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A Class of Generalized Bellman Equations

Ordinary Bellman equation for a policy x of an n-state MDP

J=TJ

where
(TG E S py(u(i)) (90, (i), ) + (),  i=1,....n
j=1

p;i(u): transition probs, g(i, u, j): cost per stage, a: discount factor

Generalized Bellman equation

J=T"y

where w is a matrix of weights wj,:

(TYN)E S wie(TU)(0),  wie>0,> wie=1 (foreachi=1,...,n)
=1

=1

Both can be solved for J,,, the cost vector of policy .

N,
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TD(\) Special Cases

Classical TD()\) mapping, A € [0, 1)

TOI=(1-0)D NTTY wie=(1— A"

£=1

A generalization: State-dependent \; € [0, 1)

(TYNE) = (1= N) i NTUT D), wie= (1= )N

£=1
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Generalized Bellman Eqgs with Subspace Projection:

@ ®is an n x s matrix of features, defining subspace S = {®r | r € R°},
r € ®° is a vector of weights.

@ [is projection onto S with respect to a weighted Euclidean semi-norm
n N 2 .
[J)12 =320, &(J(1)7, where € = (&4, ..., &n), with &> 0.
@ If || - ||¢ is @a norm, this is Galerkin approximation specialized to DP.

Example: TD(\) TWJ=(1-X)> X\7'TU,  xe0,1)
=il

Solution of projected equation
Or = [T (Pr)

Ju

Simulation error

A=1, 3 Bias
e Simulation error

Subspace S = {®r | r € Rs}
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Generalized Bellman Eqgs with Aggregation

Aggregation case (r is the cost vector of an “aggregate” problem)

r=DT™(&r), (low-dimensional)  &r = DT (dr), (high-dimensional)

where ® and D are nonnegative matrices whose rows are prob. distributions.
v

Comparison with projection case

or = NT™(or)

Aggregation is a special case of projection if ®D is a semi-norm projection. J
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First Benefit of the Generalization

&r =nT"(or)

State-dependent weights w;,

@ Similar approximation properties as the TD(\) mapping T (control the
bias-variance tradeoff)

@ New sampling schemes based on multiple short simulation trajectories
(free form sampling)

@ They control more flexibly the bias-variance tradeoff

@ They naturally introduce exploration of the potential of other policies (in
the context of policy iteration)
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Second Benefit of the Generalization

Semi-norm projection - Can have & =

@ More flexibility in simulation (some states need not be visited)

@ Aggregation and projected equations become strongly connected if
semi-norm projection is allowed

@ Use of semi-norm allows (for the first time) multistep aggregation
methods - analogs of TD(\), LSTD()\), LSPE())
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Simulation-Based Solution

Projected Value lteration for Projected Equation &r = MT")(&r)

Exact form of projected value iteration

®r = NT™ (o)

or

n - 2
st = argminy & (qb(i)'f -3 WiZ(TZ(¢rk))(i)> , ((i)": ith row of @)
i=1 £=1

v

We view the expression minimized as an expected value that can be
simulated with Markov chain trajectories:

@ & will be the “frequency"” of i as start state of the trajectories
@ w;, will be the “frequency” of trajectory length £ when i is the start state

v
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Simulation-Based Implementation of Projected Value lteration

Cost Cy(ri) = {¢ Transition costs + Term. cost aft(Pry);,

r—o— L L ]
Start state i; End state j;

. Length ¢;
Frequencies &; g " ¥~ Conditional frequencies w;y

Approximation using trajectories t =1,...,m

m
Ik+1 = argmin Z (e(ie)'r — C,(rk))2 (ir: start state, Ci(rk): sample cost)
t=1

As freq. of start state i — ¢&;, freq. of start-state/length (i, £) — &iwie
Opt. condition for simulation-based least squares

converges to

Opt. condition for exact least squares
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Matrix Inversion Method (Extension of LSTD()))

Cost Ci(ry) = £; Transition costs + Term. cost aft(Pry);,

o —o—O
Start state i;

L 2 L J
End state j;

Frequencies &;

Find 7 such that

Length ¢, )
© P Conditional frequencies w;y

7 = argmin Zm: (8(it)'r — Cu(7))?

t=1

This is a linear system of equations (the equivalent optimality condition).
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Example: Classical TD Sampling

TV =(1-20)> ATy

=1

@ Generate one single infinitely long trajectory

@ Segment it, and weigh the segments of length ¢ with geometric weights
wie = (1 = A\

@ Use the Markov chain invariant distribution as weight vector
§: (E1a"'a€n)

@ Requires modifications to deal with transient states and exploration (an
off-policy scheme and modified TDs)
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New Sampling Schemes

Geometric sampling

TOU=(1-3)> ATy
£=1

@ Generate many short trajectories with random/geometrically distributed
length (parameter A, the same for all start states)

@ Arbitrary restart distribution £. Provides implementation of LSPE()\) and
LSTD(X) with exploration.

| A

Free-form sampling

(TYNG)E S wie(TU)(0),  wie>0,> wie=1 (foreachi=1,...,n)
=1

=1

Anything goes as long as
freq. of start state i — ¢&;, freq. of start-state/length (i, £) — &wie

N
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Free-Form Sampling

Cost C¢(ry,) = ¢¢ Transition costs + Term. cost aft(Pry);,

o—@ @ L 9
Start state 4, End state j¢

. Length ¢
Frequencies &; & ! ¥~ Conditional frequencies w;¢

@ Trajectories can be segmented into overlapping pieces, and even
duplicated, to create extra shorter trajectories.

