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Theorem 6). It is interesting to notice that the approach in [8] yields the same
results for the first and second moment as Theorem 6.

4. An exact method of analysis for overtake free systems

In this section we focus our attention on overtake free systems with mixed
generalized Erlang (MGE) arrival processes that satisfy Assumptions A and we
describe a unified exact method to obtain the distributions L, Q, S, W, L™, and Q".
We should point out that the same approach can be used for overtake free systems
with phase-type (PH) renewal process, as introduced in [19], since Theorem 2 as
well as the analysis of this section still hold if we use the appropriate matrices C and
D instead of Aj and A;.

We first present the exact method in an algorithmic form in subsection 4.1 and
then, in subsection 4.2, we illustrate its use in the case of MGE,,/G/1 and
MGE,,;/D/s queues under FIFO.

4.1. An exact method of analysis. Theorem 2 enables us to present a unified exact
method for solving overtake free systems with MGE arrivals under Assumptions A.
We will use the notation of Section 2.2.

Exact method analysis.

1. Relate the transforms of L and S using the vector form of the distributional laws,
9).

2. Relate the transforms of Q and W applying (9) to the queue.

Relate the transforms S and W using the fact that S =W + X.

4. Relate the transforms P, (z) and P,(z) using the characteristics of the system up
to a vector term and use system properties to evaluate the vector (see Section 4.2
for further details).

5. Solve the 4 X 4 system of equations from the previous 4 steps to find P,(z),
P,(2), the transforms of S and W.

6. Find P,-(z), and Py-(z) from (8).

We are going to illustrate how the method works through an application in the
next section.

4.2. The MGE,,/G/1 and MGE,,/D/s queues under FIFO. We consider in this
subsection an MGE,,/G/1 queue, with a FIFO service discipline where the arrival
process is a generalized Erlang process characterized by the matrices A, and A;. Our
goal is to evaluate the transforms of L, S, Q and W based on the exact method
proposed in Section 4.1. We start with some definitions.

Let a(s) = an(s)/ap(s) be the Laplace transform of the interarrival distribution
where ap(s), an(s) are polynomlals of degree M and less than M respectively.
We define the row vectors H and H* with H/2P{L=0,R=i} and H; 2
P{L*=0,R*=1i}, for i=1,---, M. As will become apparent in the sequel,
knowledge of H is necessary to complete the third step of the exact method and

w
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therefore we begin the analysis of the MGE,,/G/1 queue by evaluating H together
with some other important quantities of the system.

In particular, let I'(s) be the busy period matrix with [I'(s)];; = v;(s), i,j=
1,--+, M denoting the Laplace transform of a sub-busy period interval that ends
with the ATC =j given that it started with the ATC =i. Note that though a busy
period interval is initialized by the first customer that arrives after an idle interval, a
sub-busy period is initialized whenever a customer enters service (see, for example,
[14] p. 210) and therefore at the beginning of a sub-busy period the ATC can be in
any stage.

Let, also C(s) be the busy cycle matrix with [C(s)];;=c;(s), i,j=1,--- M
denoting the Laplace transform of a busy cycle interval that ends with a customer
leaving the system empty and the ATC =j given that it started with a customer
leaving the system empty and the ATC =i.

Proposition 1. In a MGEy/G/1 queueing system where the interarrival process is
characterized by the matrices Ay and A, and the service time is denoted by X we have
that the busy period matrix T'(s) satisfies

[(s) =®x(s + Ag + A T(s)).
Furthermore, the busy cycle matrix C(s) is given by
C(s) = (Is + Ag) AT (s).
Finally, the vector H satisfies
H=X1-p)H*A;' and Hi'=1-p,
with H* the left eigenvector of lim,_o C(s).
The proof of this proposition is presented in Appendix A.

Remarks.

1. The above results can also be obtained using an embedded Markov chain
approach (see, for example, [16]). We presented the above proposition for the
completeness of our analysis and because its proof is based on simple probabilis-
tic arguments.

2. The transform y(s) of the busy period distribution is given by y(s) = &,I'(s)I".

Next, we prove the following theorem.

Theorem 7. In a MGE /G /1 queue under FIFO

(19) Py(z) = (1 - 2)H(@x (Ao + zA,) — 2) 7},
(20) Pi(2) = (1 - 2)H(®x (A + 241) — 2) "Dy (Ag + 24y),
and

_an(=9)___(=ps  Mix s
@1) W) =" 0 A= el e 1 %
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where x,, r=1,-+-, M —1 are the M — 1 roots of the equation a(—s)dx(s)=1,
Re (s) >0, and H is given in Proposition 1.

Proof. Since this system is overtake free we-will use the exact method of analysis
described in the previous subsection. Thus, performing the first two steps of the
exact method we use (9) for both the system and the queue and we obtain:

PL(2)(Ao+ 2A41) = A(1 = 2)E1@s(Ao + 2A1),
and
Po(2)(Ao+ 241) = A1 = 2)&Pw (Ao + 241).

Using the fact that S = W + X we obtain that
(22) Pi(z) = Pp(2)@x(Ap + 2Ay).

Applying the fourth step, the number of customers in the queue and the number
of customers in the system are also related as follows:

(23) P(z)=(1-2)H +2Py(2),

where H is an M-vector, with H, 4 P{L =0, R =i}, that is given in Proposition 1.

We next follow the fifth step, where we combine (22) and (23) to obtain (19) and
(20). Then, we use (9) in order to find the transform of the waiting time distribution
and we obtain

(24) &1 Dw (Ao + 2A))(DPx (Ao + 2A1) — 20) = (1/A)H(A, + zA)).

