
Topics in Reinforcement Learning:
Lessons from AlphaZero for

(Sub)Optimal Control and Discrete Optimization

Arizona State University
Course CSE 691, Spring 2022

Links to Class Notes, Videolectures, and Slides at
http://web.mit.edu/dimitrib/www/RLbook.html

Dimitri P. Bertsekas
dbertsek@asu.edu

Lecture 8

We start the second part of the course
We transition from on-line play to off-line training algorithms

In this lecture: Neural Nets, and Other Parametric Architectures
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The AlphaZero/MPC Model: A Review

bk Belief States bk+1 bk+2 Policy µ m Steps

Truncated Rollout Policy µ m Steps

B(b, u, z) h(u) Artificial Terminal to Terminal Cost gN(xN ) ik bk ik+1 bk+1 ik+2 uk uk+1 uk+2

Original System Observer Controller Belief Estimator zk+1 zk+2 with Cost gN (xN )

µ COMPOSITE SYSTEM SIMULATOR FOR POMDP

(a) (b) Category c̃(x, r̄) c∗(x) System PID Controller yk y ek = yk − y + − τ Object x h̃c(x, r̄) p(c | x)

uk = rpek + rizk + rddk ξij(u) pij(u)

Aggregate States j ∈ S f(u) u u1 = 0 u2 uq uq−1 . . . b = 0 b∗ b∗ = Optimized b Transition Cost

Policy Improvement by Rollout Policy Space Approximation of Rollout Policy at state i

One-step Lookahead with J̃(j) =
∑

y∈A φjyr∗
y

p(z; r) 0 z r r + ϵ1 r + ϵ2 r + ϵm r − ϵ1 r − ϵ2 r − ϵm · · · p1 p2 pm

... (e.g., a NN) Data (xs, cs)

V Corrected V Solution of the Aggregate Problem Transition Cost Transition Cost J∗

Start End Plus Terminal Cost Approximation S1 S2 S3 Sℓ Sm−1 Sm

Disaggregation Probabilities dxi dxi = 0 for i /∈ Ix Base Heuristic Truncated Rollout

Aggregation Probabilities φjy φjy = 1 for j ∈ Iy

Maxu State xk Policy µ̃k(xk, rk) h̃(u, xk, rk) h̃(c, x, r) h̃u(xk, rk) Randomized Policy Idealized

Generate “Improved” Policy µ̃ by µ̃(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

State i y(i) Ay(i) + b φ1(i, v) φm(i, v) φ2(i, v) Ĵ(i, v) = r′φ(i, v)

Deterministic Transition xk+1 = fk(xk, uk)

Aggregate Problem Cost Vector r∗ J̃1 = Corrected V Enlarged State Space

Aggregate States Cost J̃0 Cost J̃1 Cost r∗ *Best Score*

Representative States Controls u are associated with states i Optimal Aggregate Costs r∗
x y1 y2 y3
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p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector �(x) Approximator �(x)0r

` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA
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CAB CAD CDA CCD CBD CDB CAB
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2nd Game / Timid Play 2nd Game / Bold Play
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System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk
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Current Position xk ON-LINE PLAY

Off-Line Obtained Player Off-Line Obtained Cost Approximation

OFF-LINE TRAINING

6 1 3 2 9 5 8 7 10

Player Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature

Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

If J̃µ

(
F (i), r

)
=

∑s
ℓ=1 Fℓ(i)rℓ it is a linear feature-based architecture

(r1, . . . , rs: Scalar weights)

Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π

Wp′ : Functions J ≥ Ĵp′ with J(xk) → 0 for all p′-stable π

W+ =
{
J | J ≥ J+, J(t) = 0

}
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Linear policy parameter Optimal ℓ = 3 ℓ = 2 m = 4 Model

With the Newton Step Adaptive Rollout Cost Approximation

Without the Newton Step Base Player
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T J̃

Position Evaluation Policy µ̃ with Tµ̃J̃ = T J̃

Cost of µk Cost of µk+1

NOTE: J is a function (an n-vector for n states)

The figure is a one-dimensional “slice” of the graph of J
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minu∈U(x) E
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g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem
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F (K)x2 = min
u∈ℜ
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qx2 + ru2 + K(ax + bu)2

}

= min
L∈ℜ

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
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{
q + rL2 + K(a + bL)2

}
x2

or

F (K) = min
L∈ℜ

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of

NEWTON STEP

Enhancements to the Starting Point of Newton Step

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy
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What We Have Done So Far

We started with four overview/big picture lectures

Then focused at on-line play algorithms

Rollout algorithms and variations (fortified, simplified, constrained, minimax)

