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A SELECTOR FOR EQUIVALENCE RELATIONS 
WITH G8 ORBITS 

DOUGLAS E. MILLER1 

ABsTRAcT. Assume X is a Polish space and E is an open equivalence on X 
such that every equivalence class is a G6 set. We show that there is a G6 
transversal for E. It follows that for any separable C*-algebra A, there is a 
Borel cross-section for the canonical map Irr(A) -* Prim(A). 

Let X be a Polish space, E an open equivalence relation on X. It is known 
[4, Corollary 2] that if all equivalence classes (orbits) are closed, then there is 
a G8 transversal for E. We will show that this result holds under the weaker 
hypothesis that each orbit is G8. The existence of a Borel selector in the 
special case where each orbit is both F0 and G8 was established by Kallman 
and Mauldin [3]. Their result in turn extends the selector theorem in Effros 
[2]. Both the main theorem and Corollary 2 were conjectured in [3]. 

Remark on terminology. Given a space X and equivalence E, let ?T: 
X -* X/E be the canonical projection. A cross-section is a map s: X/E -* X 
such that S o s is the identity. A selector is a map f: X -* X which factors as a 
composition f = s o 7T with s a cross-section. A selector is continuous 
(respectively Borel measurable) if and only if the associated cross-section is 
continuous in the quotient topology (resp. Borel measurable in the quotient 
Borel structure). A transversal is a subset of X which meets each orbit in a 
singleton. If f is a continuous (resp. 1-Borel measurable) selector, then 
Image(J) is a closed (resp. G8) transversal. The converse does not hold in 
general. 

Our main theorem is slightly more general than the result promised in the 
first paragraph. 

THEOREM 1. Let X be a Polish space, SC a countable basis for the topology on 
X. Suppose E is an equivalence on X such that 

(i) For every 0 E SC, the E-saturation of 0 is both F, and G8, 
(ii) Every E-orbit is G8. 

Then there is a selector for E which is Borel measurable at level 1. 

It follows immediately that the associated transversal is G' and the quotient 
Borel structure on X/E is standard in the sense of Mackey [6]. 
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The proof proceeds in four lemmas. We first give a sufficient condition for 
an equivalence to have a continuous cross-section. Then we introduce a new 
topology X' on the underlying set of X such that X' and E satisfy that 
condition. 

LEMMA 1. Let R be an open equivalence on a Polish space Z. If the quotient 
topological space Z/R is T1 and zero-dimensional, then there exists a 
continuous cross-section for R. 

PROOF. In [5] Kuratowski and Ryll-Nardzewski prove the following general 
selection theorem: 

Let Y be an arbitraty set, 2 a field of subsets of Y. Suppose F is a function on 
Y to the closed subsets of Z such that, for evety open G C Z, {y: F( Y) n G 
7 0} E 2,. Then there is a function f: Y -* S satisfying: 

(a)f(y) E F(y) for ally E Y. 
(b) f - 1(G) E 20 for all open sets G C Z. 
Our proposition follows immediately by taking Y= Z/R, 2 = { C C 

Z/R: C is clopen}, F = the identity function on Z/R. LI 
Now fix X, E and SC satisfying the hypothesis of the theorem. For B C X, 

B + denotes the E-saturation of B. 

LEMMA 2. { 0 +: 0 c H} separates orbits. 

PROOF. Suppose x and y are inequivalent elements of X. Let [y] be the 
E-orbit of y, [y] its closure. There are two cases to consider (compare [3, 
Lemma 4].) 

Case 1. x M [y]. Then for some 0 C SC, x C 0 and 0 c5[y], so 
[x] C 0+, [y] n 0+ =0. 

Case 2. x E [y]. [y] is dense in [y] and by (ii) both [y] and [x] are G. It 
follows from the Baire Category Theorem that [x] is not dense in [y]. 
Choose 0 E SC such that 0 n [y] #-0, 0 n [x] =0. Then [y] 5 0 [x] 
n 0+ =0. o 

Let S = {0+: 0 u'C}u {O +: 0 e C}. Let X' be the space with 
the same underlying set as X but with the topology generated by SC u S. 