We now choose a z such that Ay + zA; has M linearly independent eigenvectors and
thus it can be written as Ao+ zA; = Z(z)0(z)Z '(z), where O(z) is the diagonal
matrix of the eigenvalues of A+ zA; which we denote by 6;(z) fori=1,---, M.
Bertsimas and Nakazato [3] have shown that the roots of the equation satisfy
za(—6(z))=1, i=1,---, M. The columns of Z(z) are the right eigenvectors
of Ay + zA;, which we denote by £(6,(z)). Moreover,

D@y (Ao + 2A1) = Z(2)Pw(0(2))=7'(2),
DOy (Ao +24:1) — 21 = E(2)(Px(O(2)) — 21)=7'(2),
and substituting in (24) we obtain
E1E(2)Pw (0(2))(Px(0(2)) — 21) = (1/A)HE(2)O(2)
or
dw(61(2))€1(61(2))(x(6:(2)) — 2) = (I/A)ﬁgl(el(z))el(z),

with £,(6;(z)) being the first component of £'(6;(z)) (the previous relation also
holds for every eigenvalue 6;(z), i=1-:- M). Since za(—6;(z)) =1 we have

_6:(2)a(=6:(2))
Ma(=61(2))¢x(6:(2)) - 1)

ow(6:1(z)) =K 8(6:1(2)),
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where the function g(6,(z)) must have an appropriate form in order to maintain the
analytical character of ¢y (6;(z)). Therefore,

sa(-s)
Aa(=s)dx(s)—1)
Since ¢w(s) is analytic, g(s) = ap(—s) 1M’ x, —s, where x,, r=1,---, M —1 are

the M —1 roots of the equation a(—s)¢x(s)=1, Re(s)>0, and K is a constant
such that lim,_o dw(s) =1, which leads to (21).

(25) dw(s)=K g(s).

Remarks.

1. Equation (19) was also obtained in [16] for the more general case of a queue with
vacations and non-renewal arrival processes, while (21) is a generalization of the
Pollaczek-Khinchine formula for the M/G/1 queue. It is interesting to note that
(21) could have been obtained using Hilbert factorization techniques [3].
Furthermore, it is the solution to the Volterra integral equations presented in [20]
(see also [21]) in the case where the arrivals are MGE. It is remarkable that we
were able to derive these formulae just from the distributional laws.

2. The previous results for the MGE,/G/1 system can also be used in a
MGE,,/D/s queue (see Remark 4 after Theorem 6).

5. The GI/G/1 queue with generalized vacations

In this section we consider a class of GI/G/1 queueing models with a single server
who is unavailable for occasional intervals of time. Whenever the server is either
unavailable or idle we say that he is ‘on vacation’. Formally the GI/G/1 queue with
generalized vacations is defined as follows.

GI/G/1 with generalized vacations.

G1. The system satisfies Assumptions A. In particular, as long as the server is busy,
customers are served in a non-preemptive FIFO order.

G2. The service mechanism need not be exhaustive. When the server begins his
vacation he may leave customers behind depending on the service mechanism. We
denote by Z, the number of customers present in the system in steady state when a
vacation interval starts. Z; is determined by the service mechanism.

G3. Each vacation interval is distributed as a random variable V and has Laplace
transform ¢y (s). We assume that the number of arrivals during V is independent of
Z,.

This system is a generalization of the GI/G/1 queue with exhaustive vacations
considered in Doshi [5], and in Lucantoni et al. [16], in which Z,= 0 (although the
analysis in [16] holds for a more general class of non-renewal arrivals). It also
generalizes the M/G/1 system with generalized vacations considered in [6] (see also
the discussion in [26], p. 457) in the sense that it allows more general arrival
processes. In some of their results, however, Fuhrmann and Cooper [6] relax
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Assumption G3 above, allowing the vacation time to depend on the arrival process.

However, in order to prove sharper decomposition results they make exactly the

same assumption (their Assumption 6). Our results also generalize the results of

Keilson and Servi [13] in two respects: they consider Poisson arrivals and assume

exhaustive service Z, = 0.

Our goal in this section is to illustrate a unified way based on the distributional
laws to solve queues with generalized vacations based on the exact method of
analysis from Section 4.1. Corollaries of our results include the decomposition
results established in [S], [16], [6] and [13].

Examples of the class of GI/G/1 queues with generalized vacations that we
consider in this section include:

1. The standard GI/G/1 queue, if all vacations correspond to idle periods (i.e.
V —0).

2. The GI/G/1 queue with exhaustive vacations, in which, whenever the server is
busy, he serves the system exhaustively, i.e. Zo=0.

3. The GI/G/1 queue with gated vacations, in which the server accepts only those
customers who were waiting when the server returned from vacation, i.e. Z; is
distributed according to the number of customers who arrived after the server
returned from vacation.

4. The GI/G/1 queue with limited service, in which the server serves up to k
customers in each visit and then takes a vacation.

5. Queues served in cyclic order considered in [7]. The vacations associated with any
particular queue correspond to times when the server is visiting the other queues.

5.1. Analysis of MGEy/G/1 queue with generalized vacations. We consider the
system in steady state and we let L,, Q,, and R, be the number of customers in the
system, the number of customers in the queue and the ATC stage of the arrival
process respectively, when a random observer observes the system with generalized
vacations. Let V* be the elapsed time since the last vacation began (the backward
recurrence time of V). Let B be the event that the server is busy at the time of
observation. Obviously B’ is the event that the server is on vacation at the time of
observation.

Let R, and Z, be the ATC stage of the arrival process and the number of
customers present in the system, when a vacation interval starts. We define
i [P{Zy=nNRy=m |B'})¥_, and () 235 oz"f,. We view the vector gen-
erating function {(z) as defining the service mechanism. Our main theorem is as
follows.

Theorem 8. In an MGE,/G/1 system with generalized vacations satisfying
Assumptions G1-G3 that has mixed generalized Erlang interarrival times charac-
terized by matrices Ay and A,, vacations distributed according to the random variable
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V and service mechanism characterized by the vector generating function Z(z) the
vector generating function of the number of customers in the queue and in the system
is given by

(26)  Po(2)=(1-p)i(2)Pr-(Ao+2A1)(1 — 2)(Px (Ao + 2A1) — 2I) 7,

27) PL(z)=(1-p)(2)Pvs(Ao+241)(1 — 2)(@x (Ao + 2A;) — 2I) ' Dy (Ag + 2A,).

Proof. Let S,, W,, X be the system, waiting and service time of a customer. Let p
be the traffic intensity. Because of Gl using the exact method of analysis for
overtake free systems and applying (22) for Q, and L, we obtain

(28) }31."(2) = PQ.,(Z)(I)X(AO +zA,).