Multiagent rollout for multiagent/multicomponent control problems

On-line replanning and adaptive control

Model predictive control and related issues
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Where We Are Going: Off-line Training Algorithms

Our plan for future lectures: We will cover in some depth and detail

Approximation of values and policies with neural nets and other architectures

Infinite horizon: Theory and algorithms

Approximate policy iteration and Q-learning

Approximation in policy space - Policy gradient methods

Aggregation

From this point on the course will be similar to the 2021 course
We will selectively use videoclips from 2021
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Recall Approximation in Value Space (Mostly Used for On-Line Control
Selection)min

uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

First ℓ Steps “Future”
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector φ(x) Approximator φ(x)′r

ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

1

Approximations: Computation of J̃k+ℓ:

DP minimization Replace E{·} with nominal values

(certainty equivalent control)

Limited simulation (Monte Carlo tree search)

Simple choices Parametric approximation Problem approximation

Rollout
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uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

First ℓ Steps “Future”
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

1

Approximations: Computation of J̃k+ℓ: (Could be approximate)

DP minimization Replace E{·} with nominal values

(certainty equivalent control)

Limited simulation (Monte Carlo tree search)

Simple choices Parametric approximation Problem approximation

Rollout

min
uk

E
{
gk(xk, uk, wk) + J̃k+1(xk+ℓ)

}
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Rollout

min
uk
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gk(xk, uk, wk) +
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}

First ℓ Steps “Future” First Step
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
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Feature Extraction Features: Material Balance, uk = µd
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(
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Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)
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u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

1

s t j̄1 j̄2 j̄` j̄`�1 j̄1

Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Aggregation

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

s t j̄1 j̄2 j̄` j̄`�1 j̄1

Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Aggregation Adaptive simulation Monte-Carlo Tree Search

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
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J(1) = min
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(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

Approximate Min Approximate E{·} Computation of J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

1
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Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

1

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

1

Certainty equivalence Monte Carlo tree search

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

1

Certainty equivalence Monte Carlo tree search

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

1

Certainty equivalence Monte Carlo tree search

Rollout, Model Predictive Control

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

1

Certainty equivalence Monte Carlo tree search

Parametric approximation Neural nets

Rollout, Model Predictive Control

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x) Max Operation

Target Policy Classifier . . . Randomized Policy (Assigns State x to
Class/Control u) Multiagent Min

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Control Probabilities µ̃1(x, r), . . . , µ̃m(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

1

ONE-STEP LOOKAHEAD

————————————————————————————————————-

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector φ(x) Approximator φ(x)′r

ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

1

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

First ℓ Steps “Future”
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector φ(x) Approximator φ(x)′r

ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

1

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

First ℓ Steps “Future”
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector φ(x) Approximator φ(x)′r

ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

1

Approximations: Computation of J̃k+ℓ: (Could be approximate)

DP minimization Replace E{·} with nominal values

(certainty equivalent control)

Limited simulation (Monte Carlo tree search)

Simple choices Parametric approximation Problem approximation

Rollout

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

First ℓ Steps “Future”
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

1

u1
k u2

k u3
k u4

k u5
k Constraint Relaxation U U1 U2

At State xk

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

Extrapolation by a Factor of 2 T (λ) = P (c) · T = T · P (c)

Extrapolation Formula T (λ) = P (c) · T = T · P (c)

Multistep Extrapolation T (λ) = P (c) · T = T · P (c)

1

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Constraint Relaxation U U1 U2

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

Extrapolation by a Factor of 2 T (λ) = P (c) · T = T · P (c)

Extrapolation Formula T (λ) = P (c) · T = T · P (c)

Multistep Extrapolation T (λ) = P (c) · T = T · P (c)

1

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Constraint Relaxation U U1 U2

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃
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MULTISTEP LOOKAHEAD
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Types of Approximations Used in Off-Line Training

There are two types of off-line approximations in RL:
Cost approximation in finite and infinite horizon problems

I Optimal cost function J∗k (xk ) or J∗(x), optimal Q-function Q∗k (xk , uk ) or Q∗(x , u)
I Cost function of a policy Jπ,k (xk ) or Jµ(x), Q-function of a policy Qπ,k (xk , uk ) or

Qµ(x , u)

Policy approximation in finite and infinite horizon problems
I Optimal policy µ∗k (xk ) or µ∗(x)
I A given policy µk (xk ) or µ(x)

We will focus on parametric approximations J̃(x , r) and µ̃(x , r)

These are functions of x that depend on a parameter vector r

An example is neural networks (r is the set of weights)
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Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

1

TRAINING CAN BE DONE WITH SPECIALIZED OPTIMIZATION SOFTWARE

SUCH AS

GRADIENT-LIKE METHODS OR OTHER LEAST SQUARES METHODS
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Parametric Policy Approximation - Finite Control Space

