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Convergence of Discretization Procedures
in Dynamic Programming

DIMITRI P. BERTSEKAS, MEMBER, IEEE

Abstract—The computational solution of discrete-time stochastic op-
timal control problems by dynamic programming requires, in most cases,
discretization of the state and control spaces whenever these spaces are
infinite. In this short paper we consider a discretization procedure often
employed in practice. Under certain compactness and Lipschitz continuity
assumptions we show that the solution of the discretized algerithm con-
verges to the solution of the continuous algorithm, as the discretization
grids become finer and finer. Furthermore, any control law obtained from
the discretized algorithm results in a value of the cost functional which
converges to the optimal value of the problem.

I. INTRODUCTION

It is well known that the principal framework for analysis and solution
of sequential stochastic optimization problems is that of dynamic pro-
gramming as developed and popularized principally by Bellman [2], [3].
In lack of an analytical solution to the problem under consideration a
computer solution is required. Under these circumstances whenever
some of the spaces of definition of the system are infinite, discretization
of these spaces becomes necessary. In practice one hopes that if there is
sufficient continuity present in the problem the computer solution will
approximate closely the true solution of the problem if a suitable
discretization grid with a sufficiently large number of points is used. It is
thus worthwile to have precise theoretical results which guarantee con-
vergence of various discretization procedures under concrete assump-
tions. Estimates of the convergence rate may also be useful. While it is
unclear that such theoretical results will have significant impact on the
way dynamic programming is currently employed, they will, if nothing
else, help alleviate some of the nagging fears in the practitioner’s mind.

The question of convergence of discretizalion procedures has been
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raised by Bellman and Dreyfus [3]. However, to the author’s knowledge,
no related theoretical results have appeared in the literature with the
exception of a recent paper by Fox [10]. In the present paper results in a
similar vein as those of Fox are obtained. The two papers are comple-
mentary however, since the analytical approach, the assumptions, the
problem formulation, and the discretization procedure are all different.
In particular, in [10] the case of discrete probability distributions (includ-
ing deterministic problems) is ruled out in an essential way while in our
case we allow the presence of discrete distributions at the outset. Also in
[10] discretization is limited to the state space while we consider dis-
cretization of both state and control spaces.

Some of the ideas in the paper were clarified during the course of a
tutorial with T. J. Lee. This interaction is gratefully acknowledged.

II. DISCRETIZATION PROCEDURES—FINITE HORIZON
PROBLEMS
Consider the following dynamic programming algorithm:
Jn(x)=gn(x)

sup )Ew{gk(x,u»W)+Jk+1[fk(x,u,W)]1x,u,k}

u€ Up(x

xXESyCR* (1)
Je(x)=
x€S,CR¥%  k=0,1,---,N-1. (2)

This algorithm is associated with a stochastic optimal control problem
involving the discrete time dynamic system

X1 =Se(X i), k=0,1,---,N—1, xg:given (3)
and the cost functional
N=1
wo By { 2 gk(xk=uk7wk)+gN(xN)}' 4
0" WN-1 | k=0

In the above equation x, is the system state-element of a Euclidean
space R%, k=0,1,---,N. The algorithm (1), (2) is defined over given
compact subsets S, CR*, k=0, 1,---,N—1. The control input at time k&
is denoted by #, and is an element of some space C;, k=0, 1,--- ,N—1.
In what follows we shall assume that C, is either a subset of a Euclidean
space or a finite set. The sets U, (x;)C C, are given for each x;, €S, and
represent a state-dependent control constraint.

We denote by w, the input disturbance which is assumed to be an
element of a set W, k=0, 1,---,N—1. We assume in this section that
each set W, has a finite number (say I,) of elements. This assumption is
valid in many problems of interest, most notably in deterministic prob-
lems where the set W, consists of a single element. In problems where
the sets W, are infinite, our assumption amounts to replacing the
dynamic programming algorithm (1), (2) by another algorithm whereby
the expected value (integral) in (2) is approximated by a finite sum. For
most problems of interest this finite sum approximation may be justified
in the sense that the resulting error can be made arbitrarily small by
taking a sufficiently large number of terms in the finite sum. The reader
may easily provide relatively mild assumptions under which the
approximation is valid in the above sense. A discretization procedure
involving the state and control spaces as well as the disturbance space,
together with a corresponding convergence result may be found in an
unpublished report by the author. Concerning the probabilities of the
elements of W,, denoted by p{(x;.u,), i=1,- - -, I, we assume that they
depend on the current state x, and control , but they do not explicitly
depend on the previous values of input disturbances wg,w;,- -, Wy _;.