Our goal is to establish another relation between ﬁLu(z) and f’Qv(z). Consider a
random observer of the system. Recall that B is the event that the server is busy and
B’ is the event that the server is on vacation, at the time of observation. By applying
Little’s law to the server P{B} = p and P{B'} = 1 — p. By conditioning on the event B
we obtain

(29) P{Q,=n,R,=i}=pP{Q,=n,R,=i|B}+(1-p)P{Q,=n,R,=i|B'}.
Conditioning on Z,, Ry, V* we obtain

P{Qu=n R,=i|B'}
2 f P{Q,=n,R,=i|B',V*=1,Zy=m, Ry=k}
=1

P{Z =m,Ry=k, V*=1|B'}dt
(30) o 0 |

Mz X

= "il {Zo =m, Ro=k | B'} f" ak(t) *a("_’"_l)(t) *a’i(t) dFv.(t)

k=1 m=0

f P{Zy=n,Ry=k|B"} f ai(t) dF (1),
k=1

where we used the independence of V* and (Z,, R;) (Assumption G3 in the
deﬁnition of queues with generalized vacations). Let B(z)= = [Zn-oP{Q,=n,

, =i | B}z"|,. Taking generating functions in (29) and using (45) to (30), we
obtam

Po(2)=pB(2) + (1 = p)E(2)@y+(Ao + 2A,).
Similarly,
P{L,=n,R,=i}=pP{Q,=n—-1NR,=i|B}+(1-p)P{Q,=nNR,=i|B},
from where, by taking generating functions, we obtain

P, (2)=pzB(2) + (1 = p)l(2)Dv+(Aq + 2A)).
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Therefore,
(31) Py (2)=2Pp(2) + (1~ 2)(1 = p)L(2)Pv~(Ao + 2Ay),
which combined with (28) gives (27) and (26).

Remarks.

1. Equation (27), as well as (26), is not formally a decomposition result. It
demonstrates, however the contributions of the various characteristics of the
system to the system length distribution. The first term (z) represents the effect
of the service mechanism used. The second term ®y.(Aq+ zA;) represents
the effect of the vacation, while the third term (1 - p)(1 — z)(®x (Ao + z4,) —
zI)7'®4 (A, + zA,;) represents the contribution from the underlying MGE,,/G/1
queue without vacations.

2. In the case of Poisson arrivals we obtain

(1-p)A-2)dx(A —Az)
dx(A—Az)—z ’

P, (2) ={(2)dv«(A — AZ)

which is a formal decomposition result obtained in [6]. The number of customers
in the system is distributed as the sum of three independent random variables: (1)
the number of customers that are left in the system when a vacation begins, (2)
the number of customers that arrive in the system during a vacation period, and
(3) the number of customers in a M/G/1 queue without vacations. A similar
relation is, obviously, obtained for the queue length distribution.

3. Assumption G3 was only used in deriving (30). Without Assumption G3, instead
of (31) we would obtain

(32) PL(2)=2Pp(2) + (1= 2)(1 - p)PpL s (2),

where 131.43'(2) is the vector generating function of the number in the system
given that the server is on vacation. Combining (32) with (28) we obtain

P (2)= PL,,lB’(Z)(l = p)(1 = 2)(Px(A¢ + 2A;) — 2I) ' Py (Ag + 24)),
which is the generalization of Proposition 5 in [6].

5.2. Applications of the MGE,,/G/1 with generalized vacations. In the previous
subsection we have been able to derive a formula for the number of customers in
the system and in the queue for an MGE,,/G/1 queue with generalized vacations as
a function of Z(z). Thus, given that one is able to solve for Z(z), the queue and
system length distributions are fully characterized, and from them the waiting and
system time through the distributional laws. In this subsection we will consider some
specific applications of the previous analysis that have interesting consequences.
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The MGE,/G/1 queue with exhaustive vacations. For the case of exhaustive
vacations Theorem 8 implies the decomposition result of Doshi [5] that was also
derived for a class of non-renewal arrival processes in [16].

Theorem 9. (Doshi [5]) For the MGE,,/G/1 with vacations V under FIFO, the
waiting time is the sum of the waiting time of a MGE,/G/1 and the backward
recurrence time of the vacation V.

Proof. In this case Zo=0 and therefore {(z)=P{Z=0,R,=i}",=R, ie. a
vector independent of z. Then (27) can be written, since all the matrices commute,

PLV(Z) =(1- P)R(l = 2)(Px(Ag+ 2A,) — 2I) ' Dy (Ag + 24,)DPy+(Ag + zA)).
In a regular MGE,,/G/1 queue, however, (20) holds, i.e.
P(z) = H(1 — 2)(@x(Ao+ 2A)) — 2I) 'y (Ao + 24,).

But PLv(l) = P, (1), since the ith component of each vector is the probability that the
ATC is in stage i which is independent of the vacation. Taking limits as z— 1 in the
two previous equations we obtain

(1-p)R®y.(Ay+A;) = H.

Therefore, in an MGE,,/G/1 with exhaustive vacations
PLV(Z) = H®y (Ao + A) 7' (1 — 2)(Px(Ag + 24;) — 2]) !

(33)
X Py (Ag+2A1)Py+(Ag + zA4,),

where the vector H is computed in Proposition 1. Notice that (33) offers a complete
solution of the MGE,,/G/1 queue with exhaustive vacations.

Following exactly the same approach leading to (25) in the proof of Theorem 7 we
obtain that

soya(s)a(-s)
Ma(=s)dx(s)—1)

ow(s)=K g(s) = dw(s)Py(s),

ie. WiwWavH

The MGE\;/G /1 queue with gated vacations. In a gated vacation system our goal
is to find £(z). For this reason we define the following random variables.

