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Performance and Sensitivity Analysis for
Large Order Linear Time-Invariant Systems

O. L. de Weck,* S. A. Uebelhart, H. L. Gutierrezt and D. W. Miller,}
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

Performance and sensitivity analysis are important techniques during conceptual and
preliminary design of complex systems. Unfortunately, as model fidelity and size increase,
excessive computation times and errors due to numerical ill-conditioning will begin to emerge.
These undesired effects tend to scale with the number of system states to the third power as
well as with system bandwidth. This paper presents three techniques for addressing these
challenges for large linear time-invariant systems. First a diagonalized Lyapunov solver is
developed by exploiting state space system sparsity. Secondly apriori error bounds are pre-
sented to facilitate balanced model reduction. Thirdly the effect of numerical ill-conditioning
on analytical sensitivity analysis is discussed. A governing sensitivity equation for similarity
transformed state space realizations is introduced as a potential remedy. These techniques
may be used individually or in concert with each other. Their usage and the pitfalls of large
ill-conditioned systems are motivated by three increasingly complex models of the Space

Interferometry Mission (SIM) spacecraft.

Nomenclature

State space matrices
Expectation operator

= Transfer function (matrix)
Identity matrix

System objective, Comp. cost
= Lagrange multiplier matrix
State space system or PSD

= Time, Transformation matrix
White noise disturbance input
Frequency [Hz]

= Block size, # of channels
Number of states

= Design parameter

State variable

Time [sec]

= Actuator input

Colored noise disturbance input
= Sensor signal output
Performance signal output
Covariance matrix, Hankel matrix
= Mean

Frequency [rad/sec]

= Root-mean-square, Hankel s.v.
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I. Introduction

YPICALLY new systems such as aircraft and

spacecraft are developed with models of increas-
ing fidelity as their design progresses. Initially simple
approximation models are derived from first principles,
see Fig. 1(a). Intermediate fidelity models such as the
“stick” model in Fig. 1(b) are common during the transi-
tion from conceptual to preliminary design. High fidelity
models such as the one shown in Fig. 1(c) are employed
during preliminary and detailed design for design refine-
ment and optimization.

The models in Fig. 1 represent SIM, a space interfer-
ometer, which is further described in Appendix A. Such
discretized models are often based on the finite element
method (FEM)!2 and allow representation of the struc-
tural plant dynamics in the common state space form

dp = Apgp + Byw + Byu
Z = Cqu + Dzww + Dzuu (1)
y = Cyqp + Dyyyw + Dy,u

This may be written in compact form as

A, | B, B,
SI’ = Cz -Dzw Dzu (2)
C?J Dyw Dyu

(n4+m+my) X(nt+mu+mey)

where u, w, gp, y, are actuator inputs, disturbance in-
puts, plant states and sensed outputs, respectively. The
most important matrix is Ap, since it contains the eigen-
value information for the system. Most often A, is found
by solving the eigenvalue problem [K — \;M]¢; = 0,
where M is the global mass and K is the global stiffness
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Fig. 1 Finite element models of the SIM spacecraft
at three increasing levels of fidelity.

matrix of the FEM model. The modeshapes ¢; and nat-
ural frequencies w; = 1/A; are then used to obtain a state
space realization in structural modal form.® One of the
consequences of improving model fidelity is often a large
increase in the size n X n of A,. We will call this dimen-
sion, n, the “model order”. This is also the number of
elements in the state vector, gp. For the purposes of this
paper we will consider models with n < 100 as being of
small order, 100 < n < 500 as intermediate and n > 500
as large order. A justification for this distinction will be
provided in Section IV.

To be clear, modeling is the process of mathematical
abstraction of an existing or anticipated physical system,
resulting in a state space model, S,. Simulation is the
process of predicting the system response y(¢) and/or
z(t) given initial conditions, g,(t = ¢,), and an external
(disturbance) stimulus w(t). Performance analysis on
the other hand is the process of verifying whether or
not a system objective metric J, = f(z) is acceptable,
i.e. whether J, < J, req, for a given design. In this
paper we will consider the root-mean-square (RMS) of
the signal z(#), i.e.

J. =E[z(t)*]> =0, (3)

to be our performance objective. Sensitivity analysis
is the computation of the partial derivatives of per-
formance with respect to variable parameters, 8J,/3dp.
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Sensitivity analysis is useful for identifying performance
drivers and perhaps as a provider of gradient informa-
tion for subsequent design optimization. The fundamen-
tal equations for performance and sensitivity analysis,
given steady state disturbance inputs w(t), are discussed
in Sections III and VI, respectively.

Despite the fact that the governing equations for per-
formance and sensitivity analysis remain valid for large
order systems, there are two main problems that typ-
ically surface when n > 500. First the computational
cost of solving for J, increases proportionally to oc n3.
Thus, a simulation with 1000 states will be roughly
1000 times more expensive that a simulation that uses
a 100 state model. Secondly the increase in model or-
der, n, is typically accompanied by an increase in model
bandwidth wpw = Wmaez — Wmin, Where w; is the i-th
modal frequency. This leads to model ill-conditioning!
which negatively impacts the performance and sensitiv-
ity analysis results. Ironically, in the process of trying to
improve model fidelity one may actually inadvertently
worsen the numerical accuracy of the results. Hence,
the objective of this paper is to present techniques for
dealing with larger order state space models, i.e. situa-
tions where n > 500, in the context of performance and
sensitivity analysis.

II. Integrated Modeling

An integrated model of a multidisciplinary system
incorporates all relevant disciplines that are required
for meaningful performance prediction. In our case we
begin with the structural (dynamics) model S, from
Eq. (2). This open loop system can also be seen in the
block diagram of Fig. 2(a).

In order to represent the optical performance of the
system we include an optical sensitivity matrix, C,,
which relates the translations and rotations of the ver-
tices of optical elements?, y, to optical performances
channels, z. The ability to include linearized optical
models in dynamics simulations is attributed to Redding
and Breckenridge. A layered control approach is usu-
ally pursued for interferometers, where coarse pointing
and rigid body control is achieved by a low-bandwidth
attitude control system (ACS), and fine pointing and
phasing is achieved by an optical control system. These
compensators are combined into the state space system
denoted as, S.. The general form of a strictly proper,
linear, dynamic compensator is

g = Acqc + By (4)
U= chc

A detailed explanation of optical control is given by
Laskin and San Martin® as well as Gutierrez.> The last

1 As measured by the condition number k = 7(Ap)/a(Ap) of
the Ap-matrix.

20ptical elements include mirrors, beamsplitters, lenses and
detectors among others.
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Fig. 2 Block diagrams of open loop model (a),
closed loop integrated model (b) and equivalent state
space system model (c).

step in the integrated modeling process is to append a
state space model of the disturbance dynamics into the
system. This is done via colored noise filters, Sz, as ex-
plained by Gutierrez® and de Weck.® These filters turn
unit-intensity white noise, d, into a signal, w, that is
shaped to contain the disturbance energy distribution
of known or suspected noise sources. The disturbance
included in this paper is a broadband reaction wheel
noise model that injects forces Fj, Fy, F, and torques
M,,M,, M, into the spacecraft. Reaction wheel dis-
turbances have been studied extensively by Masterson,”
Elias,® and Bialke® among others. This disturbance en-
ergy excites the flexible structure, S,, causes motion
of optical mirrors and ultimately results in an undesir-
able optical pathlength difference (OPD), z(¢). A power
spectral density (PSD) of the broadband disturbance fil-
ters used in this paper is shown in Fig. 3. A derivation
of the disturbance model Sy is contained in Appendix
B.

This leaves us with an integrated model of the system,
S.d, that has a unit-intensity white noise process d(t) as
the input and total optical pathlength difference of the
science interferometer as the performance output, i.e.
2(t) = OPD(t).® The block diagram of the integrated

3There are a number of other performance metrics such as in-
ternal OPD, wavefront tilt WFT, beamshear BS, and so forth.
‘While these are all important and discussed elsewhere, they are
not essential for demonstrating the problems arising from large
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RWA Disturbance Power Spectral Density Syw(f)

% 15
g1/
2z
Ba
=205
5 -
o 0 ‘ ‘ s
107! 100 10! 102 103
T o Frequency [Hz]
§ 10
g
&,
8
E
&,
g
2 107 ‘ ‘ ‘
v 1071 100 101 102 103
Frequency [Hz]

Fig. 3 Disturbance model based on Hubble Space
Telescope wheel rotating in the 0-3000 [RPM] range,
Sq.

system model is shown in Fig. 2(b).
dynamics of the plant are then

The closed-loop

(ip _ Ap B,C. dp
QC BcCy Ac + Bc-DyuCc qdc
B,
+ w
Bchw
dp
z=[c. D.cC. ] +D,w
qc

(5)
Placing the plant in series with the disturbance filter
produces the following overall state-space form.