LEMMA 3. X' is Polish. 

PROOF. Enumerate S as {An: n E w} in such a way that for each natural 
number n, A2n+1 = - A2n. Given n C , define G cX X 2' by 

Gn= {(x,) [(((2n) = 1 & x E A2n) or (t(2n) =0& x eA2n+l)] 

&[(2n = 1 <'42n+1 = 0]) 

By (i) each Gn is G8. Let G = nnE,-Gn. Given x C X', define ( C 2' by 
setting ~(xn) = 1 <-> x C An. The map x<-4(x, () is easily seen to be a 
homeomorphism from X' to G. Since G is G, in X X 2', both G and X' are 
Polish. [] 
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LEMMA 4. E is an open equivalence on X', and the quotient space X'/E is T1 
and zero-dimensional. 

PROOF. Let S' be the closure of 5 under finite intersections. Let 0 be open 
in X'. Then 0 = B U C where B is open in X and C is a union of elements 
of 5'. Write B = Ui ,,, Oi with each Oi IJC. Then 

O+ = B+ UC+ = B+ UC= U 0i+ u C. 
iEw 

Thus 0 + is a union of elements of 5'. It follows that E is an open 
equivalence on X' and that {C/E: C c 5'} is a clopen basis for X'/E. It 
follows from Lemma 2 and the definition of X' that orbits are closed in X', so 
X'/E is T1. [] 

Now we can apply Lemma 1 to obtain a continuous cross-section s: 
X'/ C -* X'. Let f = s o g be the associated continuous selector. If 0 is open 
in X', then f - l(o) is open in X', hence f - l(o) is F0 in X. Thus, f is Borel 
measurable at level 1 with respect to X. The image of f is a G8 transversal for 
E and s is a Borel isomorphism from the quotient Borel space X/E to 
Image(f). The theorem is established. 

COROLLARY 1. Let X be Polish, Y an arbitraty To space, g: X -* Y 
continuous, open, and onto. Then the Borel space associated to Y is standard and 
there is a 1-Borel function f: Y -* X such that g o f is the identity. 

PROOF. In the proof of Theorem 1 note that when E is open, the cross- 
section s is 1-Borel with respect to the quotient topology on X/E. Now to 
obtain the corollary, let E = {(x, z): f (x) = f (z)}. Apply Theorem 1 and 
note that Y is homeomorphic to X/E. [] 

A particularly interesting case of Corollary 1 arises in the study of C*- 
algebras. For details of the following definitions and remarks see e.g. Dixmier 
[1, ?3]. Let A be a separable C*-algebra. Prim(A) is the space of primitive 
ideals of A with the Jacobson topology; it is To. For n < so, Irr (A) is the 
space of irreducible representations of A on the Hilbert space of dimension n, 
with the topology of simple weak convergence. Irr(A) is the disjoint union of 
the spaces Irr,, n < MO; it is Polish. The map K: Irr(A) -* Prim(A) which 
sends each representation to its kernel is continuous and open. A is the 
quotient topological space Irr(A)/ U where U is the relation of unitary 
equivalence. The quotient topology coincides with the weakest topology 
making K: [x]<-4Ker(x) continuous. 

We let E be the equivalence relation on Irr(A) induced by K, and let E be 
the corresponding equivalence on A. In [3] Kallman and Mauldin obtained in 
the conclusion of Corollary 3 under the additional assumption that B is Borel. 

COROLLARY 2. There is a Borel cross-section s: Prim(A) -* Irr(A) for E. 