Let J be the time the server spends in the system immediately after he returns
from vacation until he starts a new one. Let F;(t) = P{J =t} and ¢;,(s) be the Laplace
transform of J. Let R, be the ATC stage of the arrival process and N be the number
of the customers that the server finds at the system just after the end of the vacation.
We define R, = P{R, = m}¥_, and N(z) = E[z"]. Finally, we define also the vectors
N,=P{N=nNR,=m¥_, and N(z) = 2., z"N,. Note that R, = N(1).
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From the definition of the service mechanism in a gated system, Z, is distributed
according to the number of customers who arrived during J, thus:

> 2"P{Zy=n,Ry=k| R, =m}
n=0

- [ aB0+ 3 = [ any+a D0 rat B,
0 n=1 0

which leads to

> 2"P{Zy=n, Ro=k}
n=0

= S PR =m)][ b0 dEO+ 3 2 [ auea 0 a0 dED),
m=1 0 n=1 0

which in matrix notation becomes
(34) {(2) = N)D, (Ao + 2A)).

Furthermore, the time interval J lasts as long as the server is servicing the N
customers he finds upon his arrival. So

(35) é,(s) = N(dx(s)).

Finally, we need to evaluate N(z) from the characteristics of the system. Recalling
the definition of the gated vacation system we see that N includes the customers that
the server left behind in the system before starting his vacation as well as
the customers that arrived during the vacation interval. Therefore, for n=1,
PIN=n,R, =1} =2} oZn-1 P{Zo = k, Ry = m} [§ a,, (1) xa" " "(1) *ai(r) dF, (r).
Taking generating functions:

(36) N(z) = L(2)®y (Ao + 2A)).
By combining (34), (35) and (36) we have

37) £(2) = L)y (Ao + A))D,(A + 24),
where
(38) &1(5) = L(dx())Py (Ag + dx(5)A))]1.

Equations (37) and (38) fully characterize £(z) as we can solve for all moments.
Moreover, if we use Theorem 8 and the distributional laws we can fully characterize
the system.

Remark. Notice that in the Poisson case the recursion formula takes the form

8(z) =L dx(A — A2)) by (A — Adx(A — A2)).
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6. Priority queues

Priority queues are important in communication and manufacturing systems
where jobs of different significance need to be serviced. In addition, in several
applications strict priority rules (for example, the so-called cu-rule) minimize a
weighted combination of expected waiting times. It is therefore important to be able
to analyze priority queues.

We consider single server priority queueing systems with mixed generalized
Erlang arrivals, in which there are two distinct customer classes, numbered 1 and 2.
Customers of class 1 have priority over those of class 2. Let a(r), b(r) be the pdf of
the interarrival time for the high priority class 1 and the low priority class 2
respectively. We assume that they are mixed generalized Erlangs of order M,, M,
respectively. We denote with 1/A; and 1/A, the means of the arrival processes. The
two classes have different (general) service time distributions with means E[X,] and
E[X,), and they are served by a single server.

We assume that within the same class customers are served in a FIFO order.
Although priority queues allow overtaking among classes, within the same class no
overtaking can take place and therefore the distributional laws are applicable. In this
section we use the distributional laws to derive the distributions of various
performance measures. Our results generalize earlier work of Keilson and Servi
[13] for Poisson arrivals.

We consider different types of priorities (preemptive repeat, preemptive resume,
non-preemptive). The type of priority used does not affect the service time of class
1, but affects the service time of class 2. In order to develop a generic model to
analyze priority queues in a unified way, we define the effective service time, G,
i=1,2, as the time from the beginning of service until the customer of class i
completes service (G, = X, regardless of the priority rule used). We can visualize
the effective service time as the time spent in a service box. The service may be
interrupted and resumed from where it was left or may start over, but the customer
is assumed to stay in the service box until he is completely served. In this setting, the
time in queue refers to the time from the arrival of the customer until the customer
enters the service box.

The section is organized as follows. In Section 6.1 we find the effective service
time distribution in various preemptive systems as a function of the busy period
matrix. In Section 6.2 we analyze systems with preemptive priorities, while in
Section 6.3 we analyze systems with non-preemptive priorities.

6.1. Effective service time distribution in preemptive systems. According to pre-
emptive disciplines, whenever a high priority customer finds a lower priority
customer in service, he interrupts the service in progress and starts his own
immediately. Once there is no higher priority customer left in the system, the
interrupted customer reenters service and depending upon the manner in which he is
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serviced on his reentrance, the preemptive discipline can be further broken down
into the following three categories.

(i) Preemptive resume discipline. Under this discipline the interrupted customer
continues his service from the point of interruption.
(ii) Preemptive repeat different discipline. Under this discipline the interrupted
customer continues his service by resampling.
(iii) Preemptive repeat identical discipline. Under this discipline the interrupted
customer continues his service without resampling.

Each of these three preemptive disciplines is going to affect the effective service time
of class 2 customers. In this section we calculate the effective service time in all the
three preemptive categories as a function of the class 1 busy period matrix, I'y(s).

We define random variables G%, i,j=1, - - -, M;, to denote the effective service
time of a class 2 customer such that the ATC; = when the class 2 customer finishes
service given that the ATC, =i when this class 2 customer started service. Let
¢ci(s) be the Laplace transform of G4 and let G,(s) denote the matrix with
elements ¢gi(s). Our goal in this section is to compute the matrix G,(s).

Preemptive resume discipline.

Proposition 2. In a single server system with two priority classes each of which
satisfies Assumptions A and has mixed generalized FErlang interarrival times
characterized by matrices Ay, A, and By, B, respectively, the effective service time of
the class 2 customers for the preemptive resume discipline is given as follows:

Gz(s) = q)Xz(AO +A1F1(s) + SI).