4a Ay 0 0 qq

(jp = chd Ap BuCc dp
(jc Bc-Dwad BcCy Ac+BchuCc qc

~

Azqa
By qd
+| 0 |d =z= [ D,,Cy C, D,C. ] dp
0 ) Cua | @
B,

which can be written more compactly as

j=A ,q+ B_,d

q zd q zd (7)
z2=0C,q

This compact form is the equivalent state space sys-

tem S,4, see Fig. 2(c), and is considered the end product

order systems, since these problems are mainly due to the size
and ill-conditioning of A,4.
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of integrated modeling. It is this system that is of con-
cern to us for the remainder of the discussion. The
vector ¢ represents the state vector of length n and is
ordered according to the convention ¢ = [ g4 ¢p ¢ |7
, where gq are the disturbance filter states, g, are
the (structural) plant states and ¢, are the compen-
sator states. We would like to predict the value of
J. = RMS OPD = /E[22?] = o, for a baseline design.
One of the consequences of increasing model fidelity is
large model order. This is summarized for the case of
the SIM interferometer system in Table 1.

Table 1 Properties of integrated SIM models from
Fig.1
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nz=524

nz=12215

model size " w

500 smMvo
(62x 62)
model size
SIMV1

1000 (308 x 308)

1500

model size

version wpw [Hz]  dofs n M (kg K

2000

SIM V2
(2224 x 2224)

SIM V0 367 30 62
SIM V1 7000 352 308
SIM V2 1946 26946 2224

1408
1962
3874

~ 108
~ 1011
~ 10°

0 500 1000 1500 2000

nz = 132210

A critical analysis reveals that the number of states, n,
increases by an order of magnitude for each step increase
in model fidelity. This is due in part to the increase
in the number of degrees-of-freedom (dofs) of the un-
derlying finite element model, but also due to the use
of more sophisticated controllers. We observe that the
model bandwidth increases from ca. 300 [Hz] to 7 [kHz]
between the VO and V1 models and that this leads to
numerical ill-conditioned as expressed by &. This is of
concern to the integrated model analyst. We also notice
an increase in system mass 1, as more and more sub-
systems are included and the structural design is refined
- this is of concern to the system engineer. The relative
size and structure of these systems can be visualized
graphically by looking at the sparsity matrices, S,q, for
the three systems of increasing fidelity, see Fig. 4.

While model size n increases, model sparsity clearly
increases as well. This can be quantified by considering
the ratio of non-zero elements (nz) to the total number
of S-matrix elements, i.e. nz/(n + 1)2. This ratio goes
from 0.14 for SIM V0, to 0.13 for SIM V1 to 0.027 for
SIM V2. While model sparsity depends on the state
space realization?, it can and should be exploited when
dealing with large order models.

I11. Performance Analysis

Once an integrated model, S.4, has been assembled
performance analysis is the process of predicting the
performance, J, = o, and comparing to a required level
Jz,req- We consider the Hy performance metric accord-
ing to Zhou, Doyle and Glover!'® as follows:

T 1/2

J=E[T]" =+ / A0)%dt|  RMS  (8)

4Typically a balanced realization will be fully populated.

Fig. 4 Sparsity plot of integrated state space models
S.q4 for SIM V0, SIM V1 and SIM V2, respectively.
Models shown in correct relative scale.

The RMS (root-mean-square) metric is typically used
to describe the “on-average” optical pathlength differ-
ence (OPD) caused by dynamic disturbances in an in-
terferometer. Three important methods for performance
analysis are typically used, as discussed by Gutierrez.?
These are time domain simulation, frequency domain
analysis and Lyapunov analysis.

Time Domain Simulation

The linear time-invariant system from (colored) dis-
turbances w to performances z is given as:

G = A,wq (t) + Bopw (t)
2 (t) = Cruq (t) + Dopw (t)

9)

where ¢ consists of structural states and compensator
states. When measured time histories of the distur-
bances w (t) exist®, they can be used for time integration
of the state space equations (9). Once the initial con-
dition on the state vector, ¢ (t,), is specified, numerical
integration of (9) can then be performed to obtain es-
timates of the performance time histories z (¢). The
solution of the state space equations is:

t
2(t) = CzdeA(t_t")q(to) —+ CzdeA(t_T)Bzdw(T)dT
—_— to
homogenous solution ~ -

particular solution

(10)
The standard difference method technique approximates
the continuous first-order Eq.(9) with a difference equa-

5These can be obtained from reaction wheels laboratory tests.

4 or 20
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tion such as

(D1 — @y,
TR = A (@ + Brwwn (11)

2n = Cow (Q)n + Dwwn

The state vector (g),,,, at the n+ 1-th time step can be
found by the forward Euler method as

(Dpy1 = [AtAw +1](q),, + AtBrywwn (12)

This integration method is simple but can diverge easily
when At > At.y. For time integrations in this research
it was found that the Runge-Kutta solver according to
Dormand and Prince!! gave good results®. An advan-
tage of the time-domain disturbance analysis is that
transient effects can be observed. Generally, however,
the time domain analysis is computationally more ex-
pensive than the other methods.

Time domain results z(¢) for SIM V0 and SIM V1 are
shown in Figure 5. For VO we obtain an RMS OPD
of 43.97 [nm] in 9.3 [sec] of CPU time and for V1 we

find an RMS OPD of 35.13 [nm] in 334.3 [sec]”. These
150 SIM V0: Closed Loop Response of System
— 100 |
H 50 - Ul vl |
a - 114 Ry !
g of ML
& 50 P r " . ‘ 'H
~_100 !
- [ RMS OPD
1504 03 1 i3 3 23 3
200 SIM V1: Closed Loop Response of System
g 100 4
£ RTHNN T[T IR
50 ) il REINI
I i H[‘HH' ]
F-100
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2005 03 i i3 3 23 3

Time [sec]

Fig. 5 Time domain simulation results z(¢) for SIM
VO (top) and SIM V1 (bottom). Dashed lines rep-
resent +o,. The requirement is J, ;.q = 10 [nm)].

results are dependent on the time horizon, T', and the
time step, At. The horizon T should be chosen such
that it captures the slowest dynamics of the system
T ~ 10 - 27 /Wy while the sampling period At should
be short enough to avoid numerical instability and alias-
ing. This shows that time domain simulation for large
systems is difficult, particularly if the bandwidth wgw
is large. It was not possible to simulate SIM V2 due
to memory saturation. This is another significant prob-
lem, since typically intermediate states g, are stored for

6This is implemented as ode45.m in MATLAB

7All computations were carried out on a personal computer
with Windows XP operating system, Pentium 4 processor with
1.75 [GHz] processor speed and 512 [MB] of physical memory.
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all time steps.® Sou and de Weck have addressed the
issue of time simulation for large order models on com-
puters of limited random access memory.!? This work
breaks the diagonalized system, S,4, into smaller sub-
systems according to their subsystem bandwidth and
applies multi-rate sampling.

Frequency Domain Analysis

In the frequency domain (Laplace domain), the out-
put is equal to the input multiplied by the transfer
function (matrix). The system can be described by the
transfer function matrix

Gow (W) = Cow [jw] — As) ' Bow + Do (13)

The disturbance spectral density matrix Sy, (w) can
be measured experimentally or obtained from a shaping
(pre-whitening) filter as Sy (w) = G4 (w) GH (W), see
Fig. 3. The performance spectral density matrix S, can
be obtained from'3

S22 (W) = Gow (W) Sww (W) GZU (w) (14)
where Sy, is the disturbance spectral density matrix
derived in Appendix B and G, is the open or closed
loop plant transfer function matrix from (13). S, (w)
provides information on the frequency content of the
performances. The covariance matrix of the perfor-
mances Y., (for zero-mean processes) is obtained as

1 [T

¥
# 27T

+oo
S w)di= / S..(f)df (1)

The variance of the i-th performance is therefore given
by

2 1 free
O = [Ez]i,i o | (S22 (w)]i,idw = (16)
fj_oo: [SZZ %, zdf =2 f %, zdf

Taking the square root of o2, produces the root-mean-
square (RMS) value. One must specify whether a PSD
is one or two sided and given in Hz or rad/sec.'® In prac-
tice the upper and lower frequency integration limits are
Fmin and finqe, respectively.

fmax
o2 2 / (e (f)]; of (17)

min

It is important to ensure that the frequency range that
contributes most to the RMS value is sufficiently cap-
tured within these limits. One way to verify this is by

8A simulation with a sampling rate of 4 [kHz], i.e.
At = 1/4000, 2000 state variables and a time horizon
T of 200 [sec] would have to store a 2000 x 800000 ma-
trix which requires memory in excess of the 1.5 [GB]
memory limit which is currently practical on personal com-
puters. MATLAB currently has a 1.5 [GB] workspace
limitation, see,  http://www.mathworks.com/support/tech-
notes/1100/1106.shtml.
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computing the cumulative RMS function o, . (fo) as

(M

fo
Orie (o) = [2 / [Sez ()]s df] (18)

min

where f, € [fmin --- fmaz). If most of the energy lies
in this range, then 0., c (fmaz) should be very close to
the true value of o,,. Generally, the frequency-domain
approach is more efficient than a time-domain analy-
sis. The method requires high frequency resolution near
lightly damped modes in order to obtain correct RMS
values.