The functions gy,g:.f,,k=0,1,---,N—1 in (3), (4) are given. Con-
cerning f;, S;, Uy (x), and W, we make the following assumption which is
necessary in order that the algorithm (1), (2) be well posed:
{z|lz=fi (x,u,w),x € S, u € Up(x),wE W} CSp i1

k=0,1,---,N-1. (5)

In many probiems the above assumption is satisfied automatically while
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in other problems it is necessary to reformulate the problem so that (5)
holds. We also assume that all given sets are nonempty.

We shall consider two different sets of assumptions in addition to the
ones already made. In the first set of assumptions the control space C, is
assumed to be a finite set for each k. Some examples of problems in this
category are hypothesis testing problems in statistics [1], {7] where a
finite number of actions are of interest (accept hypothesis i, i=1,---,1,
or take another sample), asset selling and purchasing problems [16], [15]
(accept the current offer, reject the offer and wait for the next), and
other problems in a similar vein. In the second set of assumptions the
control space C, is assumed to be a Euclidean space. Such problems
abound in stochastic control, inventory control, planning and scheduling
problems, etc., and require discretization of both the state space and the
control space. The reader may easily extend our analysis and results to
cases where the control space is the union or the Cartesian product of a
finite set and a Euclidean space.

Assumptions A

Assumption A.1: The control spaces C, k=0,1.---,¥—1 are finite
sets and
U (x)=C, VxES8.k=0,1,--- N—-1. (6)

Assumption A.2: The functions f,,g, satisfy the following Lipschitz
conditions for all x,x' € S, u€ C,,w& W, k=0,1,--- ,N—1

e (%0, W) = fi (X0, WH] < Lyl = X7} (7
i g (6,4, w) = o (X5 . w)|| < My |lx — x| 8
llgn(x) —gn(x N < Myllx =%l VYx.x'ESy ®

where My, M,,L,, k=0,1,---,N—1 are positive constants and |||
denotes the usual Euclidean norm.

Assumption A.3: The probabilities p/(x,u), i=1,2,---.1, of the ele-
ments of the finite set W, ={1,2,- -+, } satisfy for all k the Lipschitz
condition

125Cu)—pl{x W) < Nilix—x'l- Vx,x €S ueCic W, (10)

where N, ,k=0,---,N—1, are positive constants. (This assumption is
satisfied in particular if the probabilities p{ do not depend on the state.)

Assumptions B

Assumption B.1: The control space C;,k=0,1,---,N—1is a compact
subset of a Euclidean space. The sets U, (x) are compact for every x € S,
and in addition the set

U= U Ulx) k=01,--.N—1 (11

XES,
is compact. Furthermore the sets U, (x) satisfy
Up(x)C U (X + {u| lull < Pellx— X1} Vx,x'€S,,
k=0,1,---,N—-1 (12)

where P, are positive constants. (This last assumption, (12), is equivalent
to assuming that the point-to-set map x— U, (x) is Lipschitz continuous
in the Hausdorff metric sense [9].)

Assumption B.2: The functions f, g, satisfy the following Lipschitz
conditions for all x,x"€ S, u,¥’' € U,wE W, k=0,1,--- ,N—1

Il e Gy, w) = fi (s W < L (llx = Xl + e = 21]) (13)
” gk(xs u’w)_gk(x"u,’w)” < Mk(“x_x’“ + "u" u’”) (14)

| gn(x) = gp(x)l < Myllx — x| Vx,x' €Sy (15)

where My, M,,[,,k=0,1,---,N—1 are positive constants.
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Assumption B.3: The probabilities p/(x,u), i=1,---,I, of the elements
of the finite set W, ={1,2,---,I,} satisfy for all £ the Lipschitz condi-
tion

| pi(x.0) = pi(x" )| < Np (| x = x7|| + e = ']])
Vx.x' €S uu EU €W, (16)

where N,,k=0,1,-+-,N—1 are positive constants.