Deals well with exploration.
Lengths of trajectories can be dependent on the start state.
Controls more flexibly the bias-variance tradeoff

Long segments <= > Large sample variance

Can use large wj, for large ¢ selectively for some critical states i to
reduce bias.

Some weights may have “partially deterministic form" rather than be fully
simulated.
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Selective Bias-Variance Control: An Example

An example where TD(0) gives large bias and TD(1) large variance

Critical state 50
0 1 2 49

Cost =1 Small cost

L L L L L L L L L
5 10 15 20 25 30 35 40 45 50

One-stage costs are weighted disproportionally to future costs in TD(0).
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Block TD(\)-Type Algorithm: An Example

Use an upper bound m on the length of trajectories

@ This makes sense if few samples are collected before changing policies
(optimistic PI).

@ We can use geometrically weighted coefficients (same A € (0, 1) for all /)

w;, = (normalization const) - A", L=1,...,m

@ The geometrically weighted coefficients can be state-dependent
w;, = (normalization const) - X, =1,....m

This allows more flexible control of the bias-variance tradeoff.
@ Note the w;, are “partially deterministic” (less noise).
@ Exploration is allowed through trajectory restarts to control the weights

&i-
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Aggregation Framework

Original
System States
—> J
pij (u)
Disaggregation Aggregation
Probabilities Probabilities
dyi by
Matrix D Matrix ¢
______ Y

Aggregate States

@ Introduce s aggregate states, aggregation and disaggregation
probabilities
@ They define a s-dimensional aggregate Markov chain with single step

Bellman equation
r=DT(®r)

@ Can obtain approximation ®r using the multistep versions
or = oDTN(dr)  or  &r=oDT™(or)

which allow bias-variance tradeoff. If D is a semi-norm projection the
preceding methodology applies.
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Two Common Types of Aggregation

@ Hard aggregation: The aggregate states are disjoint subsets Sy of states
with UxSxy = {1,...,n},and ds > 0 only if i € S, ¢ix = 1if i € 5.

1

o2 o3 (1)

&1 r2 1
. .5 06 d=|1
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0

0
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@ Aggregation with discretization grid of representative states: Each
aggregate state is a single original system state x € {1,...,n}, and

Oy = 1.

Original State Space
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A Generalization: Aggregation with Representative Features

Origindl State Space

131.\(25]1 1
i ¢j23 \‘.
1 -

. Pij J .

Aggregate States/Subsets

S,

@ The aggregate states are disjoint subsets Sy of states
@ Common case: Sy is a group of states with “similar features"
@ Hard aggregation is a special case: UxSx = {1,...,n}

@ Aggregation with representative states is a special case: Sy consists of
just one state
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Connection with Semi-Norm Projection

@ Assume that the approximation is piecewise constant with interpolation:
constant within the aggregate states, interpolated for the other states,
i.e., the disaggregation and aggregation probs satisfy

¢ix:1Vi€Sx, dxi>0iffi€sx
Then ®D is a semi-norm projection with

& = dxi/s, Vi S

@ The use of a semi-norm is critical since & = 0 for i ¢ UxSx (except in the
case of hard aggregation where &; > 0 for all /).



Aggregation as a Semi-Norm Projected Equation
[ 1}

Multistep Aggregation

@ Multistep aggregation analogs of TD()\), LSPE()), and LSTD()) are
well-defined.
@ Multistep aggregation with free-form sampling is well-defined.
o Generate many short trajectories with the original system.
o The start state of each trajectory must be in Uy Sx.
@ A lot of flexibility for exploration.

@ Flexible control of bias-variance tradeoff (use longer trajectories for
“critical" start states).

@ The multistep equation ®r = ®DT™(®r) is a sup-norm contraction if T
is.
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Concluding Remarks

Presented a class of generalized weighted Bellman equations.

They allow state-dependent weights.
They allow the use of a variety of sampling methods.
o Flexible treatment of the bias-variance tradeoff.
They allow semi-norm projection.
e Connection between projected equations and aggregation equations.
@ Also allows multistep aggregation methods of the TD()) type (but more
general).
The methodology extends to the much broader field of Galerkin
approximation.
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