Results for the three SIM models using this approach
are shown in Fig. 6. The bottom plot shows S,.(f),
whereas the top plot shows the cumulative RMS func-
tion ¢, .. The performance can be seen as the high
frequency asymptote of the cumulative RMS function.
For the three models we obtain RMS values of 43.88,
27.78 and 9.73 [nm], respectively. The computation
times were found to be 0.25, 17.42 and 2763.6 [sec], re-
spectively.

As expected the computational expense increases sig-
nificantly with model size. Other interesting obser-
vations are that the overall backbone of S, is glob-
ally driven by the shape of the disturbance PSD, Sy,
but that significant differences occur between models in
terms of contributing regions and modal density. The
contributing, dominant modes are identifiable by the
large steps in the cumulative RMS function. The model
differences are due to a combination of redesign from
one stage to the next and due to the elimination of sim-
plifying assumptions for the higher fidelity models. An
example is the detailed modeling of optical elements in
SIM V2. It was found that the resonances around 180
[Hz] in SIM V2 are due to local optical mount modes
interacting with the underlying precision support struc-
ture (PSS). This effect is not seen in the lower fidelity
models due to coarser modeling. The predicted system
performance improves with each model as the structural
dynamics of the plant are redesigned and more powerful,
multi-stage controllers are introduced. SIM V2 is pre-
dicted to meet the pathlength performance requirement
of 10 [nm]. Frequency domain analysis and transfer
function computation for large order systems have been
previously studied by Maghami, Kenny'# and other re-
searchers.

Lyapunov Analysis

The third type of performance (disturbance) analysis
can be conducted if the disturbances w are modeled as
the outputs of a shaping filter in the form of Eq. (94).
In order to keep the disturbance w from having infinite
energy, there should be no feedthrough matrix Dq4. If
the disturbance Sy is appended into S,4 and this sys-
tem is asymptotically stable, then the state covariance
matrix, ¥4, obeys the Lyapunov equation.'®

AZSq + T AL + B.yBT, =%, (19)
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Fig. 6 Frequency domain results S,.(f) for three

SIM models: (a) SIM VO, (b) SIM V1 and (c) SIM
V2. Dashed line in cumulative RMS plot represents
the performance requirement o, .q = 10 [nm)]

In order to do time integration of the above dynamics,
the initial state covariance, ¥4, , would have to be spec-
ified. Since the white noise disturbance processes d are
assumed to be stationary, the statistics of the state vec-
tor are also stationary and Zq = 0. One may then solve
the steady-state Lyapunov equation of order n for the
state covariance matrix X, of the system (7).

A%y + 2 ALY + B,yBL, =0 (20)

For i = 1,2,...,n,, where n, is the number of per-
formance metrics, one solves for each RMS value by
extracting the i-th row from the C,4 matrix, pre- and
post-multiplying 3, and by taking the square root. The
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RMS of the i-th performance metric is then given as:

(21)

1

05 = (czd,izchd,i)l/2

where C4,; is the vector formed by the i-th row of the
C.,4 matrix. The Lyapunov method provides a relatively
direct way of arriving at the RMS (in the sense of statis-
tical steady state) by solving one matrix equation (20)
and computing a matrix triple product (21).

Solving for J, = o, using the Lyapunov approach re-
sults in predicted RMS values of 43.88, 27.52 and 9.80
[nm], respectively. The CPU time required was 0.14,
12.36 and 2547.1 seconds. The lyap.m solver in MAT-
LAB was used, which requires a Schur decomposition of
the A matrix.'® Advantages of the Lyapunov method
are that it generally is the fastest of the three methods
and that is immune to frequency and time resolution
issues. The main drawback is that it does not provide
ingight into the frequency content of the outputs.

Summary of Results

Table 2 summarizes the performance analysis results
for the three models SIM V0, V1 and V2 for the three
methods: Time domain, Frequency domain and Lya-
punov analysis.

Table 2 Summary of performance analysis results.

method result SIM VO SIM V1 SIM V2
Time Dom. ¢, [nm] 43.97 35.13 NC
Freq Dom. o, [nm] 43.88 27.78 9.73
Lyapunov o, [nm] 43.88 27.52 9.80
Time Dom. CPU [sec] 9.3 334.3 NC
Freq Dom. CPU [sec] 0.3 17.4 2763.6
Lyapunov  CPU [sec] 0.125 12.36 2547.1

Some trends can be noticed. (1) The computational
cost increases significantly with model size. (2) The
time domain simulation poses memory challenges for
large order systems. (3) The Lyapunov analysis is most
time-efficient under the assumption of stationary dis-
turbances. (4) The results match well across methods
for low order models, but tend to diverge for large order
models. Viewed in isolation the computational times for
the Lyapunov method for model SIM V2 (ca. 42 minutes
per run) do not seem unreasonable. If, however, we want
to consider sensitivity analysis, isoperformance analysis
or even optimization, this simulation will have to be ex-
ecuted hundreds and perhaps thousands of times. Now
we face the dilemma, that the low order models execute
fast, but the results are suspect due to low model fi-
delity. The high fidelity models on the other hand are
more accurate but significantly more expensive to run.
The next section discusses two possible strategies for
increasing computational efficiency, while retaining the
information of the high order model.
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IV. Fast Lyapunov Equation Solver

Based on the above results the Lyapunov method will
be investigated further. The authors showed previously
that the cost of solving Lyapunov equations such as (20)
is roughly 50n® floating point operations [FLOPS].!” Ef-
forts were undertaken to find a solution more efficiently
when n > 500. This can be achieved in two different
ways. The first way is to diagonalize the integrated state
space system, S,4, and to apply a fast Lyapunov solver
which exploits sparseness. This drops the exponent in
the Lyapunov solution cost from 3 to roughly 2. The
second approach is to reduce the number of states, n,
while retaining the important information in the model.
The next section derives an apriori error bound for per-
formance analysis of large order, reduced systems that
relates directly to o,.

Computational Cost Estimate

The computational cost of solving the Lyapunov Eq.
(20) is illustrated with the following numerical exper-
iment. A random, stable state space system, S,.4, of
size n is created and Eq. (20) is solved with compu-
tational time, Jyyap. The system size is increased from
n = 4 to n = 2048 in factor two steps and a power
law Jiyap = a-nP is fit to the data (O) shown in Fig. 7.
The computational cost of the standard Lyapunov solver
(lyap.m) with Schur decomposition obeys the following
power law.

104 Lyapunov Equation Computational Cost
3 —=— standard lyap SIMV2 S
10} _e_ fastnewlyap o
total cost incl. o
1L diagonalization

Jiyap CPU [sec]
5. 3.

—
o,
—
T

0* 10°
Number of States n

10?

Fig. 7 Lyapunov solution cost in CPU [sec] versus
number of states n. Solid line and squares shows
standard algorithm lyap.m, dashed line and circles
shows fast newlyap.m.

Jiyap S - (")ﬂ (22)

While the factor a depends on the speed and load of the
particular processor used, the exponent 3 depends on
the problem itself and the algorithm. ® A least-squares

9The exact operation count and time for solving a Lyapunov
equation cannot be determined apriori. This is similar to LU-
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fit to the computational cost can be found as follows.
The mean-square error for the computational costs Jiyqp
is expressed as the difference of the logarithms of the
data and the empirical fit:

N
'21 (log(leap,i) — log(a (nl)ﬁ))2
e=E _
N N \ (23)
~ (log(leap,i) o 6 . log nl)

N

Note that N is the number of Lyapunov runs and
& = log(a). Next, minimize £ by setting the partial
derivatives with respect to the unknown coefficients to
Z€ro:

de -2 R
%" N (log (Jiyap,;) — & — Blogn;) =0 (24)
i=1
and
de -2 R
BN Z log n; (log (Jiyap,i) — & — Blogn;) =0
i=1

(25)
Solving the above system leads to the following result
for the standard Lyapunov solver (lyap):

a=374-1077 B=3.0142~3 (26)

We were able to confirm empirically that the operation
depends on the number of states to the third power.
The computational times for the three SIM models from
Table 2 follow this law as depicted in Fig. 7.

Fast Solver Development

The general form of the steady-state Lyapunov Eq.
(20) can be written as

AX+XAT+Q =0 (27)

Diagonalize A using its eigenvectors'®, 4 = SAS~L.
Substitute this matrix product for A in Eq. (27), pre-
multiply by S~! and post-multiply by S—7.

STH(SAS™HX +X(STTAST)+Q ) ST =
ST1SAS XS T+ 871X8 TASTS T 4+8-1QS~ T =
N~ N —

=T =I

This can be rewritten as

ASTIXSTT+8IXSTA+8QST =0 (28)
~ ~ NI

=X =X =0

factorization which goes as ~ (2/3)n® [FLOPS], but depends on
the intricacies of the Gaussian elimination algorithm, e.g. row
swapping if a zero-pivot is encountered.

10Tn practice, the eigenvalue method described here may be un-
stable if the matrices are too ill-conditioned. Problems can also
arise from repeated eigenvalues.
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This is a new Lyapunov equation with the matrix defi-
nitions given above. The important property is that A
is diagonal. For a simple 2 x 2 case we obtain

A0 Z11 Z12 4 Z11 Z12 A0
0 A o1 T2 o1 T2 0 A
G ¢
N
Go1 Qo2
(29)

A; are the diagonal values of A, and the #;; are the
scalar entries in each (i, ) element of X. We also know
that .’Z’Ql = i'12 and that (121 = (112. By multiplying
the matrices out, the diagonal nature of A succeeds in
decoupling the set of equations.