Proof. According to the preemptive resume discipline, whenever a low priority
customer service is interrupted, the duration of the interruption is exactly the
duration of a high priority customer busy period. Furthermore, due to the
characteristics of the mixed generalized Erlang arrival process we condition on R%’,
the ATC, stage immediately before a low priority customer enters service. Let
¢g(s) be the Laplace transform of the effective service time of a class 2 customer
that ends leaving the ATC, =i given that it started with the ATC, = k. Then

Ele | X, =x] = e {al0) + 3 1)) *a)

+ 2 > [T lT1(9))50(x) * a; (x) * aj(x) + - - ‘}’
A=1/=1

where the first of the right-hand side terms represents the probability that there are
no interruptions during the regular service time of the low priority customer, the
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second the probability of having just one interruption, where we have to take into
account the ATC stage of the high priority customer at the end of the type 1 busy
period, and so on. By writing the previous formula in matrix notation we obtain
) al) - a(o)
E[e™% | X,=x]=e&| : -, L e +ee, :
0 - aki(x) " \aw,(x)
* (@M + -+ an (T2 ()]m) "
*([T2()] 1@ (x) + - -+ + [Ta(9)]1, 1,80, (x) )E.

o a(x)

Using (45) we obtain
E[e“GZk' | X, =x] = e g,e” o anOig;,
Therefore,
E[e™%] = 6@y (Ao + AT1(s) + sI)é},
and hence,
Gy(s) = @y, (Ao + ATy (s) + s).
Remark. For the Poisson case we obtain ¢g,(s) = ¢x,(A; — A y(s) +5), which is

in agreement with Jaiswal [11].

Preemptive repeat disciplines. Let
a(t)
a@)=(a:(t), -+, a@®), -+, am()) and  A()=
dp, (1)
Proposition 3. The effective service time G, for the preemptive repeat discipline
under the assumptions of Proposition 1 is given as follows.

o In the case of the preemptive repeat different discipline

619 = [ awe 1= [ oo [ @ e dyasers)]

* In the case of the preemptive repeat identical discipline

-1

Gy(s) =j:A(x)[1— fox&"(y)e"’ dyé’ll"l(s)] e Tfx,(x) dx.

Proof. The underlying experiment is the following. Assume that a class 2
customer enters the service facility at 7, and his service time is given by a value of
the r.v. X,. At the moment he enters service there are no type 1 customers in the
system and the ATC, = k. There are two possibilities for the remaining time until
the next arrival of the high priority arrival process:

* either it is greater than the selected value of X, and in this case G5 = X,, where
i is the stage of the ATC; when the low priority finishes service; or
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* it is less than the selected value of X, and at the moment that the next type 1
customer arrives the service of the type 2 customer is interrupted and it starts
over with a new value of the r.v. X, as soon as the busy period initialized by the
type 1 customer is over for the preemptive repeat different discipline or with the
same value of the 1.v. X, for the preemptive repeat identical discipline.

So for the repeat different case, conditioning on X, we obtain
E[e %" | X, =x] = di(x)e ™ + J: ar(y)e™ dyé T y(s)Gy(s)€].
Thus,
86t5)= [ akwe @ dx+ [ o) [ a)e ™ dy deein )G 008
And in matrix form:
Gy(s)= LmA(x)e"“fxz(x) dx[I - J:fxz(x) J: a'(y)e dy dxé',I‘l(s)]_l.

Finally, for the repeat identical case:

6= [ a1 [ e aino] e ax

0

In the case of Poisson arrivals we can obtain the results of Jaiswal [11], namely:

s+ A
¢Gz(s) = A Pxls ) ’
1-- +1)\1 (1= dx,(s + A1) 71(s)
x e-—(S+A1)x
bo)= [ — aFx(®),
M A (s+Ax
1 S (1-e )y1(s)

for the preemptive repeat different and the preemptive repeat identical discipline,
respectively.

6.2. Preemptive priorities. In this section we analyze a generic preemptive
discipline in terms of the distribution of the effective service time. In this way we are
able to analyze all preemptive disciplines we consider in a unified way.

Let L, Q;, Si, W, R;,i =1, 2 be the system and queue length, system and waiting
time and ATC stage of the arrival process, respectively, of class i = 1, 2. Notice that
the low priority customer that may be in the service box without being served is not
taken into account in the number of low priority customers in the queue.

Let L{, Of and R} be the number of customers of class i in the system, in the
queue and the ATC stage of class i, respectively, just before an arrival of a class 1
customer.
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High priority customers. As long as the discipline is preemptive the high priority
customers see a usual MGE), /G /1 queue. Therefore, Theorem 8 can be used to find
the distributions of L,, @,, $;, W,.

Low priority customers. We will apply the exact method of analysis discussed in
Section 4. We start by proving a relation between the vector z-transform
(generating function) of the number of customers in the system from the low priority
class, PLz(z), and the vector generating function of the number of customers in the
queue from the low priority class, ﬁQZ(z ), i.e. implementing the fourth step of the
method.

Let us first introduce the necessary notation. Let £, be the number of class 2
customers in queue given that no class 2 customer is in the service box but the
system is not empty. Let A, be the number of class 2 customers in queue given that
there is a class 2 customer in the service box. We introduce the vector generating
functions

Pe(2) & 2 '[P, =n N Ry = i1
"=
and

oc

Br(2)2 Y 2" [P{Ay=nNR,=i}iZ}"
n=0
Furthermore, let /4 and k be M, vectors such that h; 2 P{R,=i, L, =0, L, =0} and
k, 2 P{RG=r, L%=0, L%=0}. Finally, let '}, be the backward recurrence time
(age) of a class 1 busy period that ended while ATC, =i Then the Laplace
transform of '}, y¥(s) is given by

i) =(Q1- [élrl(s)f’])/SE[rl]'

We also introduce the traffic intensities p; = A,E[X;], p =p; + p, and we define
pAzéP{a class 2 customer is in the service box}. We now prove the following
proposition.

Proposition 4. In a preemptive queueing system with two priority classes each of
which satisfies Assumptions A and has mixed generalized Erlang interarrival times
characterized by matrices Ay, A, and By, B,, respectively, the following relation
holds:

(39) P(@)= (1= )k + (1= 2)(p — pa)k®r;(Bo + 2B1) + 2P,(2),
where the vectors h and k are given by (48) in Appendix B.

Proof. We start by noticing that at a random observation time there are three
possibilities for the state of the system: (a) the system is empty (with probability
1 — p), (b) the system is not empty but there is no class 2 customer in the service box
(with probability p —p,,), and (c) the system is not empty and there is a class 2
customer in the service box (with probability p,).
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Conditioning on those three events and recalling that h; is the probability that the
system is empty and R, =i, we have that

PQ;(Z) =h +PA2PA2(Z) +p - PA,)FEZ(Z),
and

P(2) =h + pazPa(2) + (p — Pa)Pr(2).