Prior to considering discretization of the dynamic programming
algorithm we establish the Lipschitz continuity of the “cost-to-go” func-
tions J, : S, — R of (1), (2).

Proposition 1: Under Assumptions A or Assumptions B the functions
J:85:—>R, k=0,1,--- N—1. given by (1), (2). satisfy

V() =T (D < Agllx— x| Vx,x€8.k=0,1,---,N (17)

where 4,,k=0,1,---,N, are some positive constants.
Proof: Under Assumptions A we have by (9) that (17) holds for
k=N with Ay =M. For k=N —1 we have that for each x,.x’ €S, _,

Inoa

y-1()=Jy_(x)|=] max 3 {gy_ (xui)
vECy | i=1

+ Iy (D1} P (%, 0)

Iy
- max X {env (i) + Iy [ fyo (X001} phe_ 1 (%, 0)|
UECK_ | i=1
Iy_y ) )
< max |2 [gN—1(X’“1i)1’1'\7—1(x,“)_gh'—l(x'-usi)}’,{/—1(x',“)]|
uECy_y j=]
Iy_y _
+ max | 2 [Jx[fvoi(xwi)]pfo (xu)
uECy_ =1

=Inlfwoi(xs u.i)]p,{,_ (x5 W)l

Now we use the fact that if a:S—R, 8:S—R are Lipschitz continuous
functions over a compact subset S of a Euclidean space with Lipschitz
constants y,,ps the product function a«(-)B() is also Lipschitz con-
tinuous satisfying for all 1,,7,E€ S

la(1)B(1) = a(1)B(1y)] <[ e max | B+ wgmax|a ()]l =1l (18)

Then the earlier estimate is sirengthened to yield
[Ty (x) =TIy (N < Ap_llx— x| Vx,x'€Sy_,
where Ay _ | is given by
Ay y=In (My_+Ly_1Ax+ By \Ny_))
By_=max{|gy_(x.u,wW)IxESy_,uECx_,wE Wy_,}
+max{|[Jy[fy- (X uwW)|xESy_.u€Cy_,wE Wy _,}.

Thus the result is proved for k= N —1 and similarly it is proved for every
k.

We turn now to proving the result under Assumptions B. Again the
result holds for k=N with Ay =M,. For k=N—-1 we have for each
x,x' €8y,

[ (XY= T2 (%0}

Iv_1

=| max 2> {av_ () + Iy fuo 1 (x0,D]) pl— 1 (x,%)
vEUN_|(x) i=]

Iy

—max S {gyo (i) F Iy (5] P 1 ().
uEUN_1(x) i=1
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Now using (18), the Lipschitz condition Assumptions B.2, B.3, and the
above equality it is straightforward to show that

[y 1(x) =JIn (X

Iv_

I 2 [an—1(x,u,0pf _ (x,1)

< max
u€ Uy_1(x)U Uy_(x) i=1
= gy (X u,D)ph (W)
Iy_1 )
| 2 [Inl fy 1w piy— 1 (x,4)

i=1

—Inl ()] pie— s (x',0)|

max
UE Uy _1(x)U Uy 1(x7)

+2Iy_ (My_ +Ly_Ay+By_(Ny_1)Py_illx— x|

where

By_=max{|gy_(x,,w)||x ESy_,uE Uy_;,WE Wy_,}

+max{|y[fy (5w w)IxESy_,u€EUy_,wEWy_}. (19)

Strengthening the above estimate and using (18) and our assumptions we
obtain
[y—1() =Ty (X < Ay _yllx = x|

where
Ay =Iy (1+2Py W My_+ Ly_Ay+ By_1Ny_1)

and the result is proved for k=N —1. Similarly the result is proved
under Assumptions B for all £. Q.ED.

We now proceed to describe procedures for discretizing the algorithm
(1), (2) under Assumptions A and Assumptions B.