MZTii+ T+ 21 =0 B+ Zi2de+ G2 =0
AoZo1 + Fa1 i + o1 =0

Thus, solving for each #;; requires solving a simple al-
gebraic equation A\;&; + Zi; A5 + Gy = 0.

()\i + )\j) '
After solving for all the Z;;, they can be incorporated
into X, which in turn can be substituted into the orig-
inal matrix product X = SXST. This produces the
Lyapunov solution X we were seeking.

A potentially faster algorithm can be constructed,
which exploits the diagonal properties described above.
The same idea can be applied when A is block diagonal
instead of diagonal. Using the variable A in place of A,
consider the general Lyapunov form described by Equa-
tion (27), but for the case where A is 2 X 2 matrix-block
diagonal.

Tij = — (30)

A 0 Xu Xie 4 Xu X
i 0 A, ] Xlrg Xoo XiTQ Xoo
A 0 Qu Q12
+ —0
i 0 A | QT Q2

(31)
Four matrix equations result.
1) A1X11 + )(1114,{1 + Q11 — 0
2) A1X12 + XlgAg + Q12 — 0
(32)
3) Ay X% + XL AT +QF, =
4) A2X22 + XQQAg + Q22 - 0

8 OF 20
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Notice that Eq. 1) and 4) in Eq. (32) are just new
Lyapunov equations. Equations 2 ) and 3) are also
Lyapunov equations, though in a more general form
AX + XB + C =0, termed the Sylvester equation. Be-
cause of their smaller size and the n® law these solutions
individually take less time than the full n X n system.
Also note that Eq. 3) is just the transpose of Eq. 2), so
of the four equations only three must be solved.

The requirement on A is that it can be made into a
block diagonal form. The decoupled modal canonical
form resulting from a normal modes analysis is fre-
quently written in such a form. If the system is no longer
in a modal form, the eigenvalues of most A matrices can
be written in a diagonal Jordan form.'°

win/1 =

—Giw;

—CGiwi
—wiy/1=(F
Using the 2 x 2 modal system, there are now n/2 blocks

along the diagonal of A. Keeping in mind the symmetry
of X, this means

A= (33)

n/n
(34
leap = % (34)
separate 2 x 2 Lyapunov solutions X;; must be solved.
One concern may be that although the computational
time for each solution Xj;; is fast, the total number of
computations and the inefficiencies of the required for-
loops may not yield an overall time savings. As will be
seen, the time to solve all 2 X 2 equations is less than the
time required to solve the entire n X n problem; however
this is not generally the most efficient block size, m, to
use.

There is no reason that larger blocks can not be se-
lected. Using a block size of m, where m is an even
factor of n, a general relation for the number of Lya-
punov equations can be written.

n/n
2 (2 +1)
leap - % (35)

In order to find efficient block sizes, m, three random
systems of sizes (n=128, 256 and 512) were solved using
various block sizes (m=2,4,8,...). The results are shown
graphically in Fig. 8 and seem to suggest that small
block sizes are inefficient due to looping overhead and
perhaps the fact that pipelining is not exploited. Large
system sizes are inefficient due to the aforementioned n?3
scaling. It appears that block sizes in the range 20 <
m < 40 are most efficient and this conclusion holds true
regardless of system size, n.

Lyapunov Efficiency Improvements

To demonstrate the efficiency that can be gained a
second numerical experiment was performed using this
new algorithm (newlyap.m). Random state space sys-
tems S,4 with sizes between n = 4 and n = 2048 were

9 OF 20
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10?___Optimum Block Size Determination

iy A=512
2 1 fastest
< 10 block size
E
E =256
O .0
_§1 0
..
n=128
1
10
10° 101 10° 10

block size m

Fig. 8 Lyapunov solution cost in CPU [sec] versus
different block sizes m using fast Lyapunov solver
newlyap.m.

created, diagonalized and the state covariance matrix
X = 3, computed. The resulting computation cost is
shown in Fig. 7 with filled circles and a dashed line.
The total cost of computation including diagonalization
is shown with a dotted line. A number of observations
can be made.

First, the computational cost scaling law for the fast
Lyapunov solver is Jpewtyep = 9.38 - 1075 - n2:0135 [gec].
Thus, the exponent has been reduced from third to sec-
ond order. Even when the cost of diagonalization is
included, the benefit remains: Jyo = 3.73-1075. 22456,
Thus, the computational cost is comprised of the over-
head of diagonalization (essentially an eigenproblem so-
lution) and the solution of the decoupled Lyapunov
solution. Secondly, the proposed solution only improves
efficiency for large order systems. The crossover is found
to be around n ~ 300 states. This rationalizes the
distinction of systems below n < 100 as small (diago-
nalization doesn’t pay off), intermediate 100 < n < 500
(both methods are comparable), and large n > 500 (di-
agonalization pays off). This crossover is expected to be
fairly independent of processor speed (a).

The quality of the solution is checked by placing the
answer back into the Lyapunov Eq. (27). The resultant
matrix R = AX + X AT + Q should equal zero. Due to
numerical inaccuracies, the maximum value of the re-
sultant was actually on the order of 10713 for the cases
under investigation, whereby the floating point relative
accuracy of the computer is on the order of 10716, What
is important is that the resultant for each block solution
is not worse than the resultant for the full n X n solution.
It was found that the solutions suffer from no additional
inaccuracies. Inaccurate solutions most frequently re-
sult when 2 X 2 modal blocks are inadvertently split in
two, which is illegal in this algorithm. Bartels'® sug-
gests that the number of required operations for solving
a Lyapunov equation is probably overestimated by

Nrrops < (5.5 + 40)n®
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where o is an average number of steps in the factor-
ization, dependent on the matrix A. It was empirically
found that the number of FLOPS goes as 50n3, which
would give a value of o = 11.125. Using the fast Lya-
punov method, a single 50n® operation is replaced by
many 50m? operations, with n 3> m. If the number of
Lyapunov equations is described by Equation (35), then
the estimated number of FLOPS is

Jnewlyap = 25(mn? + m*n) (36)

Uebelhart'® shows that this estimate is very accurate.
The fast Lyapunov method presented here succeeds in
significantly reducing the FLOPS count and computa-
tion times for large order systems. For the 2244 SIM V2
state space model, the full n X n system requires over
4 x 10" FLOPS compared to 4.9 x 10® FLOPS when a
block size of m = 2 is used. Applying this technique to
all three SIM models yields the results in Table 3.

Table 3 Comparison of SIM results with conven-
tional solver (lyap - top) and fast diagonal solver
(newlyap - bottom).

method result SIM VO SIM V1l SIM V2
lyap o, [nm]  43.8804 27.5193 9.80

lyap CPU [sec] 0.125 12.36 2547.1
blocksize m 2 28 16

newlyap o, [nm] 43.8804 27.5145 9.7984
resultant [|1R]|so 5E-10 4E-9 2E-19
diag CPU [sec]  0.141 1.797  927.672
newlyap CPU [sec] 0.438 1.015  119.938
total CPU [sec] 0.579 2.812 1047.61

While the newlyap algorithm is more expensive for
small systems it significantly speeds up large system
Lyapunov computations with no degradation of accu-
racy. The burden is mainly shifted to the diagonaliza-
tion step A = SAS~!, an area with significant ongoing
research and existing fast eigenvalue solvers.

V. Model Reduction apriori Error Bound

The second strategy for reducing the burden of com-
puting the performance, J,, is to reduce the number of
states from n to ny, while preserving the important dy-
namics in the integrated model. The first step in model
reduction is typically a similarity transformation, such
as internal balancing. While the procedure for balanced
model reduction is very well established, it is less clear
what amount of reduction is appropriate for an accept-
able tradeoff between speed and loss of accuracy. This
section explores this tradeoff for large order systems and

ATA A-2002-5437

proposes a useful apriori error bound directly on the
RMS performance, 0.

Internal Balancing Transformation

The internal balancing transformation § = Tq of a
state space system was first described by Moore!® as
well as Laub?®2! and co-workers. Gregory?? success-
fully applied internal balancing to the model reduction
of lightly damped space structures. Essentially the inter-
nal balancing operation is a similarity transformation,
which does not affect the input-output relationship of
the state space system, i.e. the transfer function ma-
trix Gq(jw) from Eq. (13). The goal of the operation
is to obtain a (unique) state space realization in which
the transformed controllability and observability grami-
ans W, and W, are equal to each other, thus the term
“balanced”.

W, =W, (37)

This allows ranking the states in decreasing or-
der of disturbability/performability or controllabil-
ity /observability. The diagonal elements of the trans-
formed gramians are the Hankel singular values of the
system.