If the control has continuous/real-valued components, the training is similar to the
cost function case

If the control comes from a finite control space {u1, . . . , um}, a modified approach
is needed

View a policy µ as a classifier: A function that maps x into a “category" µ(x)

T0 T1 T2 Target Cost Function J(x)

Training Data J(x)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

1

T0 T1 T2 J(x) Target Cost Function J(x)

Approximation Architecture Parameter r

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

1

T0 T1 T2 J(x) Target Cost Function J(x)

Approximation Architecture Parameter r Approximating Function

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

1

T0 T1 T2 J(x) Target Cost Function J(x)

Target Policy µ(x)

Approximation Architecture Parameter r Approximating Function

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

1

T0 T1 T2 J(x) Target Cost Function J(x)

Target Policy µ(x)

Approximation Architecture Parameter r Approximating Function

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy

Approximation Architecture Parameter r Approximating Function

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy Classifier

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy Classifier . . .

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy Classifier . . .

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy Classifier . . .

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

1

T0 T1 T2 J(x) µ(x) Target Cost Function J(x)

Target Policy Classifier . . . Randomized Policy

Approximation Architecture Parameter r Approximating Function
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TRAINING CAN BE DONE WITH CLASSIFICATION SOFTWARE

IF THE NUMBER OF CONTROLS IS FINITE

Randomized policies have continuous components
This helps algorithmically
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Cost Function Parametric Approximation Generalities
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A Simple Example of a Linear Feature-Based (Local) Architecture
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State Transition Inspection

1

Piecewise constant approximation
Partition the state space into subsets S1, . . . ,Sm. Let the `th feature be defined by
membership in the set S`, i.e., the indicator function of S`,

φ`(x) =

{
1 if x ∈ S`
0 if x /∈ S`

The architecture

J̃(x , r) =
m∑
`=1

r`φ`(x),

is piecewise constant with value r` for all x within the set S`.
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Generic Polynomial (Global) Architectures

Quadratic polynomial approximation

Let x = (x1, . . . , xn)

Consider features

φ0(x) = 1, φi(x) = x i , φij(x) = x ix j , i, j = 1, . . . , n,

and the linear feature-based approximation architecture

J̃(x , r) = r0 +
n∑

i=1

rix i +
n∑

i=1

n∑
j=i

rijx ix j

Here the parameter vector r has components r0, ri , and rij .

General polynomial architectures: Polynomials in the components x1, . . . , xn

An even more general architecture: Polynomials of features of x
A linear feature-based architecture is a special case
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Examples of Problem-Specific Feature-Based Architectures

Feature Extraction Features: Material Balance, Mobility, Safety, etc
Weighting of Features Score

States xk+1 States xk+2

x0 xk im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2
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i
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k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector �(x) Approximator �(x)0r
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P+1
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ACB ACD CAB CAD CDA
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CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...
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1
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Feature Extraction Features: Material Balance,

Mobility, Safety, etc Weighting of Features Score Position Evaluator

States xk+1 States xk+2
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Neighbors of im Projections of Neighbors of im
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Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

1

State x φ(x) Approximator r′φ(x) Position Evaluation

T0 T1 T2 J(x) µ(x) Target Cost Function J(x) Max Operation

Target Policy Classifier . . . Randomized Policy (Assigns State x to
Class/Control u) Multiagent Min

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Control Probabilities µ̃1(x, r), . . . , µ̃m(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

1

State x φ(x) Approximator r′φ(x) Position Evaluation

T0 T1 T2 J(x) µ(x) Target Cost Function J(x) Max Operation

Target Policy Classifier . . . Randomized Policy (Assigns State x to
Class/Control u) Multiagent Min

Approximation Architecture Parameter r Approximating Function
(
xs, µ(xs)

)
s = 1, . . . , q Parameter r µ̃(x, r)

Control Probabilities µ̃1(x, r), . . . , µ̃m(x, r)

Training Data
(
xs, J(xs)

)
s = 1, . . . , q Parameter r J̃(x, r)

(u0, . . . , uk) Sk(u0, . . . , uk, ũk+1), ũk+1 ∈ Uk+1 (u0, . . . , uk, ũk+1, . . . , ũN−1)

Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

1

Chess

Tetris
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Architectures with Partitioned State Space
Special States Aggregate States Features n t pnn(u) pin(u) pni(u)

pjn(u) pnj(u)

State i Feature Extraction Mapping Feature Vector ⇧(i) Linear Cost
Approximator ⇧(i)⇥r