Next we need to evaluate the vector generating function PEz(z). Notice that since
we assumed a preemptive discipline, class 1 customers are not influenced by the fact
that there is no low priority customer in the service box. In order for a random
observer to see n 21 class 2 customers given that there is no class 2 customer in the
service box, he has to arrive during a class 1 busy period. Therefore, if we denote
by k, the probability that the high priority customer who initialized the last class 1
busy period found, upon his arrival, the class 2 customer in stage r we have,
forn=1,

M. oc
P(Es=n, Ro=i}= X k. [ b,0)xb" () »bl(0) dFis(0).
r=1 0
Similarly,
Mz oc .
P{E,=0,R,=i}= 2 k, f bi(t) dFrs(t),
r=1 0
where Frs(t) is the cdf of the forward recurrence time of a class 1 busy period.

Taking generating functions (39) follows.

Notice that in the previous proposition the probability p,, is not known. We will
however calculate it implicitly in the next theorem.

Theorem 10. In a preemptive queueing system with two priority classes each of
which satisfies Assumptions A and has mixed generalized Erlang interarrival times
characterized by matrices Ay, A\ and Bg, B, respectively, the Laplace transform of
the waiting and system time of the low priority customers satisfy

1 d d —
@5, (Bo +2By) — 2Pw,(Bo + 2B1) = ~ [A + (p — pa)k@r:(Bo + 2B)](Bo + 2B1) ",
2

and

M

q)Sz(SI) = Z YCI)WZ(SI + Ao + Al)é’,'q)GrZ(SI)

i=1

Furthermore, the number of low priority customers in the queue is given as

Py(2)(Bo + 2B1) = (1 — 2)é,Dw(Bo + 2By),

where T¥ denotes the age of the high priority busy period, Y, = (A/Ay:) IS (1 -
P1.i), the vectors h and k are given by (48) in Appendix B and p,, is calculated by
insisting that lim,_,; Pp(z)1' = 1.
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Proof. Since we assumed that among each class customers are served in a FIFO
basis, the distributional laws are applicable. Therefore, performing the first two steps
of the exact method we use (9) for both the queue plus the server and just the queue
to obtain:

PL;(Z)(BO +2By) = Ay(1 — 2)é,Ps (B, + 2B)),
Py (2)(Bo+ 2B1) = A (1 — 2)&Pw,(Bo + 2B1).

Recall that in evaluating the number of customers in the queue we are not
counting the customer in the service box and similarly the waiting time does not
account for the time spent in the service box.

We proceed now to implement the third step, namely obtain a relation between S,
and W, It is important to notice that, in this step, we need to use the notion of the
effective service time which depends on the dynamics of the high priority customers.
To be more specific, recall that we define in Section 6.1 the random variable GY,
i,j=1,---, M, to be the effective service time of a class 2 customer such that the
ATC, =j when the class 2 customer finishes service given that the ATC; =i when
this class 2 customer started service. In Section 6.1 we actually calculated the
Laplace transforms of G¥, for all i, j. For the rest of our analysis let us also define

5 i=1,--+, M, to be the effective service time of a class 2 customer given that
ATC, =i when this class 2 customer started service. Clearly, the Laplace transform
of Gb, ¢gi(s) = &:G,(s)1', using the notation of Section 6.1.

Furthermore, we define R%’ to be the stage of the ATC; at an arrival epoch of
class 2 customers and Y, such that Y, éP{R?2= k} for k=1,---, M,. Due to the
independence of the arrival processes we can easily see that Y, = P{R,=k}=
(A1/AL) IIES (1 — py), where the second equality follows from the properties of
the MGE,, process.

Let us now proceed to relate S, and W, using G5.

E[e™*%|R¥=k,W,=w, ATC, =i at the end of the waiting] = e"‘”f e dFgy(x).
0
Unconditioning we get that

M, .
O (sT) = D, YDy, (s + Ag + A& Dis]).
i=1

Applying the fourth step, the number of customers in the queue and the number
of customers in the system are also related from Proposition 4 as follows:

P(z)=(1—2)i+ (1 —2)(p — pa)k®rs(Bo + 2B,) + 2Py(2),

where the vectors / and k are given in Appendix B.
We next follow the fifth step, where we combine the above equations to prove the
theorem.
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Remarks.

1. Having found W, we can use the rest of the relations to obtain S,. L, and Q..

2. In the case of Poisson arrival processes we have that ¢g(s) = du,(s)dg,(s), so
that Step 5 yields

A1 =2)+ A(1 = 0y(A2 = A22))
b6, (A2—A22) -z

Gulo) =+ (1= pa)(1 = p1) ,
2

which is exactly the relation obtained in Keilson and Servi [13] using a different

derivation. The probability p,, can be obtained either by requiring

lim,_,; Gp,(z)=1, which in this case leads to p,,= A,E[G,] or by applying

Little’s law in the service box.

6.3. Non-preemptive priorities. In this section we analyze the single server
priority system under a non-preemptive discipline, where an arriving high priority
customer that finds a low priority customer in service does not interrupt the service
in progress. Therefore, the effective service time for class 2 customers under a
non-preemptive priority discipline is G, = X,. Furthermore, as no-customer stays in
the service box unless he is actually being served, the waiting time is in this case
defined without ambiguity, exactly as in the case of a single MGE,/G/1 queue. We
will first calculate the distribution of the number of class 1 customers in the queue
and in the system.

High priority customers. Due to the fact that we do not allow preemption, the
number of class 1 customers in the queue as well as their waiting time are
influenced by the possible existence of a class 2 customer in the service facility. Let
R%* be the state of the ATC;, just before a class 2 customer enters service.

Let B, be the event that the server is busy servicing a class i customer at a random
time of observation.

Let A, be the number of class 1 customers in queue given that there is a class 1
customer in service. We introduce the vector generating function
Pr(2) 2350 2"[PlAy=nNR,=i}i¥, and the scalar generating function
G (2) =230 2"P{A, = n}. We also introduce the row vectors g and f, such that
g2 P{L,=0,L,=0, R,=i}and x,2 P{R=1r).