W, =TW,TT =W, = (T~ W,T-! =

(38)
i = diag{a{{,...,a{f}

To obtain the transformation T, we first compute the

controllability and observability gramians of the original

system W., W, by solving the Lyapunov equations

A W, + WCAZd + BZdBZd =0

(39)

AZdWO + W,A,q + CZ:zczd =0
A number of different algorithms for finding T, starting
with Moore’s method'® in 1981, have been suggested
over the years. The second method uses a singular value
decomposition (SVD) and was developed by Laub.!
The resulting properties of T are such that it is a
square and non-singular similarity transformation ma-
trix. Once T and its inverse are known, the internal
balancing operation transforms the states of the origi-
nal system g into the states of the internally balanced
system § = T'q. The original state vector is recovered
as:

g=T7'§ (40)
Substituting the above equation into the original state
space system (7), noting that T' is independent of time

and pre-multiplying with the transformation matrix T
we obtain the internally balanced state space system as

G=TAT7'G+TB.ad = A,4G + B,ad

z2=CqT 1§ =Crad “h
— Lzd q = Uzdq

10 oF 20
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The tilde superscript denotes the balanced realization.
We can use the S-matrix notation and write:

A B
Szd _ zd zd
C.q D
zd zd (42)
~ TAsz_l TB,4
d =
’ C(sz_1 Dzd

The RMS of the i-th performance metric of the inter-
nally balanced system is obtained as

zd,i

(43)
Since the internal balancing operation does not change
the input-output relationship, but only transforms the
internal states of the system, the RMS of the i-th per-
formance of the original and the transformed system are
identical in theory. In practice it is observed that the
answers do not match exactly, if T is computed for a
large-order nearly unobservable/uncontrollable system.
Robustness issues in balanced model reduction were ad-
dressed by Mallory and Miller.2® Nevertheless we can
write:

G = (ézd,izqé;g,i)l/ * = (CoasT I8y TCT, )

0y =8, (44)

1

By comparing the inner terms of Equation (43) with
(21), we see that the following identities are true:

Y, =T7'%,77 7, 53 =Tx, 1" (45)

Here X; is the state covariance matrix of the internally
balanced system and is obtained as a solution to the
steady-state Lyapunov equation:

flszq + Eqﬁifd —+ BZdBZd =0 (46)

This can be written as a function of the original system
matrices as:

TAT 'S + 5T TALTT + TB, BT, T" =0 (47)

At this point we recognize that the state covariance
matriz of the balanced system 3j; is diagonal and con-
tains the Hankel singular values as diagonal elements,
thus ¥ = £ . The proof of this statement is straight-
forward, since for the internally balanced system the
observability and controllability gramians W, and W,
are equal to each other and equal to the Hankel singular
value matrix 11, see,!9.20 We write

W,=W,=x (48

~—

Furthermore the controllability gramian of the internally
balanced system obeys the same Lyapunov equation (46)
as the state covariance matrix X.

Adec + WCAZd + BZdBZd =0 (49)

"' The squares of the Hankel singular values are sometimes re-
ferred to as the “second order modes” of the system.!?

ATA A-2002-5437

From (49), (48) and (46) we conclude that
W,=%;=xH (50)

This is a very useful property, since it means that
the Lyapunov equation for the balanced state covari-
ance matrix does not have to be solved, since the entries
(same as ') are already known. Fig. 9 shows the
gramians, i.e. the Hankel singular values of! for the
three models SIM V0, V1 and V2.

5> SIM V0, V1 and V2 Gramians of the Balanced Realization
10 - -

A LT T P
* * e

Hankel Singular Values
=)

1
State number

Fig. 9 Gramians - Hankel Singular Values for three
models of increasing size: SIM V0, V1 and V2. Un-
observable/uncontrollable states removed.

While the number of singular values is equal to n,
the overall trend is similar in the sense that there are
a few dominant singular values and a rapid decrease in
gramian magnitude. The very low gramian values are
indicative of poor numerical conditioning. The gramian
plot, Fig. 9, indicates that all three systems have model
reduction potential.

Model Reduction

States that are both highly disturbable (= control-
lable) and contribute significantly to the performance (=
observable) correspond to large Hankel singular values
aZH . This property can be invoked for model reduction
in the sense that only states with large Hankel singular
values are kept in the model. Once the system has been
internally balanced we can partition the state space sys-
tem from Eq. (41) into states that are going to be “kept”
and states that are going to be “removed” as follows:

S . A A g B
§= A4+ Bogd = ~kk ~kr ~k + ~k
Ark Arr qr B,
. - Gr
zzCquz[Ck CT] N
ar

(51)
Here the subscript “k” indicates states that are “kept”
and subscript “r” refers to states that are “removed”
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which together add up to the original number of states,
n.
The reduced state space system can then be written
as:
§ = A.a@+ Bzad = Aprdy + Bid (52)
z = C.aq = Chifp
Here the superscript bar refers to the reduced (= trun-
cated and previously internally balanced) system. The
reduction operation to go from the balanced system (51)
to the reduced system (52) can also be represented by a
multiplication with a selection matrix P, defined as:

P= [ (53)

I’I’Lkm’nk O’I'Lk$’n»p ]

Then the reduced system can be written as:

§=Aud+ B,yd = PA, PTG+ PB,yd =
PTA, ;T PTG+ PTB,qd (54)
z = Cqu = ézdPTq = Csz_IPTq

where the feedthrough matrix is D,4 = 0. The operator
P is a rectangular matrix, which selects the states to
be kept. This truncation method is sometimes casually
referred to as “brutal” truncation. The reason for this
designation is that the effect of the removed states on the
DC-gain is lost and the reduced and original system do -
in general - not have matching DC-gains. Static conden-
sation is a more sophisticated reduction method, which
is not treated here, but which can achieve matching
DC-gains followed by removal of the resulting D-term
as shown by Gutierrez [3, p.171]. In general, however,
the disturbance and sensitivity analysis results obtained
for a truncated model are very good, since “DC” con-
tributes only negligibly to the RMS values for zero-mean
disturbance processes.

The effect of balancing the original system on the ma-
trix, A,4, and the subsequent truncation operation are
illustrated for the SIM V1 model in Fig. 10. A signifi-
cant improvement in numerical conditioning, &, is also
noted.

Original A . Matrix
2d

Balanced A“I Matrix

Reduced Am Matrix

8.9996e+010
=
S
4.63458e+008
=)
S

/,:',) X
S

200

200

cond(A)=4281.7

cond(A_)=8.
cond(A

W
=3
=]

L

W
=3
S

3 300
100 200 300 0 100 200 300 0 100 200 300
nz = 12090 nz = 94864 nz = 14400

S}

Fig. 10 Sparsity structure of (a) the original SIM V1
A-matrix (308 states, sparse), (b) balanced A-matrix
(308 states, fully populated) and (c) the reduced A-
matrix (120 states, fully populated).

The RMS can be computed using the reduced system
matrices directly by substituting Eq. (52) into Eq. (21).

ATA A-2002-5437

The RMS performance of the i-th performance metric is
computed as:

zd, z) V2 (55)
Now we have introduced an approximation, since the
matrix P selects only the nj states that have Hankel
singular values off above a threshold value that must
be defined before the reduction step. Thus, it is evident
that 6,, # 0,, = &, , since states have been removed
and so has their contribution to the resulting RMS.

0z = (Czd zE C

Derivation of apriori Error Bound

We are interested in finding the error in the RMS
value, 7,,, introduced by model reduction. The absolute
error for the RMS is the difference between the RMS of
the original (balanced) and the reduced system. The
difference in the variance of the performance is:

52 — 52 — g2 —

2 _ 2 —
Aoy, =07, —0,, =05, —0;, =

C:zd zE CZ:iz zdzE CZ:iz = (56)
Cra,i2q CZ:i - zle g PCT, . =

zd,i
Coa,i (B4 — PTSP) CT

zd,i
The expression in round brackets is interesting enough

to be analyzed in more depth. We have previously es-
tablished that the balanced state covariance matrix X
is equal to the Hankel singular value matrix XH. We
use this fact to rewrite (56) as

52 = Cq; (Sq— PTS,P) OF,, =

Z4 Zi zd,i
. QnEEnr
~ q ~
Ceai | X — Clai =
QnrEne (Nezne !
g LTre
5 | vH Xk 0 AT _
Czd,z T - zd, i —
Qn-ens Qn-en. !
~ - lzn H H T _
C.qidiag | 0°°™, 0 11,---,0, Czdl =
———
removed singular
values
Czd zERCzd i

(57)
The matrix X g is a diagonal matrix of the same size as
the Hankel singular value matrix ©¥ | but with only the
removed singular values retained and zeroes everywhere
else.

QnrEINE (RN
Ygp = .
on-zne Enrwnr (58)

The full RMS performance can then be written as:
6., = (a2 + (2. —

i

- z))1/2 ( +CZd’LERCzdz)1/2
(59)
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This is used to obtain a closed form expression for the
RMS prediction error due to balanced model reduction.