Route to Queue 2 1 2 3 4 5 6 7 8 9

Route to Queue 2
h�(n) ⇤� ⇤µ ⇤ hµ,�(n) = (⇤µ � ⇤)Nµ(n)
n � 1 �(n � 1) Cost = 1 Cost = 2 u = 2 Cost = -10 µ�(i + 1) µ µ p

1 0 ⌅j(u), pjk(u) ⌅k(u), pki(u) J�(p) µ1 µ2

Simulation error Solution of J̃µ = WTµ(J̃µ) Bias �Jµ Slope J̃µ =
⇥rµ

Transition diagram and costs under policy {µ⇥, µ⇥, . . .} M q(µ)

c + E
z

⇧
J�

⇤
pf0(z)

pf0(z) + (1 � p)f1(z)

⌅⌃

Cost = 0 Cost = �1

⇥i(u)pij(u)
⇥

⇥j(u)pjk(u)
⇥

⇥k(u)pki(u)
⇥

J(2) = g(2, u2) + �p21(u2)J(1) + �p22(u2)J(2)

J(2) = g(2, u1) + �p21(u1)J(1) + �p22(u1)J(2)

J(1) = g(1, u2) + �p11(u2)J(1) + �p12(u2)J(2)

J� =
�
J�(1), J�(2)

⇥

1 � ⇥j(u)
⇥ 1 � ⇥i(u)

⇥ 1 � ⇥k(u)
⇥

1 � µi

µ
µi

µ

Cost = 2⇥� J0

R + g(1) + �

n⌥

j=1

p1jJ�(j)

1

Special States Aggregate States Features n t pnn(u) pin(u) pni(u)
pjn(u) pnj(u)

State i Feature Extraction Mapping Feature Vector ⇧(i) Linear Cost
Approximator ⇧(i)⇥r
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Route to Queue 2
h�(n) ⇤� ⇤µ ⇤ hµ,�(n) = (⇤µ � ⇤)Nµ(n)
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n⌥

j=1
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1

State Space Feature Space

Nullspace Component Sequence Orthogonal Component Full Iterate

xk = (C′
kΣ−1Ck + βkI)−1(C′

kΣ−1dk + βkx̄)

Tµ0J Jµ0 = Tµ0Jµ0 Markov Chain P

Cost = 2αϵ rk+1 = arg min
r∈ℜs

m∑

t=1

Nt−1∑

τ=0

(
φ(iτ,t)′r − cτ,t(rk)

)2

µℓ

µ
1 − µℓ

µ

Estimated Cost φ(iτ,t)′r Simulated Cost cτ,t(rk)

Transition probabilities for the uniform version

Πx∗

µℓ

µ
1 − µℓ

µ

t . . . 0 m + i0 it1 = i it2 = i it3 = i it4 = i

wt1,m bit1+m wt2,m bit2+m wt3,m bit3+m wt4,m bit4+m

(Amb)(i) = lim
k→∞

∑k
t=0 δ(it = i)wt,mbit+m∑k

t=0 δ(it = i)

Simulation Sequence {i0, i1, . . .}

Generated by Row Sampling Using P

S: Subspace spanned by basis vectors

D: Set of differential cost vectors Subspace S∗

1
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Simulation Sequence {i0, i1, . . .}

Generated by Row Sampling Using P

S: Subspace spanned by basis vectors

D: Set of differential cost vectors Subspace S∗

1

J̃(x, r) =
Pm

`=1 r`�`(x) x S1 S` Sm . . . r1 r` rm

 ↵N�3  ↵N�2  · · ·  1 � C

L0

Y SY

· · · � �N�3  �N�2 � · · · � C

L1

L0L1

L0 + L1

1 � 1
C I + AN�1(p) ↵N�1 0 I 1 p C JN�1(p) L0

L0+L1

↵N�2 ↵N�3 0 I 1 p C C + AN�2(p) C + AN�3(p)

(1 � p)C I + AN�1(p) ↵N�1 0 I 1 p C

(1�p)L0 pL1 L R R 1 t Delay Actuator Estimator System Measure-
ment

Accept f1 Accept f2 Continue Terminate Instruction Accept

L L R R 1 t 1 � t r 1 � r µk E{xk | Ik} �k�1

Lk uk wk xk vk zk uk�1 µk E{xk | Ik} �k�1

xk+1 = Akxk + Bkuk + wk zk = Ckxk + vk

uk wk xk vk zk uk�1 µk Pxk | Ik
G

xk+1 = fk(xk, uk, wk) zk = hk(xk, uk�1, vk)

µk Delay Actuator Estimator System Measurement

State Transition Inspection

P P 2/3 3/4 1/3 1 1/4 B G
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1

A simple method to construct complex approximation architectures:
Partition the state space into several subsets and construct a separate cost
approximation in each subset.