Theorem 11. In a non-preemptive queueing system with two priority classes each of
which satisfies Assumptions A and has mixed generalized Erlang interarrival times
characterized by matrices Ay, A, and B, B, respectively, the vector generating
function of the number of class 1 customers in the queue and in the system is given as
a function of the system characteristics as follows:

(40) ﬁQ,(Z) = (1= 2)[p28Px3(Ao + zA,) + ][ ®x, (Ao + 2A;) — 21]7,
(41) PL,(Z) = (1= 2)[p27Px3(Ap + 2A4)) + ][ Px (Ao + 2A4,) — 2I] ' ®x (Ap + 24)),
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where g is given by (49) in Appendix B and 7 satisfies:
(42) Pzﬁq)x;(Ao"'Al):H‘g,
where H is given in Proposition 1.

Proof. From the vector distributional law (22) we have
43) P(2) = Po,(2)®x (Ao + 2A)).

We should establish a second relation between 13,_,(z) and 1301(:). Consider a
random observer of the system and let B; be the event that the server is busy
servicing a class i customer at the time of observation. By applying Little’s law to the
server P{B;} = p; and by conditioning on the events B; we have, forn =1,

P{Q,=n R =i}=p,P{Qi=n, R =i|B\}+p.P{Q,=n, R =i| B},
or, by using the definition of A,
P{Q,=n,R,=i}=p,P{A,=n,R,=i}+p,P{Q,=n, R, =i|B,},
and for n =0 we also have
P{Q,=0,R,=i}=p,P{A,=0,R, =i} +p,P{Q,=0,R, =i | B}
+P{L,=0,L,=0,R, =1},
or equivalently
P{Q,=0,R,=i}=p,P{A;=0,R, =i} +p,P{Q,=0,R, =i | B} +g.

Furthermore, if we denote by x, the probability that the ATC, =r just before a
type 2 customer enters service we have that, forn =1,

M, o
PQi=n Ry =i|B}=2 m | a(t)xa" V() *di(r) dFx;(0),
r=1

0
and

M, )
P{Q\=0,R,=i|Bz} =3, m, | ai(r) dFxs(0).
r=1
By taking generating vector functions we get
Py,(2) = p1Py(2) + p2iDx3(Ag + 2A) + &
Using the same analysis for the number of customers in the system we also obtain
Py (2) = p12Ps(2) + p27iDx;(Ag + 2A)) + &

Combining the last two equations we have
(44) Pp(2) = 2Pp,(2) + pa(1 = 2)#Dxs(Ag + 241) + (1 - 2).
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From (43) and (44) we obtain (40) and (41). Finally, we need to calculate the vectors
7 and g. Vector g, where, g; = P{L,=0, L, =0, R, =i}, is calculated in Appendix B.
To calculate 7 we recall that in a regular MGE,/G/1 queue (20) holds, namely
P(z) = (1 - 2)H(®x (A + 2A;) — 2]) "'y (Ao + zA;). But P, (1)=P,(1), since
the ith component of this vector represents the probability that the ATC of the
arrival process of class 1 is in stage i. Thus by taking the limits as z — 1, we get (42).

Remarks.

1. Using (40) and (41) as well as the vector distributional law one can easily
calculate the waiting time distributions, as in the case of the single MGE,,/G/1
queue.

2. Note that once again for Poisson arrivals (40) takes the form

Go,(2) = (1= 2)[p2x3 (M1 — M2) + (1 = p1 = p2))(dx,(M1 — Mi2) — 2) 7,
which is exactly the result obtained in [13].

Low priority customers. The waiting time of the low priority customer equals in
distribution the total unfinished work in the system at the moment of his arrival
subject to generalized Erlang interruptions, corresponding to class 1 arrivals. As the
work in the system as well as the distribution and duration of the interruptions do
not depend on whether we give non-preemptive or preemptive resume priority to
the class 1 customers we can conclude that the waiting time distribution for the low
priority customer under a non-preemptive policy is the same as the waiting time
under a preemptive resume policy (see [13]). However, this is not true for the
waiting time in the system because of the notion of the effective service time that we
used in the preemptive priority analysis. Nevertheless, we can calculate all the
distributions of interest by using the distributional laws as well as the relation
S, =W+ X,.

7. Concluding remarks

We have demonstrated that overtake-free systems can be analyzed in a unified
way through the distributional laws, which we believe deserve a more prominent
place in queueing theory. More than providing a method of analysis for a class
of systems, the paper identified a subdivision of queueing theory into overtake
free systems, which can be analyzed using distributional laws, but are unfort-
unately a small subset of the systems encountered in applications, which allow
overtaking, and therefore are not analyzable directly through the techniques of this
paper.

In the case of overtake free systems, we showed several insights and new results
that can be obtained. One which we consider particularly satisfying is the derivation
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of heavy traffic results (usually derived using diffusion methods) and exact results
can be achieved in a unified way using the asymptotic and exact method of analysis
based on the distributional laws.

The distributional laws being special cases of H =AG provide further evidence
that the law H = AG provides the right set of laws at least for overtake free systems.
The major open problem is to identify queueing laws for systems that allow
overtaking, which lead to a complete solution. This is a challenging but important
problem because it includes well known open problems as special cases (GI/G/s,
queueing networks, etc.). A solution to this problem will lead, however, to a more
complete theory of queues and is likely to provide very valuable new insights.

Appendix A

We present the proof of Proposition 1. We will use a generalization of the classical
sub-busy period decomposition argument for the evaluation of the busy period for
the M/G/1 queue (Takécs [24]). The duration of a busy period is invariant under
the service discipline provided that the server is always busy if there are customers
present. We may, therefore, use the last-come-first-serve (LCFS) service discipline.
Let I'; ,, be the random variable that represents the duration of the sub-busy period
that ends with the ATC = m given that it started with the ATC = i. This definition is
useful for the decomposition of the busy period into sub-busy periods. Let R* be the
ATC stage occupied by the customer just after the first customer of the sub-busy
period is served. Let N;(x) be the number of arrivals during x given that the ATC =i
at the beginning. Then, conditionally on the event U ={R* =j, X =x, Ni(x) = n},
we obtain the following decomposition, for n = 1:

E[e™Te | R®=j, X =x, Nj(x) =n] = E[exp {—s(x + > I+ T+ + I"jmm)}]
J2 " sJn

= e G [T (s)]"E,.