- - 1/2
ERMS = Aazi = &zi —0z = (631‘ + Czd,iERCZ;,i) ! —0z
(60)
The relative error for the RMS o, due to model reduc-
tion is obtained by dividing Eq. (60) by the nominal
RMS value for the i-th performance metric o,;:

Aoy,

0z

1

Ag,,
:&:1_
Oz

o

‘ - : - 73 (61)
* (5’; + Czd,iERCZ:Li)

It is noteworthy that the reduced model performance
7, must first be computed before the relative RMS
error according to (61) can be obtained. It would be
useful to have an upper bound for the relative RMS
error Ao, /o, before the model reduction is actually
performed. In order to develop this error bound we
first consider the algebraic quantities a,b € R, where
a > b > 0. If we know the difference of the squares of a
and b we can write

a®—b"=(a+b)(a—0b) (62)

Then the following inequality is true, since a > b > 0 :

2a(a—b) > (a+b)(a—b) >2b(a—b) (63)
a2—b2

Dividing inequality (63) by 2b and only focusing on the
two last terms of the inequality we obtain

0,2 _ b2
2b

Now we substitute for ¢ = &,, and b = 7, and knowing
that the inequality &,, > &, > 0 holds, we get an error
bound on the RMS for Ag,, = &,, — &, such that

>a-b (64)

~2 -9
%u "% 5 g, (65)

Dividing by the reduced model performance RMS 7,
yields the desired relative error bound
Ao, 5’2. - 5’2.
: : : 66
= (66)

T2

1

We now attempt to express the inequality in terms of
the singular values of the system. Substituting (57) in
the numerator and (55) in the denominator of (66) we
can write

Ao, ézd,iERéZ:M 1 ézd,iERéZ:M
i 2-Coai%qCly;  2C,q4:,PTSPCT,
1 C.audiag (01 ol 1 ... oll) ész,i
2 Cra,idiag (off,... ol Olen:) C’sz’i
(67)
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Taking the trace operator of both sides of (67) is al-

lowed, since they are scalars. A tight error bound on

the relative RMS error is then given by:
Ao,  1trace [C’zd,iERC’sz’i]

0z 2 trace [ézd,iEKész,i]

(68)

All the information in (68) is available before the
RMS of the reduced system &, is actually computed.
A more elegant, but unfortunately not absolute, bound
is achieved when we simplify to'2.

trace [Czd’iERCsz’i] trace [Sg]
trace [ k]

trace [C’zd,iEKC’sz’i] (©9)

This yields a useful error bound for the relative RMS
error due to balanced model reduction:

> aff
Ao, 1 i=na+1
5 =< 3 — (70)
<P B
i=1

This apriori error bound is useful for determining the
number of states ny to be kept during model reduction
in order to achieve a desired accuracy of the RMS pre-
diction. The inequality is half the ratio of the sum of
removed Hankel singular values over the sum of kept
singular values. Gutierrez® for example has previously
stated that “In actuality, the model reduction process
should be iterative in nature, and states should be re-
moved until performance predictions begin to deviate by
a predetermined amount.” This suggests that the model
should be run several times until the correct level of re-
duction is found. This time consuming procedure can
be avoided by applying the error bound in (70). If for
example an accuracy of 1 % is desired on the RMS
performance prediction, the left side of the inequality
becomes 0.01. Then the expression on the right hand
side can easily be evaluated for all values of ny between
1 (all states except one truncated) and n — 1 (only one
state truncated), since the Hankel singular values o} are
known!3. The correct value for n; is then the smallest
number of states, which still meets the above inequal-
ity. Also the error bound is consistent with the balanced
model reduction bound typically used in the literature,
see Eq. (71) from Reference [10, p. 159]. The advantage
here is that (70) applies directly to the RMS perfor-
mance quantity that we care to consider.

12The magnitude of the entries in C,q; are generally (but not
always) decreasing in a way such that the inequality holds true.

13In practice we remove 2 states at a time, since 2 states are
required to represent an open-loop structural mode or a complex
conjugate pair of poles.
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Ns
|G(s) = G(s)|| . <2 D> of (71)
i=np+1

To illustrate the validity of the proposed apriori error
bound the three Models SIM V0, V1 and V2 are succes-
sively reduced by increasing amounts, i.e. fewer ng are
kept, and the RMS performance &,(ng) is computed.
The actual relative % error due to model reduction is
then plotted against the error bound for that particular
reduction level. This is shown in Fig. 11 for all three
models, whereby the solid lines represent the actual rel-
ative RMS error and the dashed lines are given by the
error bound. We can see that the error generally remains
below the bound and that the bound is not overly con-
servative. The bound is then put to use in determining
an appropriate reduction level such that the allowable
relative RMS error is < 0.01%. This leads to reduced
system sizes of nx=16, 102, and 326 for SIM V0, V1 and
V2, respectively. The truncation levels are indicated by

the dashed vertical line.

SIM V0: Error Bound Verification
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Fig. 11 Reduction level n; versus predicted (maxi-
mum) and actual RMS errors.

Another interesting result is the explicit tradeoff be-
tween computation time (speed) and relative RMS error

ATA A-2002-5437
(accuracy). This is shown in Fig. 12. This curve will ob-
viously shift to the left as computational speed increases

in the future, but the tradeoff characteristic will remain.

10% Time versus Accuracy Tradeoff

100 sV

relative RMS Error [%)]

10° 10

10% 102 107 10° 10 10
Time for (Lyapunov) solution [sec]

Fig. 12 Time versus RMS error tradeoff curves for
SIM V0, SIM V1 and SIMV2

The accelerated Lyapunov solver and the apriori RMS
error bound could be used in conjunction with each
other. An example of this is the use of newlyap for
gramian calculations. This is further discussed by Ue-
belhart.'®

VI. Sensitivity Analysis

Determining the sensitivity of the performance J, =
o, with respect to system parameters p, i.e. 9o,/0p,
can provide useful information. This information is
used for model tuning, uncertainty analysis, isoperfor-
mance analysis and optimization among others. Gutier-
rez® proposed a Lagrangian approach for obtaining the
sensitivities of LTI systems based on earlier work by
Jacques.?* Note that p can be a vector of modal or
physical parameters of the system. In this paper we
consider primarily the triplet p = [w;, (;,m;] of modal
frequency, modal damping and modal mass for a subset
of system modes.

The first step, for each performance metric o, ¢ =
1,2,...,n, , is to solve for the corresponding Lagrange
multiplier matrix L;. A steady state Lyapunov equation
of order n has to be solved for each performance.

LA+ AZdLi + qui,iCzd,i =0

z

(72)

Next the governing sensitivity equation (GSE) is solved
by substituting the results from Eq. (20) and (72). into
Eq. (73). Additionally the matrix derivatives with re-
spect to the parameters of interest p; ,  =1,2,...,ny,
need to be computed. The result is the partial deriva-
tive of the variance of the i-th performance, ai,, with
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respect to the j-th parameter p;.

do? 9 (CZ“Czd,i)
—& —¢race | B, ———— L | 4+
apj a apj
0A.q OAT, 8 (B.4BL)
trace |L; { —2%_ + % zd 4 z
[ { apj a a apj apj

(73)
A detailed derivation of this equation is provided by
Gutierrez? and Jacques.?* The above equation gives the
sensitivity of the variance azi, but usually the sensitivity
with respect to the RMS is desired. The results from
(21) and (73) are substituted here

do,, 1 9o,
Op; 20, Op;

(74)

in order to obtain the desired sensitivity. Normalization
with a factor pj nom /02 nom allows comparing sensitiv-
ities with respect to parameters of different units:

0o, Ao,
Pinom 09z (0z)nom . (Ozi)pom . % change in oy,
(02)pom OP; O 7 Ap 7 % changeinp
Djnom Djnom

(75)

The matrix partial derivatives such as JA,q4/0p; in
(73) represent the main difficulty in finding the sensi-
tivities for large order systems. The calculation of these
sensitivities requires mode shape and frequency deriva-
tives, which fall under the category of eigenvalue and
eigenvector derivatives. A good survey of various eigen-
derivative methods is provided by Murthy and Haftka.2’
When the parameters are element mass and stiffness
properties of a finite-element model, these derivatives
can be computed exactly using methods developed by
Fox and Kapoor?® and Nelson.?” Practical implementa-
tion of these methods is done by Kenny,?® and this work
is extended by Gutierrez.> Previous work by Hou and
Koganti?® in the context of integrated controls-structure
design also makes extensive use of sensitivities. While
these techniques work well for reasonably sized, well con-
ditioned systems, there are a number of difficulties to
address for large order ill-conditioned systems.

Transformed Governing Sensitivity Equation

The assumed structure of the A,; matrix is shown
in Equation (6). Any kind of similarity transformation,
G = Tgq, removes the explicit dependence of the state
space matrices on the parameters of interest. This is
the case both for the diagonalization used in Section
IV and the balanced reduction in Section V. In that
case the matrix partial derivatives 0A,q/0p;, 0B,q/0p;,
0C4/0p; needed for determining the sensitivity of the
root-mean-square (RMS) of the i-th performance met-
ric J,;, with respect to the j-th parameter p; , i.e.
0J,,/0p; = 0o, /Op; cannot be easily computed.
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To overcome this hurdle a transformed governing sen-
sitivity equation (TGSE) was derived which allows sensi-
tivity computations for similarity transformed systems -
while using the matrix derivatives 8A,q/0p;, 0B,q/0p;,
0C.q4/0p; in the non-transformed realization. This was
prompted by Gutierrez’s® call for future work:

The numerical conditioning problem discov-
ered during the finite-difference computations
in the SIM Classic example needs to be re-
solved. Balancing and model reduction tech-
niques might alleviate this problem; however,
the sensitivity framework currently does not
support alternative system realizations. Ef-
forts to accommodate other state-space real-
izations should be made.