Discretization Procedure Under Assumptions A

We partition each compact set S, into n, mutually disjoint sets
8,82, --,8% such that S,=uU% S/, and select arbitrary points
xie S}, i=1,---,n,. We approximate the dynamic programming
“algorithm (1), (2), by the following algorithm which is defined on the
finite grids G, where

Go={xhxt-,xp}  k=0,1,---,N—1. (20)
We have
Jn(x)=gy(x) if xEGy @1
In(x)=gy(x) if xeSLi=1,2,ny 22)

fk(x)= max E { gk(x,u,w)+.1Ak+1[j}((x,u,w)]|x,u,k} ifxeG, (23)
u k

Ju(x)=J(x)) if xeShi=12,m,k=0,1...,N—1.

The algorithm above corresponds to computing the “cost-to-go” func-

249

tions fk on the finite grid by means of the dynamic programming
algorithm (21), (23), and extending their definition on the whole compact
set S, by making them constant on each section S{ of ;. Thus J, may
be viewed as a piecewise-constant approximation of J,. An alternative
way of viewing the discretized algorithm (21), (23) is to observe that it
corresponds to a stochastic control problem involving a certain finite
state system (defined over the finite state spaces Gg,---,Gy) and an
appropriately reformulated cost functional.

Carrying out the dynamic programming algorithm (21), (23) involves a
finite number of operations. Simultaneously we obtain an optimal con-
trol law as a sequence of functions f, : G,—C,

Fp(2), By (x), - - iy —1(x)
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defined on the respective grids G,, k=0,---,N—1, where fi,(x}) maxi-
mizes the right-hand side of (23) when x=x}, i=1,2,---,n,. We extend
the definition of this control law over the whole state space by defining
for every x€ 8, k=0,1,--- ,N—1

e ()= iy () if xeSii=l.m. (25)
Thus we obtain a piecewise-constant control law { pe, g, -, un—;}

defined over the whole space. The value of the cost functional corre-
sponding to { pig, by, * - s My} is denoted by Jo(xp), and is obtained by
the last step of the algorithm

In()=gy(x),  xESy 26)
Te() = E { gl (), w1+ e L Lo i (), w111, g (), e }
XE S, k=0,1,---,N—1. (27)
Denote by 4, the maximum diameter of the sets S}
&= g, R max - sup [lx— x| (28)

N-li=lom oo

We shall be interested in whether fk and jk converge in some sense to J;
for each k as d, tends to zero.

Discretization Procedure Under Assumptions B
Here the state spaces S, are discretized in the same way as under

Assumptions A. In addition finite grids H, of points in U, are selected

Hy={u},- - upycU, k=01,---,N—1.

We assume that

U (xHnH+=@  Vi=l,- - ,n,k=01,--- N—-1
where @ denotes the empty set.

We now approximate the algorithm (1), (2) by the following
algorithm:

Jn(x)=gn(x) if xEGy @
Jy(xy=gn(xf) i xEShi=1---.ny (32)
Jk(x)= uEUl;n(?){n H, g{ gk(xausw)+']k+l[fk(x’u’w)]lx’u’k}
it x€G, (33)
./Ak(x)=jk(x,i) if xe8iLi=12,--,n,
k=0,1,---,N—1. (34

Similarly as under Assumptions A we obtain a control law
{figs***»fiw_,} defined on the grids G, k=0,1,---,N—1 which is ex-
tended over the whole state space to yield the control law
{ Popy * - smy—1} by means of the piecewise-constant approximation
(25). The corresponding value Jy(xg) of the cost functional is given by
equations identical to (26), (27). .

Again we are interested in the question whether J; and jk converge in
some sense to J, for each k as both 4, and 4, tend to zero where

d= max max  sup |[x—x} 28
'S k=0’l’.”’N_]i=l’“.’"kxegz“ k" ( )
d.= max max max min [le—u'||. (35)

k=01, N=li=l "\ ue Up(xf) w' € Up(xf) 0 Hy

This question is answered in the affirmative in the next section.



418

III. CONVERGENCE RESULTS

The following proposition is the main result of this short paper. It
shows convergence of the discretization procedures and justifies the
employment of the control law obtained from the discretized algorithm
as a suboptimal control law.