Can use a separate architecture on each set of the partition.
It is often a good idea to use features to generate the partition. Rationale:

I We want to group together states with similar costs

I We hypothesize that states with similar features should have similar costs
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N i

s i1 im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2 N
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Monotonicity Property Under Sequential Improvement

Cost of Tk ≥ Cost of Tk+1

Cost of R0 ≥ · · · ≥ Cost of Rk ≥ Cost of Rk+1 ≥ · · · ≥ Cost of RN .

Base Heuristic Expert Ranks Complete Solutions R2 40 23

R0 R1 Optimal cost J∗ Jµ1(x)/Jµ0(x) = K1/K0 L0 r ũk x̃k+1

Heuristic from AB

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

1

A SINGLE LAYER NEURAL NETWORK
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Training of Architectures

Least squares regression

Collect a set of state-cost training pairs (xs, βs), s = 1, . . . , q, where βs is equal to
the target cost J(xs) plus some “noise".

r is determined by solving the problem

min
r

q∑
s=1

(
J̃(xs, r)− βs)2

Sometimes a quadratic regularization term γ‖r‖2 is added to the least squares
objective, to facilitate the minimization (among other reasons).

Training of linear feature-based architectures can be done exactly

If J̃(x , r) = r ′φ(x), where φ(x) is the m-dimensional feature vector, the training
problem is quadratic and can be solved in closed form.

The exact solution of the training problem is given by

r̂ =

( q∑
s=1

φ(xs)φ(xs)′
)−1 q∑

s=1

φ(xs)βs

This requires a lot of computation for a large m and data set; may not be best.
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Training of Nonlinear Architectures

The main training issue
How to exploit the structure of the training problem

min
r

q∑
s=1

(
J̃(xs, r)− βs)2

to solve it efficiently.

Key characteristics of the training problem
Possibly nonconvex with many local minima, horribly complicated graph of the cost
function (true when a neural net is used).

Many terms in the least least squares sum; standard gradient and Newton-like
methods are essentially inapplicable.

Incremental iterative methods that operate on a single term
(
J̃(xs, r)− βs)2 at

each iteration have worked well enough (for many problems).
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Incremental Gradient Methods

Generic sum of terms optimization problem
Minimize

f (y) =
m∑

i=1

fi(y)

where each fi is a differentiable scalar function of the n-dimensional vector y (this is
the parameter vector in the context of parametric training).

The ordinary gradient method generates yk+1 from yk according to

y k+1 = y k − γk∇f (y k ) = y k − γk
m∑

i=1

∇fi(y k )

where γk > 0 is a stepsize parameter.

The incremental gradient counterpart
Choose an index ik and iterate according to

y k+1 = y k − γk∇fik (y
k )

where γk > 0 is a stepsize parameter.
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The Advantage of Incrementalism: An Interpretation from the NDP Book
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Minimize f (y) = 1
2

∑m
i=1(ciy − bi)

2

Compare the ordinary and the incremental gradient methods in two cases
When far from convergence: Incremental gradient is as fast as ordinary gradient
with 1/m amount of work.

When close to convergence: Incremental gradient gets confused and requires a
diminishing stepsize for convergence.
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Incremental Aggregated and Stochastic Gradient Methods

Incremental aggregated method aims at acceleration
Evaluates gradient of a single term at each iteration.

Uses previously calculated gradients as if they were up to date

y k+1 = y k − γk
m−1∑
`=0

∇fik−`(y
k−`)

Has theoretical and empirical support, and it is often preferable.

Stochastic gradient method (also called stochastic gradient descent or SGD)

Applies to minimization of f (y) = E
{

F (y ,w)
}

where w is a random variable

Has the form
y k+1 = y k − γk∇y F (y k ,wk )

where wk is a sample of w and ∇y F denotes gradient of F with respect to y .

The incremental gradient method with random index selection is the same as SGD
[convert the sum

∑m
i=1 fi(y) to an expected value, where i is random with uniform

distribution].
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Implementation Issues of Incremental Methods - Alternative Methods

How to pick the stepsize γk (usually γk = γ
k+1 or similar).

How to deal (if at all) with region of confusion issues (detect being in the region of
confusion and reduce the stepsize).

How to select the order of terms to iterate (cyclic, random, other).

Diagonal scaling (a different stepsize for each component of y ).