The governing sensitivity equation for a similarity
transformed system was determined to be:

052 0 (C;‘Fd iCzd,i)
% —tpgee |T18; (T7Y) ———— 2| 4+

apj q ( ) apj

7 aAzd —1 _I\T aATd T}:|
trace |L; < T T Y; +%:; (T —zeT

[ { Op; i+ % (1) Op;

. (_8(B.4BT
+trace | L; {TMTT}
Opj

(76)

The TGSE (76) allows computing the partial derivative
of the variance of the i-th performance J,; = o,; with
respect to the j-th parameter p; using the transformed
quantities, including the Lagrange multiplier matrices
for the transformed system. The matrix derivatives in
(76) may still be computed using the original (non-
transformed) system matrices, where the parameters
appear in known locations. At first the simplicity of the
governing sensitivity equation (76) is surprising, since
we expect to find derivative terms of the transformation
matrix T in this equation. It turns out, however, that all
9T /Op terms can be made to disappear. A short deriva-
tion of the TGSE is contained in Appendix C, while a
longer derivation is shown elsewhere.!”

The derivation of the sensitivity for the reduced, bal-
anced system is straightforward with Equation (76) as a
starting point. This is due to the fact that the selection
matrix P is not a function of any system parameters p;,
since it contains only ones and zeros. The sensitivity
of a reduced, internally balanced state space system is
given as:

8., 1 0973,
op; 20, Op;

(77)

Here the partial derivative with respect to the variance
is obtained from the transformed governing sensitiv-
ity equation (TGSE) with the reduced system matrices
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from (52) substituted in.

952, 5 0 (C_'Zz,ic_'zd,i)
2 =trace |Xg———— | +
apj ? apj
- |84, AT, 0 (B,4BL)
trace |L; { —22%, + ¥,—=24 4 2
[ { apj ? ? apj apj

(78)
After taking into account (76) and some matrix algebra
we obtain

52 o(CL,.Cuai
97 _ trace[T ' PTx,P (T)" %
j

o A 8AT

tmceI_/i{PTa zd T 2T pr
Op; D

9 (BdeszS

Pj

1+

T~'P'S;+ %P (T7)

+PT TTPTY

Eq. (79) shows that the sensitivity of a reduced, inter-
nally balanced system can be calculated, if the matrix
partial derivatives 8A,q4/0p; , 0B,a/0p; , 0C,q/0p; of
the original system, the balancing transformation ma-
trix T and the selection matrix P are known. This is
an important result, since it was previously not possible
to compute this quantity due to the fact that the bal-
ancing transformation and model reduction removes the
explicit dependency of the parameters p; in the system
matrices A,q , B, and C,q , as mentioned by Gutier-
rez [3, p.176].

The Lagrange multiplier matrix for the reduced sys-
tem obeys:

AZdLi + L;Aq+ CZ:Z,iCZd,i =0 (80)

In the case where there is only one performance metric
i=1,ie. C,q € R'*™ _the Lagrange multiplier matrix

L; , is equal to the diagonal matrix of Hankel singular

values LF _ that are kept in the system, L; = X |
where
oy
H
T

Consider that in this particular case the solution to the
Lyapunov equation (80) is already known, since there is
only one performance metric. In this instance it is actu-
ally computationally cheaper to compute the sensitivity
for a balanced system (reduced or unreduced) than for
an unbalanced system, provided the transformation ma-
trix T is already known. A computational benefit also
exists in the general case (of several performances), since
we can now solve for the Lagrange multiplier matrices
for the reduced system according to (80). One can es-
tablish an inequality'” such that J, < J,:

() <™
n Ny

(82)
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The above inequality is found for the crossover point,
i.e. when J,. (balanced-reduced system cost) < J, (orig-
inal system cost). The above inequality is useful since
it can provide the required state reduction ratio ng/ng
that will lead to a time savings, given the number of
performances n,. For n, = 4 a reduction of slightly
more than 21 % of the number of states of the original
system is sufficient to speed up computations. This per-
centage becomes lower as more performance metrics of
interest are present in the system. The SIM V1 model,
originally had 15 performances of interest. The reason
for the high “upfront” cost is that the system balancing
operation requires the solution of two Lyapunov equa-
tions for the gramians, two Cholesky factorizations of
the gramians, a singular value decomposition (SVD) of
the product of the Cholesky factors'* and matrix mul-
tiplications to obtain 7', T—' and the balanced system

matrices. This results in an approximate cost of 150n3
[FLOPS].

Sensitivity apriori Error Bound

As was the case for the computation of the reduced
system RMS performance 7,,, we can expect that the
reduced system sensitivity 84, /0p; will be in error due
to the removal of system states. A sensitivity error
bound similar to the error bound for the performance
was found:

Jdo,, LN & H
i I o;
A Op; z; (") 1 i_%ﬂ ‘
i | < —1+4 (83)
06, LU 2 LG
T S (on) 50!
Dj i=1 i=1

The ratio involving the squared singular values on the
right side is generally very close to 1, since the Han-
kel singular values that are kept in the system are often
larger by several orders of magnitude than the singular
values that have been removed. In practice it is then
observed that the relative error bound on the sensitivity
(83) is nearly identical to the relative error bound on the
RMS itself according to (70). This bound involves the
same ratio of Hankel singular values as for the relative
RMS error in addition to a ratio of the Hankel singu-
lar values squared. It shall be noted that in this case
the error bound is on the absolute value of the relative
sensitivity error, since the sensitivity 8, /0p; could be
positive or negative.

Application to SIM V1

In order to demonstrate the usefulness of the sensi-
tivity analysis results, a modal sensitivity analysis was
conducted. The results for the original SIM V1 (308
states) are shown in Figure 13.

The normalized modal parameter sensitivity results
for 10 modes of the system can be compared between the

14 According to Laub’s method?!
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Normalized Sensitivities of OPD RMS value with respect to modal parameters
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Fig. 13 Normalized SIM V1 modal parameter sen-
sitivities for 10 modes and the full-order system (308
states, 78.2 seconds CPU time)

original system (308 states) and the reduced system (110
states) of SIM V1 in Fig. 13 and Fig. 14, respectively.

Normalized Sensitivities of OPD RMS value with respect to modal parameters
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Fig. 14 Modal sensitivity results for balanced and
reduced SIM V1 model (110 states, 3.3 seconds CPU
time)

The results are in good agreement with the exception
of some of the less dominant modes. It is noticeable
that the agreement is better for “critical” modes of the
system compared to “non-critical” modes (i.e. modes

that do not significantly contribute to the performance
RMS).

Numerical Conditioning Problems

So far we have mainly addressed system order n and
computational cost as a problem. However, significant
and persistent numerical problems were initially encoun-
tered, when trying to produce and verify the results
in Fig. 13. The reason has to do with the numeri-
cal conditioning of the system. The results in Fig. 14
were obtained by successfully applying Mallory’s pre-
balancing method for model reduction.?® The key to the
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pre-balancing method is that the system is brought into
2x2 block-diagonal form and each of these 2x2 blocks is
balanced individually. Then nearly uncontrollable states
are removed based on a user-defined tolerance before the
overall T-matrix is computed.

Another noteworthy result is that finite difference
validation of the modal sensitivities became possible
with the balanced reduced system. Gutierrez has pre-
viously reported the inability of the finite difference
approximation to validate the analytical sensitivities for
large order ill-conditioned systems [3, p.124] . This
ill-conditioning caused problem is removed with the
method presented in this paper. The resulting finite dif-
ferences for the balanced reduced system closely match
the analytical answers as shown by the bar chart in
Fig. 15. The figure shows the logarithm of the rela-
tive percent difference between the analytical sensitivi-
ties and the finite difference approximations of the bal-
anced, reduced system. This quantity was computed as
log {100 - (80, /0p — Ao, [Ap) [ (0o,/0p)}, where the
term with the partials comes from the analytical sensi-
tivity calculations and the A-term comes from the finite
difference approximation. Thus, a value of one for a
horizontal bar indicates a 10% difference between the
analytical sensitivity and the finite difference approxi-
mation.

