible explanation is that by using multiple queues, the sorting processthat places nodes with small labels near the top of the queues is enhanced.The reduction in number of iterations accounts for the particularly goodspeedup achieved with SLF (up to 6.25 with 8 processors), and also withSLF-LLL.

- 25 -

68101214G1G2G3G4SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 3. Time in secs required to solve grid/random problems with theparallel asynchronous codes using 8 processors.Euclidean Grid/Random Problems. These problems are more difficultthan the preceding ones because of the considerable difference between thelengths of the grid arcs and the nongrid arcs. Here THRESH requires asubstantially smaller number of iterations that B-F, but the number ofiterations of THRESH is quite large (two or three times larger than thenumber of nodes). The SLF and LLL strategies substantially reduce thenumber of iterations as can be inferred from Fig. 4. Also in the parallelcase we observe a large speedup with SLF and SLF-LLL. In particular,with SLF we achieve maximum speedup of around 6.82, whereas with theSLF-LLL version we achieve a maximum speedup of 5.46. Again, ourexplanation is that the use of multiple queues enhances the process ofexamining nodes with small labels first, and results in a reduced numberof iterations.

- 26 -

020406080100120E1E2E3E4

SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 4. Time in secs required to solve Euclidean grid/random problemswith the sequential codesTable 3. Speedup values for the asynchronous parallel codes(4 processors / 8 processors)ProblemB-FSLFSLF-LLLTHRESHSLFSLF-LLL

THRESHTHRESH

E12.65 / 4.692.83 / 5.492.28 / 4.541.40 / 2.321.40 / 2.701.13 / 2.12E22.95 / 4.493.08 / 6.032.50 / 5.101.33 / 2.371.38 / 2.371.03 / 1.54E33.13 / 5.503.36 / 6.822.78 / 5.461.17 / 1.971.15 / 2.300.89 / 1.82E43.18 / 4.903.15 / 6.282.51 / 4.411.21 / 2.150.89 / 2.280.95 / 1.97

- 27 -

81012141618202224262830E1E2E3E4

SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 5. Time in secs required to solve Euclidean grid/random problemswith the parallel asynchronous codes using 8 processors.Netgen problems. These problems are substantially more dense thanthe preceding ones, and in the sequential case, the threshold algorithmsare much faster than the others. The improvement in execution timerelative to B-F is due to the substantial reduction of the number ofiterations.

- 28 -

0102030405060N1N2N3N4

SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 6. Time in secs required to solve Netgen problemswith the sequential codesIn the parallel asynchronous case, using multiple queues incombination with the SLF strategy works very well and results in feweriterations. The reduction in the number of iterations is so large for one ofthe problems that the speedup is greater than 8 with 8 processors. As aresult, the SLF method outperforms all other parallel methods.Table 4. Speedup values for the asynchronous parallel codes(4 processors / 8 processors)ProblemB-FSLFSLF-LLLTHRESHSLFSLF-LLL

THRESHTHRESH

N13.37 / 6.073.10 / 6.12 2.46 / 4.731.03 / 1.331.11 / 1.681.25 / 1.71N23.37 / 6.374.46 / 8.562.60 / 6.310.81 / 1.441.06 / 1.851.10 / 2.01N33.67 / 6.853.93 / 7.123.08 / 4.440.96 / 1.501.19 / 2.160.89 / 2.08N43.47 / 6.764.51 / 8.452.65 / 5.350.80 / 1.481.06 / 2.041.01 / 2.05

- 29 -

4681012N1N2N3N4

SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 7. Time in secs required to solve Netgen problems withthe parallel asynchronous codes using 8 processors.Fully dense problems. For fully dense problems the results are quitesimilar to those for the preceding problems, as can be seen from Figs. 8-9.The value of speedup is larger for these problems and the parallelperformance of the Bellman-Ford method is relatively better than for thepreceding problems.Table 5. Speed-up values for the asynchronous parallel codes(4 processors / 8 processors)ProblemB-FSLFSLF-LLLTHRESHSLFSLF-LLL

THRESHTHRESH

C13.96 / 7.263.38 / 7.52 2.97 / 5.721.90 / 3.181.85 / 2.841.57 / 2.72C24.03 / 7.504.22 / 8.083.33 / 5.981.88 / 3.592.03 / 3.921.67 / 2.97C34.10 / 7.734.20 / 8.233.09 / 5.802.32 / 2.962.08 / 3.871.70 / 3.32C44.21 / 8.024.15 / 8.133.06 / 6.162.09 / 3.052.25 / 4.071.68 / 3.32

- 30 -

0510152025303540C1C2C3C4SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 8. Time in secs required to solve fully dense problems withthe sequential codes

012345678C1C2C3C4SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

Fig. 9. Time in secs required to solve fully dense problems with theparallel asynchronous codes using 8 processors.