Alternative methods (more ambitious): Incremental Newton method, extended
Kalman filter (see the textbook and references).
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Neural Nets: An Architecture that Automatically Constructs Features
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N i

s i1 im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2 N
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N i

s i1 im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2 N
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N i

s i1 im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2 N
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N i

s i1 im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2 N
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Given a set of state-cost training pairs (xs, βs), s = 1, . . . , q, the parameters of the
neural network (A, b, r) are obtained by solving the training problem

min
A,b,r

q∑
s=1

(
m∑
`=1

r`σ
((

Ay(xs) + b
)
`

)
− βs

)2

Incremental gradient is typically used for training.

Universal approximation property.
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(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ
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The rectified linear unit σ(ξ) = ln(1 + eξ). It is the rectifier function max{0, ξ} with its
corner “smoothed out."
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Sigmoidal units: The hyperbolic tangent function σ(ξ) = tanh(ξ) = eξ−e−ξ
eξ+e−ξ is on the

left. The logistic function σ(ξ) = 1
1+e−ξ is on the right.
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A Working Break: Challenge Question
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What are the features that can be produced by neural nets?

Why do neural nets have a “universal approximation" property?
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ũk uk x̃k+1 xk+1 x̃N xN x0
N

�r = ⇧
�
T

(�)
µ (�r)

�
⇧(Jµ) µ(i) 2 arg minu2U(i) Q̃µ(i, u, r)

Subspace M = {�r | r 2 <m} Based on J̃µ(i, r) Jµk

minu2U(i)

Pn
j=1 pij(u)

�
g(i, u, j) + J̃(j)

�
Computation of J̃ :

Good approximation Poor Approximation �(⇠) = ln(1 + e⇠)

max{0, ⇠} J̃(x)

1

x �(x � �) max{0, ⇠} Linear Unit Rectifier ��,�(x) Slope � �

High Cost Suboptimal u0 “Deceptive” Low Cost u Optimal trajectory
` + 1 Stages Optimal trajectory

(ciy � bi)2 R mini y⇤
i maxi y⇤

i

J̃k+1(xk+1) = min
uk+12Uk+1(xk+1)

E
n

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

�
fk+1(xk+1, uk+1, wk+1)

�o
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree `-Step
Shortest path problem xk xk States xk+1 States xk+2 u u0

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+`

Rollout, Model Predictive Control

b+
k b�k Permanent trajectory P k Tentative trajectory T k

min
uk

E
n

gk(xk, uk, wk)+J̃k+1(xk+1)
o

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u⇤
0, . . . , u⇤

k, . . . , u⇤
N�1} Simplify E{·}

Tail subproblem Time x⇤
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN (xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x0
N
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ũk uk x̃k+1 xk+1 x̃N xN x0
N

�r = ⇧
�
T

(�)
µ (�r)

�
⇧(Jµ) µ(i) 2 arg minu2U(i) Q̃µ(i, u, r)

Subspace M = {�r | r 2 <m} Based on J̃µ(i, r) Jµk

minu2U(i)

Pn
j=1 pij(u)

�
g(i, u, j) + J̃(j)

�
Computation of J̃ :

Good approximation Poor Approximation �(⇠) = ln(1 + e⇠)

max{0, ⇠} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

1

x �(x � �) max{0, ⇠} Linear Unit Rectifier ��,�(x) Slope � �

High Cost Suboptimal u0 “Deceptive” Low Cost u Optimal trajectory
` + 1 Stages Optimal trajectory

(ciy � bi)2 R mini y⇤
i maxi y⇤

i

J̃k+1(xk+1) = min
uk+12Uk+1(xk+1)

E
n

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

�
fk+1(xk+1, uk+1, wk+1)

�o
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree `-Step
Shortest path problem xk xk States xk+1 States xk+2 u u0

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+`

Rollout, Model Predictive Control

b+
k b�k Permanent trajectory P k Tentative trajectory T k

min
uk

E
n

gk(xk, uk, wk)+J̃k+1(xk+1)
o

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u⇤
0, . . . , u⇤

k, . . . , u⇤
N�1} Simplify E{·}

Tail subproblem Time x⇤
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN (xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x0
N
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ũk uk x̃k+1 xk+1 x̃N xN x0
N

�r = ⇧
�
T

(�)
µ (�r)

�
⇧(Jµ) µ(i) 2 arg minu2U(i) Q̃µ(i, u, r)

Subspace M = {�r | r 2 <m} Based on J̃µ(i, r) Jµk

minu2U(i)

Pn
j=1 pij(u)

�
g(i, u, j) + J̃(j)

�
Computation of J̃ :

Good approximation Poor Approximation �(⇠) = ln(1 + e⇠)

max{0, ⇠} J̃(x)

1

x �(x � �1) �(x � �2) + � max{0, ⇠} Linear Unit Rectifier ��,�(x)
Slope � �

High Cost Suboptimal u0 “Deceptive” Low Cost u Optimal trajectory
` + 1 Stages Optimal trajectory