Reduced Model: Rel. Finite Difference Approximation Error

—_ 154 N ] w w
) - & = A
T T T T T
-N == II:A I_D ‘H -_D ‘HD I_D I_D |_=

(=3
T

Open-Loop Mode Number
I~
T

17 -

-1 0 1 2 3 4 5 6 7 8
log10(100{00, /op- Ao, /Ap}/ 9o, /op)

Fig. 15 Good approximation with finite differences
(1%) in the reduced model case. Mode numbers cor-
respond to modes in Figure 13

An interesting observation was made when the RMS
for SIM V1 (308 states) was initially computed for the
original and the balanced (unreduced) system and the
answers were compared. Even though the RMS result-
ing from the Lyapunov approach should be identical
for both cases (similarity transformation), the answers
differed by roughly 10% even though the system was
merely balanced and no states were removed. The cause
of this disturbing result was linked to the presence of un-
observable/uncontrollable states in the original system.
The erroneous results for the modal parameter sensi-
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tivities in this case are shown in Fig. 16. The correct
answers are shown in Fig. 13 and Fig. 14. The erroneous
answers in Fig. 16 are produced without any warning,
which suggests that numerical conditioning checks and
safeguards as well as engineering judgement are indis-
pensable for large order systems analysis.

Normalized Sensitivities of OPD RMS value with respect to modal parameters

96.69- |
614 !‘
g ‘
§46‘24 = [
22217 |
&
- |
213 i
E jul
52086 -
g L |
Zison |
18.091 =
1695 =
123 |
4 3 2 ] 0 i 2
Brom /"z,nom’ do, /dp
Fig. 16 Erroneous Sensitivity analysis results for

balanced, but unreduced SIM V1 model, 5,4, due to
ill-conditioned T matrix.

The numerical reason for the erroneous result is that
very small (on the order of eps = 2.2204-10~1%) Hankel
singular values are associated with the (nearly) unob-
servable/uncontrollable states. These very small num-
bers are inverted in the computation of T or T~!, where
they become very big numbers, even though they corre-
spond to insignificant states. Consider the last term in
the following equation, which inverts the Hankel singu-
lar values in Moore’s method:'®
_1

2

1
T'=3%. 207Uy (£7) (84)

This leads to ill-conditioning of the T-matrix itself
and to numerical errors in the TGSE, Eq. (76). Mal-
lory’s pre-balancing method3® was successfully applied
to solve this problem, since the pre-balancing algorithm
removes the unobservable/uncontrollable states before
the inversion. This leads to a balanced, reduced, mini-
mal and well-conditioned system and accurate answers
for the RMS and sensitivities.

Summary and Recommendations

The challenges of large order LTI system models are
addressed in this paper by presenting a fast diagonal
Lyapunov solver, apriori error bounds for model re-
duction as well as a governing sensitivity equation for
similarity transformed state space realizations. These
contributions taken together enable several analyses for
large order integrated models, with an increase in effi-
ciency and known tradeoff between speed and accuracy.
A standard recommended process could be as follows:
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1. Assembly of integrated model, S.4, Eq.(6)

2. System diagonalization and conditioning, Eq.(28)
3. Model reduction with error bounds, Eq.(70,83)
4. Performance analysis using newlyap (Sect. IV)
5. Sensitivity analysis using TGSE, Eq.(79)

Some numerical conditions must be met in order to
successfully apply these techniques. First the system,
5.4, must be asymptotically stable. This means that no
poles (of the appended, closed-loop system) are allowed
on the jw-axis or in the right half-plane (RHP). Secondly
the system must be in a minimal realization. This re-
quirement is harder to meet since larger order models
invariably all feature pole-zero cancellations after initial
model assembly, which are indicative of uncontrollable
or unobservable states. Even though these states do not
generally prevent a solution for ¥, to be found (by def-
inition they don’t contribute to the RMS), they cause
the system to be ill-conditioned. This causes problems
when computing the balancing matrix, T'. This calls for
a comprehensive framework of model quality manage-
ment such as the one proposed by Uebelhart.'®

Suggestions for future work include a more versa-
tile and robust subsystem planner for the fast Lya-
punov solver, analysis of physical parameter sensitivity
for large systems and linking these techniques to fast
eigenvalue solvers. The diagonalization approach might
lend itself to parallel computation of the Lyapunov solu-
tion. Additional research is needed in the areas of time
domain simulation for large order, hybrid systems. Fi-
nally, for sensitivity analysis and optimization we want
to avoid expensive computations of the transformation
T for small perturbations. The range of validity of T for
small perturbations should therefore be investigated.

This paper focused mainly on the numerical conse-
quences of increasing model fidelity and size, n. A
perhaps more important question is the issue of tracking
design changes, performance improvements and uncer-
tainty predictions for evolving design iterations like the
ones shown in Fig. 1.
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Appendix A: SIM Description
The Space Interferometry Mission (SIM) is designed
as a space-based 10-m baseline optical Michelson in-
terferometer operating in the visible waveband. This
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mission will open up many areas of astrophysics, via as-
trometry with unprecedented accuracy. Over a narrow
field of view SIM is expected to achieve a mission accu-
racy of 1 pas. In this mode, SIM will search for planetary
companions to nearby stars, by detecting the astromet-
ric *wobble’ relative to a nearby (1°) reference star. In
its wide-angle mode, SIM will be capable of providing 4
pas precision absolute position measurements of stars,
with parallaxes to comparable accuracy, at the end of a
5-year mission. One of the key conditions for obtaining
interference fringes is tight control of optical pathlength
differences (OPD). Source: NASA Jet Propulsion Lab-
oratory.

Appendix B: Disturbance Model

The disturbances w(t) can be undesired forces,
torques, base motion, sensor and actuator noise, among
others. The correlation function of the random process
w(t) is defined as

wa (t17t2) =F |:’LU (tl) wT (t2):| (85)

where E [ ] is the expectation operator and w(t) is a vec-
tor of stochastic random processes. If w(t) is stationary
the values of w(t) will change over time, but the statis-
tics of w(t) will not and R, is a function of the single
time-lag 7.

Ryw (1) = E [w @) w” (t+7)] (86)

Assuming that all w(t) are zero-mean, the covariance
matrix ¥, of the disturbance signals is the value of the
correlation matrix Ry, for 7 = 0. The simplification
in the covariance matrix X,, can be made for zero-mean
processes, since for a typical term ,,,; in the covari-
ance matrix we can write

Twsw; = B [(wi — pru;) (0 — ;)] =
E[wiw;j] = E [wiptw;] — E [ ;] + E [fow; fruw;]
= E [wiw;] = 0w;w;

(87)
where g, = E [w;] is the mean (expected value) of the
i-th random process. The mean-square values of the
elements of w are simply the diagonal entries in the co-
variance matrix.

(Zw)i; = E [w] ()] (88)

where w; () is the i-th element in w. If w is zero-mean,
then the mean-square values and the variances are iden-
tical.

o, = E[w] 0] - (E[wi])® =RMS®  (89)
—
=0
The (power) spectral density function Sy,(w) can be
obtained by taking the Fourier transform of equation
(86)
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+oo .
Ry (1) e 7¥7dr (90)

—0o0

Note that the 1/2r factor is not included in the defini-
tion of the Fourier transform. Other authors'® place it
in the Fourier transform formula. Either definition will
produce the same result in the end as long as the defini-
tion is used consistently. The inverse Fourier transform
of Sy (w) recovers the correlation function.

R (1) = F~' [Swe )] = — / " S (@) €T du

27
(91)
Evaluating (91) at 7 = 0 will produce the covariance
matrix of w.

—0o0

1 [t

Ruw (0) = By Sww (W) dw  (92)

:% .

Equation (92) suggests an alternative way of calculating
the mean-square values of w by integrating under the
spectral density functions, namely

1 [t

Ufm = [Bul;,

[Sww (W)];,; dw (93)

:% .

The diagonal elements of the spectral density function
matrix Sy, (w) are usually referred to as power spectral
densities (PSD’s), whereas the off-diagonal elements are
the cross spectral densities. Depending on the shape of
the PSD’s representing w it is possible to approximate
the shape of the functions Sy (W) = Gdegd by pre-
whitening filters in state space form, where the inputs
to the state space system are unit intensity white noise
processes d:

4q = Awaqq + Byad

w = Cyagq + Dyqd (94)

Note that the feedthrough matrix D,,q is generally zero.
A plot of the disturbance PSD’s and the cumulative
RMS functions in this paper is shown in Figure 3.

Appendix C: Derivation of TGSE

A simple derivation can be carried out by invoking the
similarity transformation property. By substituting the
inverse transformation of the balanced state covariance
matrix

Y, =T7'%,7 " (95)
and the Lagrange multiplier

L,=T'L,T T (96)
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into the original GSE (73), we obtain

do2. 5 9 (CZz,iCzd,i)
—— = trace — J |4+
Ip; T op;
[ T  8(B.,4BT
trace | L; M—Zdzq+§]quzd+ ( =d zd) _
Op; Op; Op;
) (CZz,iCzd,i)
trace |T15;TT ———— 2| +
Bpj
trace |T'L;T~T 04, Y +3 0A%, i 9 (B.aBL,)
L ap; 1 T Op; Op;
(97)

The transformed GSE, Eq.(76) is then obtained by pre-
multiplying the second trace term with 77 and post-
multiplying it with T7.

=2 o(CT, .Cai
[ — trace T_lzq (T_I)T ( zd,i% z) +
apj apj
~ 0ALq .1 _ir 0AT, .
L;T T Y;+3X:; (T —zaT
trace Z{ Bpj it q( ) Bpj
~ 9 (B,4BT
+trace | L; TMTT
Opj
(98)
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