Proposition 2: There exist positive constants ag, oy, ,ay.,
Bo B, - -, By (independent of the grids Gy, -+, Gy, Hy,- -+, Hy_ used
in the discretization procedure) such that under Assumptions A

V() =Jo(x) <eapd, VYxES,k=01,---,N (36)
() =T (x)| < oyd, VYxES,k=0,1,---,N 37

and under Assumptions B
[ (x) = J(X)| < Be(d,+d,)  VxES,k=0,1,---,.N (38)
[ ()= T ()| < Bu(d,+d,)  VxESLk=0,1,---,N (39)

where Jk’jk’jk’
(28), (35).

Proof: We first prove the proposition under Assumptions A. We
have by @n, 22), Jy(x)= .IN(x) for all x € G, while for any xeSj,.
i=1,-+-,ny

d,,d, are given by (1), (2), 21)~(24) [or (31)}=(34)]. (26)-

[Ma(x)— JN(X)|“|8N(X) gv(xf)l < Myllx — xil| < Myd,.  (40)
Hence (36) holds for k=N with ay=
and hence (37) also holds for k= N.

To prove (36) for k=N —1 we have by (23) for any i=1.2,---.ny5_,

My. Also Jy(x)= J\(x) VxESy

|JN—1(XI{I—1)_JN—1(XI{!—1)I
=|ugg:lE{g~ 1(Xh— 31 w)

+ Il -1 (h o WXy, N—1)

- o {an—1(xh-p 1, w)

+ N[ Al pi WYy u, N =1 }|

< uemca,}x_, |E {JN[fN—l(x,b- piw)]

_‘iN[fN— 1k w)lxf o u, N = 1}| <ayd, (41

where the last siep follows by (40).
Also for any x €S} _,,i=1,++,ny_, we have using (41) and Proposi-
tion 1

[a-1(x) _jN- ()= |JN—](x)_JN—l(x1i’— Il
< |JN—1(X)‘JN—1(X){/- D+ Wk ) =T (xh o)
S Ayllx = xfoqll+ and, <(Ay 1+ ay)d;.

Hence (36) holds for k=N —1 with ap, _

shown to hold for all k.
To prove (37) for k=

previous inequality

1= Ay _+ay, and similarly it is

N-—1let x&Si_,. We have by (24) and the

[JN—l(x)_jN—l(x)| < |JN—l(x)_jN— (I + |j,v— 1(x) _jN—](X)I

<(Ay_ 1+ ay)d, + |jN— W{xn - )= Jn_ (X))

For notational convenience we write py _ (x)=pn_ (x4 _ )=pk_; [cf.
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(25)]- By using (23), (27), and (18), we have

|JN—1(XI’;I—I)_J.N—1(X)|

IN—I

<| 21 v -1 (R 8 PR (X1 - )
j=

IN—l

- jgl gy (Xt 1,j)P}<'— 1y )

Iy
IE JN[fN %k INTHIRN )] | T €7 N 1Y

In_y

= 2 WGk (oot

<Iy ((My_y+Ny_ymax{|gy_i(x,uw)||xESy_ 4,
UECy_,WE Wy Dllx—xi_4l

Iv_q

+|j§] jN[fN—](XI{I—]’ﬂI{I—I’j)]

—Inlfy-1(xn- 1,!'-1{1—1J)]}Pﬁ— E N A |

Iv_y

+1 .21 {(Inlfoa(xie RN ) |7 € LTI
=

IN—]

- igl VS /R C NN ) P Y G |

In_

+| gll {Inlfv—i(xmfo )]

_jN[fN— NEST W) }P}(}—l(x’#){r—l)|-

From the above inequality, Proposition 1, (36), (37) as proved for
k=N, and the Lipschitz Conditions A.2 and A.3, we easily obtain
Wy 1(xh =) = Iy 1 (0] < Bllx = xe_yll < 8y d,
where 8y is a positive scalar not depending on the grid G, _,. Using the
above inequality in (42)
War1(0) =Ty () <Ay + an + 8y)d. “3)
Thus (37) holds for k=N —1 with oy, _
is shown to hold for all &.
The proof of (38), (39) is similar to the proof of (36), (37) and is left to
the reader. QE.D.