Unconditioning, we write the previous relation in matrix form:

. aj(x) -+ a¥(x)
I(s) = f el ot R
0 0 ayy(x)
" « [ a1(x)
+ j e 2| i el @) * (@l(x) - - - a¥(x))[T(s)]" dFx(x).
0 = ap(x)

To obtain a more concise form of the above equation we use the fact that,
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for every pair of matrices D, of full rank and D, of rank 1, (Dy+D,)"'=
Dg'— Dg'D,Dy/[1 + trace (Dy ' Dy)]. Therefore,

. [ a,(s)di(s)
(]S +A0+ 2:141)—1 = (IS +A0)Ml +'_'_—/_' : y
1 =zay(s) .,
| ap(s)ai(s)
which expressed in real time gives
ay -+ a0 . [a®]
(45) e “erzar=| 1 L n e >l xalmm () *(al(e) - - - afi(0).
0 - aMn]d " Law®

Using (45) we have that the busy period matrix I'(s) satisfies the equation
[(s)=f5e e WA AD gF (x) = ®y(s + Ag+ A, I'(s)). The above implicit equa-
tion completely characterizes I'(s). Notice that for M =1, this reduces to y(s)=
éx(s + A — Ay(s)), which is the equation that the transform of the busy period
satisfies in an M/G/1 queue.

We now proceed in our analysis of the busy cycle C(s). A careful comparison of
the definitions of C(s) and I'(s) reveals that C, (s) = a,(s)é,I'(s)é/, or in words, the
busy cycle that ends with the ATC =j given that it starts with the ATC =1, is equal
to the remaining interarrival given that the ATC =1/ plus a busy period that ends
with the ATC =j.

In matrix notation

ay(f)
C(s)= ©|ér(s).
ay(t)
Using the fact that a,(s) = —&,(Is + Ag) 'A,&] and that A,é;é, = A; we have that
(46) C(s) = (Is + Ag) AT (s).

Now, we are in a position to obtain A and H*. Let C be a matrix with elements
ci_jélim,_;oc,.,j(s), then we have that c;; denotes the probability of a departing
customer to leave the system empty and the ATC =j given that the previous
departing customer that left the system empty left the ATC = i. Furthermore, H; is
the probability of a departing customer leaving the system empty and the ATC = i.
Therefore, the following relation must be satisfied:

(47) H*C=H",

i.e. H* is a left eigenvector of C with eigenvalue 1. Notice that the above system of
equations completely characterizes H* up to a constant. On the other hand we know
from (8) that H = AH*Ag?, and also that H1' = (1 — p). The last system of equations
together with (47) provides us with a complete description of both H* and H.
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Appendix B

We consider single server priority queueing systems with mixed generalized
Erlang arrivals, in which there are two distinct customer classes, numbered 1 and 2.
Customers of class 1 have priority over those of class 2 and within the same class
customers are served in a FIFO order.

We first assume that customers of class 1 have preemptive priority over those of
class 2. We will evaluate the vectors 7 and k such that h; 2 P{R,=i, L,=0,L,=0}
and k, = P{(R3=r, L3=0,L3=0).

We first define a set of matrices I';*(s) (for r, k = 1,2, - - -, M;) with [[5%(s)],, to
be the Laplace transform of a class 2 busy period that ended with ATC, = k and
ATC, =j given that it started with ATC, =r and ATC.=1i.

Using the same ideas as in Proposition 1 we obtain the set of matrices by solving
the following M, X M, system of nonlinear equations:

oc b}(x) e bl]wz(x)
o[ e b [dRew
0 0 -+ b

+f e~,u‘2
0

xb{"" D(x) % (bl(x) - - - bY(x)) dFgen(x) Y, U(s),
n=1 bM(X) r;

where Uj(s) =2, ... T5"(s) X T#™(s) X - - - X T3%(s).

We next define the matrix 7"*(s) with [T"*(s)];, to be the Laplace transform of
the duration of an interval that ends with a departure leaving the system empty, the
ATC,=k and ATC,=j given that it started with a departure leaving the system
empty ATC,=r and ATC,=.

To obtain T"*(s) we follow the same line of arguments as in Proposition 1, and
we obtain that

o M,
E[e *™" with 1st arrival from class 2] =f e ™ > ak(x)é T (s)é b,(x) dx,
o k-1
E[e™*™" with 1st arrival from class 1]
- . bi(y) -+ bif(y)
=f a,(x)c“xl;i(x)f el 1 Do |g dFr ()
’ ’ 0 - B¥(Y)
- « [ bi(y)
[ awebe [ S| 0 b el b))
0 0 n=1
bu(y)

x 2, Un(s)éje™ dFr, ().
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Next, we define the M; X M, matrices E* and E with elements
[E*],, 2 Plata departure epoch L* =0, R} =r, Ry =j},
[E),,2P{L=0,R,=r,R,=}}.

As in the proof of Proposition 1, from the definition of 7"*(s) and E* we obtain
that

> E} ling [T™*(s)s=Ex; for k=1,--+,My,i=1---, M,
r,j §—>

Furthermore, from the conservation of flow around the state (L=0,R;=r,
R, =j) we can obtain that E* = AoE + EB,, so that knowing E* we can evaluate
the matrix E.

Finally,

M,
(48) h;= §:1 Er,j, kj = 21 AvpiyE

Now, in the case where class 1 customers have non-preemptive priority over the
class 2 customers we need to evaluate the vector g with g, = P{L =0, R, =r}. Notice
that the total number of customers in a priority system as well as the ATC are
independent of the priority policy (given that it is work conserving). Therefore, to
calculate § we can use the matrix E to obtain that

M,
(49) &= 21 Er,j‘
j=
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