(ciy � bi)2 R mini y⇤
i maxi y⇤

i

J̃k+1(xk+1) = min
uk+12Uk+1(xk+1)

E
n

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

�
fk+1(xk+1, uk+1, wk+1)

�o
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree `-Step
Shortest path problem xk xk States xk+1 States xk+2 u u0

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+`

Rollout, Model Predictive Control

b+
k b�k Permanent trajectory P k Tentative trajectory T k

min
uk

E
n

gk(xk, uk, wk)+J̃k+1(xk+1)
o

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u⇤
0, . . . , u⇤

k, . . . , u⇤
N�1} Simplify E{·}

Tail subproblem Time x⇤
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN (xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x0
N
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ũk uk x̃k+1 xk+1 x̃N xN x0
N

�r = ⇧
�
T

(�)
µ (�r)

�
⇧(Jµ) µ(i) 2 arg minu2U(i) Q̃µ(i, u, r)

Subspace M = {�r | r 2 <m} Based on J̃µ(i, r) Jµk

minu2U(i)

Pn
j=1 pij(u)

�
g(i, u, j) + J̃(j)

�
Computation of J̃ :

Good approximation Poor Approximation �(⇠) = ln(1 + e⇠)

max{0, ⇠} J̃(x)

1

x �(x � �1) �(x � �2) + � max{0, ⇠} Linear Unit Rectifier ��,�(x)
Slope � �

High Cost Suboptimal u0 “Deceptive” Low Cost u Optimal trajectory
` + 1 Stages Optimal trajectory

(ciy � bi)2 R mini y⇤
i maxi y⇤

i

J̃k+1(xk+1) = min
uk+12Uk+1(xk+1)

E
n

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

�
fk+1(xk+1, uk+1, wk+1)

�o
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree `-Step
Shortest path problem xk xk States xk+1 States xk+2 u u0

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+`

Rollout, Model Predictive Control

b+
k b�k Permanent trajectory P k Tentative trajectory T k

min
uk

E
n

gk(xk, uk, wk)+J̃k+1(xk+1)
o

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u⇤
0, . . . , u⇤

k, . . . , u⇤
N�1} Simplify E{·}

Tail subproblem Time x⇤
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN (xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x0
N
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ũk uk x̃k+1 xk+1 x̃N xN x0
N

�r = ⇧
�
T

(�)
µ (�r)

�
⇧(Jµ) µ(i) 2 arg minu2U(i) Q̃µ(i, u, r)

Subspace M = {�r | r 2 <m} Based on J̃µ(i, r) Jµk

minu2U(i)

Pn
j=1 pij(u)

�
g(i, u, j) + J̃(j)

�
Computation of J̃ :

Good approximation Poor Approximation �(⇠) = ln(1 + e⇠)

1

��1,�2,�(x) = ��1,�(x) � ��2,�(x) �1 �2

x �(x � �1) �(x � �2) + � max{0, ⇠} Linear Unit Rectifier ��,�(x)
Slope � �

High Cost Suboptimal u0 “Deceptive” Low Cost u Optimal trajectory
` + 1 Stages Optimal trajectory

(ciy � bi)2 R mini y⇤
i maxi y⇤

i

J̃k+1(xk+1) = min
uk+12Uk+1(xk+1)

E
n

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

�
fk+1(xk+1, uk+1, wk+1)

�o
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree `-Step
Shortest path problem xk xk States xk+1 States xk+2 u u0

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+`

Rollout, Model Predictive Control

b+
k b�k Permanent trajectory P k Tentative trajectory T k

min
uk

E
n

gk(xk, uk, wk)+J̃k+1(xk+1)
o

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u⇤
0, . . . , u⇤

k, . . . , u⇤
N�1} Simplify E{·}

Tail subproblem Time x⇤
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN (xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x0
N
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Using the pulse feature as a building block, any feature can be approximated

Bertsekas Reinforcement Learning 30 / 37



Sequential DP Approximation - A Parametric Approximation at Every
Stage (Also Called Fitted Value Iteration)

Start with J̃N = gN and sequentially train going backwards, until k = 0

Given a cost-to-go approximation J̃k+1, we use one-step lookahead to construct a
large number of state-cost pairs (xs

k , β
s
k ), s = 1, . . . , q, where

βs
k = min

u∈Uk (xs
k )

E
{

g(xs
k , u,wk ) + J̃k+1

(
fk (xs

k , u,wk ), rk+1
)}
, s = 1, . . . , q

We “train" an architecture J̃k on the training set (xs
k , β

s
k ), s = 1, . . . , q.