1=Ayn_+ay+ 8y. Similarly (37)

IV. InFintTE HORIZON PROBLEMS WITH
DiscoUNTED COST FUNCTIONALS

In this section we obtain a convergence result for the case of an
infinite horizon problem with a discounted cost functional by making
use of the results of the previous two sections. Consider the functional
equation for J_ : S—R
xE€S (44)

J o (x)= stlljlz ) E{g(xuw)+cl [ f(x,u,w)]lx,u},
ue X

where ¢ is the discount factor, 0 < ¢ < 1. This equation is associated with
a stochastic control problem over an infinite horizon involving the
stationary system

k=0,1,--- (45)

Xie 1 =F(xps 1, W)
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with x,: given and the discounted cost functional

N—1
lim E { 2 Ckg(xk:ukawk)}‘ (46)
N-—co Wp' " "sWy—1 k=0

For a discussion of such problems we refer to [11}-{13], [15]. The
notation adopted corresponds in the obvious manner to the notation of
Section 1I. Time indices are dropped in view of stationarity. All assump-
tions of Section II made prior to Assumptions A or B are in effect with
obvious modifications to account for stationarity. Again we may intro-
duce assumptions analogous to Assumptions A and B for S,U(x),f.g
and W (call them Assumptions A’ and B’) and corresponding discretiza-
tion procedures. The assumption (5) in the infinite horizon setting is
equivalent to assuming strong reachability of the set S as defined in [4],
[5]. Many problems of practical interest must be appropriately reformu-
lated in order for this assumption to be satisfied (see [5], {6]). The
corresponding discretization grids are denoted by

G={xLx% - ,x"}cS= U §¢
i=1

H={u' 42 - wP}cU= U U(x).
xeS

The discretized functional equation under Assumptions 4" is given by

fw(x)=zr‘neaé§{g(x,u,w)+cjw[f(x,u,w)]]x,u} it xeG @47

Jo(x)=Jd (x") if xe€Sii=1---,n (48)

Under Assumptions B’ the discretized functional equation becomes

Julx)= max E { a(x W)+ el [ f(x,u,w)) | x, )
if xeG (“9)
J o (x)=J (x" if xes8ii=1---,n. (50)

Under either Assumptions A’ or B’ each of the functional equations (44),
(47+(50) has a unique solution in the normed space of all bounded real
valued functions over S with the sup-norm, which may be obtained from
the fixed point of certain corresponding contraction mappings [8], [15].
Furthermore the solution of (47)—(50) together with associated stationary
control laws can be conveniently calculated by Howard’s policy iteration
algorithm [11] or linear programming [14], [15], which require a finite
number of arithmetical operations.

Consider now for concreteness Assumptions A’ and let J”(x) denote
the optimal value function corresponding to an m-stage truncation of the
infinite horizon problem, i.e., corresponding to the cost functional

n
E { 2 c*e (X, wy) } .
k=0

Wo: oW

In view of the fact that g(x,u,w) is bounded above and below over

419

§ X UX W it may be easily shown that for every m

Moo (x) = I (0)] <

,  Vxes (51

re™
1-¢

where r is some positive constant. Consider also the discretized
algorithm for the m-stage truncated problem. We have again

A A rcm
W (x)—JI™(x)| < 1—o’ VxES (52)
while by Proposition 2
)= < o, YxES
where )
d= max sup |lx—x'|
i=1,-~-,nxesi

and «,, is a positive scalar depending on m but not depending on the
grid G and hence on 4. Combining (51)«(53) and using the triangle
inequality we have

2rc™

12 +a,d

m s

sup Vo (x) —J o (x)| < vme{1,2,---). (54)
xES

It follows that given any e >0 there exists a 8 > 0 such that d, < & implies
sup |/ o (x)—J ()| <.
xES

Equivalently it follows that

(55)

lim sup IJw(x)—fm(x)|=0-
d—0 ye5

It is also evident that (55) can be established under Assumptions B’
(analogous to Assumptions B of Section II) in a similar manner. Equa-
tion (55) shows the uniform convergence of the discretized algorithm and
constitutes the basic result of this section.
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