COROLLARY 3. Suppose B C A is E-invariant and KrB is 1-1. Then there is a 
Borel cross-section s: B -* Irr(A) for U. 
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Let v1 be the canonical mapping from Irr(A) to A. Let B C A be Borel in 
the quotient Borel structure. According to Moore's definition [8], A is locally 
type I in B provided KrB is 1-1 and there is a cross-section s: B -* Irr(A) 
which is measurable with respect to the quotient Borel structure on B. 
Corollary 3 shows that the second clause is redundant when g -`(B) is 
saturated with respect to E. Clearly it would be enough to assume that there 
is a Borel cross-section p for E with g - 1(B) C Image(p). Conversely, suppose 
A is locally type I in B with Borel cross-section s: B -- Irr(A). Then B is 
standard and K(B) is a Borel subset of Prim(A). If p: Prim(A) -* Irr(A) is 
any Borel cross-section for E, we can define a new Borel cross-section p' by 
setting p'(x) = s(y) if x = K(y) for some y E B, p'(x) = p(x) otherwise. 
Thus, we can characterize "locally type I" in terms of cross-sections for E: 

COROLLARY 4. Let B c A be Borel (in the quotient Borel structure). 
A is locally type I in B if and only if there is a Borel cross-section p: 

Prim(A) -* Irr(A) such that 7T o p o K is the identity map on B. 

REMARKS. I. While Lemma 1 does not appear to be corollary to any of the 
results proved by Kuratowski and Maitra in [4], it is essentially similar. Note, 
for example, that the proof of Lemma 1 is easily modified to give their 
Corollary 2. (Take the field generated by the invariant open sets for 2.) 
Compare also Maitra and Rao [7]. 

II. The proof of Lemma 2 made no use of hypothesis (i). It shows: If X is 
any topological space of weight K and E is an equivalence on X such that (a) the 
saturation of every open set is Borel and (b) every orbit is strictly Baire (almost 
open in its closure) and a relative Baire space; then the Borel space X/E is 
K-separated. 

III. The conjecture stated in [3] differs somewhat from our theorem. It is 
proposed there that a Borel measurable selector exists provided only that 
orbits are absolute G8 and the saturations of open sets are Borel. We have 
been unable to prove or refute this version of the conjecture.2 Note that it 
implies its own relativization to any Borel subspace. It would show that all 
reference to selectors could be omitted in the definition of "locally type I". 

We do have a small piece of evidence supporting the general conjecture. 
Suppose s were a Borel selector. Then setting B* = s- 1(B) we could conclude 

(1) Every Borel subset B of X has a Borel invariantization, i.e. a Borel set 
B* such that - (, B)' C B* C B'. 

In fact (1) holds under the hypothesis of the conjecture and can be 
established by setting 

B* = {x: B n [x] is comeager in the subspace [ x]}. 
To prove that B* is Borel when B is, one defines for each U E SC, 

B*U = {x: U n [ x] =70 &B n U n [x] is comeager in U n [x]} 

2(Added in proof June 15, 1978.) This version of the conjecture has recently been established 
by S. M. Srivastava [10]. 
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and then proceeds by induction on the complexity of B, imitating Vaught [9]. 
Note, however, that the results in [9] show that it is possible to have Borel 
invariantizations in cases where Borel selectors cannot exist. 

REFERENCES 

1. J. Dixmier, Les C*-algebres et leurs representations, Gauthier-Villars, Paris, 1969. 
2. E. Effros, Transformation groups and C*-algebras, Ann. of Math. (2) 81 (1965), 38-55. 
3. R. Kallman and R. D. Mauldin, A cross-section theorem and an application to C*-algebras, 

Univ. of Florida, Gainesville (preprint). 
4. K. Kuratowski and A. Maitra, Some theorems on selectors and their applications to semicon- 

tinuous decompositions, Bull. Acad. Polon. Sci. Sir. Sci. Math. Astronom. Phys. 22 (1974), 
877-881. 

5. K. Kuratowski and C. Ryll-Nardzewski, A general theorem on selectors, Bull. Acad. Polon. 
Sci. Sir. Sci. Math. Astronom. Phys. 13 (1965), 397-403. 

6. G. W. Mackey, Borel structure in groups and their duals, Trans. Amer. Math. Soc. 85 (1957), 
134-165. 

7. A. Maitra and B. V. Rao, Selection theorems for partitions of Polish spaces, Fund. Math. 93 
(1976), 47-65. 

8. C. C. Moore, Appendix to "Polarization and unitary representations of solvable Lie groups," 
Invent. Math. 14 (1971), 351-354. 