Typical approach: Train by least squares/regression and possibly using a
neural net
We minimize over rk

q∑
s=1

(
J̃k (xs

k , rk )− βs)2
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Sequential Q-Factor Approximation

Consider sequential DP approximation of Q-factor parametric approximations

Q̃k (xk , uk , rk ) = E
{

gk (xk , uk ,wk ) + min
u∈Uk+1(xk+1)

Q̃k+1(xk+1, u, rk+1)
}

(Note a mathematical magic: The order of E{·} and min have been reversed.)

We obtain Q̃k (xk , uk , rk ) by training with many pairs
(
(xs

k , u
s
k ), β

s
k

)
, where βs

k is a
sample of the approximate Q-factor of (xs

k , u
s
k ). [No need to compute E{·}.]

Note: No need for a model to obtain βs
k . Sufficient to have a simulator that

generates state-control-cost-next state random samples(
(xk , uk ), (gk (xk , uk ,wk ), xk+1)

)
Having computed rk , the one-step lookahead control is obtained on-line as

µk (xk ) ∈ arg min
u∈Uk (xk )

Q̃k (xk , u, rk )

without the need of a model or expected value calculations.

Important advantage: The on-line calculation of the control is simplified.
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On The Mystery of Deep Neural Networks
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i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector �(x) Approximator �(x)0r

` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

1

Nonlinear Ay(x) + b �1(x, v) �2(x, v) �m(x, v) r x Initial

Selective Depth Lookahead Tree �(⇠) ⇠ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r0�(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

�
xk(Ik)

�

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector �k(xk) Approximator r0k�k(xk)

x0 xk im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2
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Extensive research has gone into explaining why they are more effective than
shallow neural nets for some problems.

Recent research strongly suggests that overparametrization (many more
parameters than data) is the main reason.

Generally the ratio

R =
Number of weights

Number of data points

affects the quality of the trained architecture.

If R ≈ 1, the architecture tends to fit very well the training data (overfitting), but do
poorly at states outside the data set. This is well-known in machine learning.

For R considerably larger than 1 this problem can be overcome.

See the research literature and the recent text by Hardt and Recht, 2021,
“Patterns, Predictions, and Actions", arXiv preprint arXiv:2102.05242
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Should we Approximate Q-Factors or Q-Factor Differences?

To compare controls at x , we only need Q-factor differences Q̃(x , u)− Q̃(x , u′)

An example of what can happen if we do not use Q-factor differences:
Scalar system and cost per stage:

xk+1 = xk + δuk , g(x , u) = δ(x2 + u2), δ > 0 is very small;

think of discretization of continuous-time problem involving dx(t)/dt = u(t)

Consider policy µ(x) = −2x . Its cost function can be calculated to be

Jµ(x) =
5x2

4
(1 + δ) + O(δ2), HUGE relative to g(x , u)

Its Q-factor can be calculated to be

Qµ(x , u) =
5x2

4
+ δ

(
9x2

4
+ u2 +

5
2

xu
)
+ O(δ2)

The important part for policy improvement is δ
(
u2 + 5

2 xu
)
. When Qµ(x , u) is

approximated by Q̃µ(x , u; r), it will be dominated by 5x2/4 and will be “lost"

Bertsekas Reinforcement Learning 35 / 37



A More General Issue: Disproportionate Terms in Q-Factor Calculations

Remedy: Subtract state-dependent constants from Q-factors (“baselines")

The constants subtracted should affect the offending terms (such as J̃)

Example: Consider rollout with cost function approximation J̃ ≈ Jµ
At x , we minimize over u

E
{

g(x , u,w) + J̃(f (x , u,w))
}

Question: How to deal with g(x , u,w) being tiny relative to J̃
(
f (x , u,w)

)
? An

important case where this happens: Time discretization of continuous-time
systems.

A remedy: Subtract J̃(x) from J̃
(
f (x , u,w)

)
(see Section 2.3 of the class notes).

Other possibilities:

Learn directly the cost function differences Dµ(x , x ′) = Jµ(x)− Jµ(x ′) with an
approximation architecture. This is known as differential training.

Methods known as advantage updating. [Work with relative Q-factors, i.e., subtract
the state-dependent baseline minu′ Q(x , u′) from Q(x , u).]

Bertsekas Reinforcement Learning 36 / 37



About the Next Lecture

We will cover:
Infinite horizon theory and algorithms

Discounted and stochastic shortest path problems

PLEASE REVIEW THE INFINITE HORIZON MATERIAL OF THE CLASS NOTES

WATCH VIDEO LECTURE 9 OF 2021 COURSE OFFERING AT MY WEB SITE
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