- 31 -Road networks. For these problems, the SLF and LLL strategies areremarkably effective. In a serial setting they improve a great deal theperformance of the Bellman-Ford and the threshold algorithms, as can beseen from Fig. 10. In a parallel setting they exibit excellent (oftensuperlinear) speedup, due to a greatly reduced number of iterations, ascan be seen from Table 6 and Fig. 11. The reduction in the number ofiterations for the SLF and LLL strategies must be attributed to the use ofmultiple queues and the associated enhanced sorting that places nodeswith small labels near the top of the queues.Table 6. Speed-up values for the asynchronous parallel codes(4 processors / 8 processors)ProblemB-FSLFSLF-LLLTHRESHSLFSLF-LLL

THRESHTHRESH

R11.81 / 2.492.53 / 5.392.49 / 5.051.16 / 1.701.04 / 1.240.93 / 1.33R21.94 / 3.353.88 / 5.084.17 / 7.120.69 / 1.200.69 / 0.900.72 / 1.05R32.21 / 3.605.78 / 10.4517.53 / 21.130.59 / 0.490.40 / 0.590.63 / 0.81R41.84 / 2.437.37 / 12.6611.33 / 18.380.64 / 1.240.77 / 1.230.64 / 0.76

- 32 -SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

00.511.522.533.5R1

01002003004005006007008009001000R3

0100200300400500600R4

051015202530354045R2

Fig. 10. Time in secs required to solve road network problemswith the sequential codes

00.20.40.60.811.21.4R1

SLF-LLL-THRESHB-FSLFTHRESHSLF-THRESHSLF-LLL

02468101214R2

050100150200250300350R3

100150200250

050R4

Fig. 11. Time in secs required to solve road network problems with theparallel asynchronous codes using 8 processors.

- 33 -In Table 7 and Fig. 12 we aim to summarize the performance of thevarious methods and also to show the advantage of the asynchronousimplementations versus their synchronous counterparts. In particular,we compare the methods following an approach that is similar to the oneproposed in Ref. 21, by giving to each method and for each test problem, ascore that is equal to the ratio of the execution time of this method over theexecution time of the fastest method for the given problem. Thus, for eachmethod, we obtain an average score, which is the ratio of the sum of thescores of the method over the number of test problems. This average score,given in Table 7, indicates how much a particular method has beenslower on the average than the most successful method.Table 7. Average scores of all implemented methodsCodeSEQSYNASYN

BF17.8626.974.67

SLF9.395.721.21

SLF-LLL6.106.621.03

THRESH8.5010.144.41

SLF THRESH3.332.771.44

SLF-LLL THRESH2.632.231.33

- 34 -

151015202530B-FSLFSLF-LLLTHRESHSLFTHRESHSLF-LLLTHRESHSEQUENTIALSYNCHRONOUSASYNCHRONOUS

Fig. 12. Plot of the average scores of all implemented methodsas per Table 7In conclusion, the use of multiple queues seems to work very well inconjunction with the SLF and LLL strategies, and the asynchronousparallel algorithms consistently outperform their synchronouscounterparts. The threshold method, which is robust and efficient forserial computers, is not well suited for parallelization. Finally, the SLFand LLL strategies maintain their efficiency when implemented inparallel, and when combined with other methods, significantly improvetheir performance both in a serial and in a parallel environment.