9. R. L. Vaught, Invariant sets in topology and logic, Fund. Math. 82 (1974), 269-294. 
10. S. M. Srivastava, Selection theorems for G6-valued multifunctions, Stat.-Math. Division, 

Indian Statistical Institute, Calcutta (preprint). 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT CHICAGO CIRCLE, CHICAGO, 
ILLINOIS 60680 


	Article Contents
	p. 365
	p. 366
	p. 367
	p. 368
	p. 369

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 72, No. 2 (Nov., 1978), pp. 221-426
	Front Matter
	Characterizing Series for Faithful D.G. Near Rings [pp. 221-227]
	Flat Semilattices [pp. 228-232]
	On Galois Theory Using Pencils of Higher Derivations [pp. 233-238]
	Some Properties of Asymptotic Functions and their Applications [pp. 239-247]
	Wendroff Type Inequalities [pp. 248-250]
	A Pseudo Differential Operator which Shifts the Wave Front Set [pp. 251-257]
	The Quasi-Multiplier Conjecture [pp. 258-260]
	Symmetric and Ordinary Differentiation [pp. 261-267]
	Leray-Schauder Principles for Condensing Multi-Valued Mappings in Topological Linear Spaces [pp. 268-270]
	The Deterministic Itô-Belated Integral is Equivalent to the Lebesgue Integral [pp. 271-275]
	Power Bounded Strictly Cyclic Operators [pp. 276-280]
	Periodic Solutions of Perturbed Conservative Systems [pp. 281-285]
	A Theorem of Beurling and Tsuji is Best Possible [pp. 286-288]
	Minimal $H^2$ Interpolation in the Carathéodory Class [pp. 289-293]
	Inner Functions and the Maximal Ideal Space of $H^\infty (U^n)$ [pp. 294-296]
	On the Stability of the Linear Mapping in Banach Spaces [pp. 297-300]
	Extreme Invariant Positive Operators on $L_p$-Spaces [pp. 301-304]
	The Banach-Mazur Distance between the Traces Classes $c^n_p$ [pp. 305-308]
	Every $L_p$ Operator is an $L_2$ Operator [pp. 309-312]
	An Extremal Problem for Functions of Positive Real Part with Application to a Radius of Convexity Problem [pp. 313-318]
	Antisymmetry and Contractive Representations of Function Algebras [pp. 319-326]
	Capacities and Spans on Riemann Surfaces [pp. 327-332]
	Spans and Intersections of Essentially Reducing Subspaces [pp. 333-340]
	Positively Curved Complex Submanifolds Immersed in a Complex Space Form [pp. 341-345]
	Boolean Algebras without Nontrivial Onto Endomorphisms Exist in Every Uncountable Cardinality [pp. 346-351]
	An Elementary Solution of the Monotone Mapping Problem [pp. 352-354]
	A Functional Characterization of Primitive Base [pp. 355-361]
	Differentiable Pseudo-Free Circle Actions on Homotopy Spheres [pp. 362-364]
	A Selector for Equivalence Relations with $G_\delta$ Orbits [pp. 365-369]
	Longitudes of a Link and Principality of an Alexander Ideal [pp. 370-374]
	The Milnor Number of Some Isolated Complete Intersection Singularities with $C^\ast$-Action [pp. 375-380]
	A Stronger Borsuk-Ulam Type Theorem for Proper $Z_p$-Actions on Mod $p$ Homology $n$-Spheres [pp. 381-386]
	Fixed Points of Sequences of Locally Expansive Maps [pp. 387-390]
	Endohomeomorphisms Decomposing a Space into Disjoint Copies of a Subspace [pp. 391-396]
	Open Book Decompositions of 3-Manifolds [pp. 397-402]
	Two Results Relating Nilpotent Spaces and Cofibrations [pp. 403-408]
	A Note on Semitopological Properties [pp. 409-412]
	Quickly Unknotting Topological Spheres [pp. 413-416]
	On a Probabilistic Graph-Theoretical Method [pp. 417-421]
	Reductions of $n$-Fold Covers [pp. 422-424]
	Shorter Notes: On Čech's Theorem [pp. 425-426]
	Back Matter