- 35 -References1.GALLO, G., and PALLOTTINO, S.,

Shortest Path Algorithms, Annals ofOperations Research, Vol. 7, pp. 3-79, 1988.2.BERTSEKAS, D. P.,

An Auction Algorithm for the Shortest Path

Problem, Mathematical Programming Study, Vol. 26, pp. 38-64, 1986.3.BERTSEKAS, D . P . , P A L L O T T I N O , S . , a n d S C U T E L L A ’, M. G.,

Polynomial Auction Algorithms for Shortest Paths, MassachusettsInstitute of Technology, Report No. LIDS-P-2107, 1992.4.HELGASON, R. V., and STEWART, D.,

One-to-One Shortest Path

Problem: An Empirical Analysis With Two-Tree Dijkstra Algorithm,Computational Optimization and Applications, Vol. 2, pp. 47-75, 1993.5.POLYMENAKOS, L., and BERTSEKAS, D. P.,

Parallel Shortest Path

Auction Algorithms, Parallel Computing, Vol. 20, pp. 1221-1247, 1994.6.GALLO, G., and PALLOTTINO , S.,

S h o r t e s t P a t h M e t h o d s : A U n i f i e d

A p p r o a c h , Mathematical Programming Study, Vol. 26, pp. 38-64, 1986.7.B ELLMAN, R.,

Dynamic Programming, Princeton University Press,Princeton, New Jersey, 1957.8.BERTSEKAS, D. P.,

A Simple and Fast Label Correcting Algorithm for

Shortest Paths, Networks, Vol. 23, pp. 703-709, 1993.9.GLOVER, F., GLOVER , R., and KL I N G M A N , D.,

T h e T h r e s h o l d S h o r t e s t

Path Algorithm, Networks, Vol. 14, pp. 256-282, 1986.10.P APE, U.,

Implementation and Efficiency of Moore - Algorithms for

- 36 - the Shortest Path Problem , M a t h e m a t i c a l P r o g r a m m i n g , V o l . 7 , p p . 212-222,1974.11.B ERTSEKAS, D. P.,

Linear Network Optimization: Algorithms and

Codes, M.I.T. Press, Cambridge, Massachusettes, 1991.12.BERTSEKAS, D. P.,

Distributed Dynamic Programming, IEEETransactions on Automatic and Control, Vol. 27, pp. 610-616, 1982.13.BERTSEKAS, D. P., and GALLAGER, R. G.,

Data Networks, 2nd edition,Prentice-Hall, Englewood Cliffs, New Jersey, 1992.14.BERTSEKAS, D. P., and TSITSIKLIS, J. N.,

Parallel and Distributed

Computation: Numerical Methods, Prentice-Hall, Englewood Cliffs,New Jersey, 1989.15.MOHR, T., and PASCHE, C.,

Parallel Shortest Path Algorithm,Computing, Vol. 40, pp. 281-292, 1990.16.TR

˙Ȧ

FF , J . L . ,

P r e c i s : D i s t r i b u t e d S h o r t e s t P a t h A l g o r i t h m s ,P r o c e e d i n g s o f t h e 5 t h I n t e r n a t i o n a l P A R L E C o n f e r e n c e , M u n i c h , Germany, 1993, Springer-Verlag, Berlin, pp. 720-723, 1993.17.D UNG, T., HAO, J., and KOKUR, G.,

Label Correcting Shortest Path

Algorithms: Analysis and Implementation, Unpublished Report, GTELaboratories, Waltham, Massachusettes, 1993.18.BERTSEKAS, D. P., and CASTANON, D. A.,

Parallel Asynchronous

Implementations of the Auction Algorithm, Parallel Computing, Vol.1, pp. 707-732, 1991.19.KLINGMAN, D., NAPIER, A., and STUTZ , J.,

NETGEN - A Program for

- 37 -

Generating Large Scale (Un)Capacitated Assignment, Transportation and Minimum Cost Flow Network Problems, Management Science,Vol. 20, pp. 814-822, 1974.20.BERTSEKAS, D. P., GUERRIERO , F . , a n d M U S M A N N O , R.,

Parallel

Asynchronous Label Correcting Methods for Shortest Paths,Massachusetts Institute of Technology, Report No. LIDS-P-2250, 1992.21.BROWN, A. A., and BARTHOLOMEW-BIGGS , M . C . ,

S o m e E f f e c t i v e

M e t h o d s f o r U n c o n s t r a i n e d O p t i m i z a t i o n B a s e d o n t h e S o l u t i o n o f

S y s t e m s o f O r d i n a r y D i f f e r e n t i a l E q u a t i o n s , N u m e r i c a l O p t m i s a t i o n Centre, Hatfiled Polytechinc, Hatfiled, England, Report No. 78, 1987.