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ABSTRACT

In this paper, we introduce a hybridizable discontinuous Galerkin method for Stokes flow. The method is
devised by using the discontinuous Galerkin methodology to discretize a velocity-pressure-gradient for-
mulation of the Stokes system with appropriate choices of the numerical fluxes and by applying a hybrid-
ization technique to the resulting discretization. One of the main features of this approach is that it
reduces the globally coupled unknowns to the numerical trace of the velocity and the mean of the pres-
sure on the element boundaries, thereby leading to a significant reduction in the size of the resulting
matrix. Moreover, by using an augmented lagrangian method, the globally coupled unknowns are further
reduced to the numerical trace of the velocity only. Another important feature is that the approximations
of the velocity, pressure, and gradient converge with the optimal order of k + 1 in the L[?>-norm, when
polynomials of degree k > 0 are used to represent the approximate variables. Based on the optimal con-
vergence of the HDG method, we apply an element-by-element postprocessing scheme to obtain a new
approximate velocity, which converges with order k + 2 in the [*>-norm for k > 1. The postprocessing
performed at the element level is less expensive than the solution procedure. Numerical results are pro-

vided to assess the performance of the method.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we introduce a hybridizable discontinuous Galer-
kin (HDG) method for the Stokes system

—VAu+Vp=f, inQ,
V- u=0, in Q, (1)
u=_g, on 0%,

where Q is a bounded domain in RY with Lipschitz boundary 6Q, v
is a viscosity, f € [L*()]" is a given source term, and g € [H?(92)]"
is the Dirichlet boundary data. We assume that v is a constant func-
tion on Q and that g satisfies the compatibility condition

g'":07

0Q

where n denotes the outward unit normal vector on the boundary
0Q. We thus continue the study of HDG methods for second-order,
symmetric elliptic problems [5,9,11], convection-diffusion prob-
lems [15], and nonlinear convection-diffusion problems [16]. Our
long-term goal is to devise HDG methods for the incompressible
Navier-Stokes equations; the consideration of the Stokes system
is thus a necessary intermediate step towards this goal.
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Several hybridizable methods have been developed for the
velocity—pressure-vorticity formulations of the Stokes flow.
Hybridization, as a technique to avoid the construction of diver-
gence-free velocities, was introduced in [4] for an LDG method.
The technique was then extended to a classical mixed method
for the two-dimensional and three-dimensional Stokes problems
in [6,7]. This was the first hybridization of the Stokes problem
giving rise to a global system involving the degrees of freedom
of unknowns (the tangential velocity and the pressure) defined
solely on the faces of the elements. Recently, motivated by the
fact that the HDG methods for second-order symmetric elliptic
equations [9] can be efficiently implemented and are more accu-
rate than other DG methods [5,11], a new class of HDG methods
was introduced for the Stokes problem [8]. It was shown to be
hybridizable in four different ways including a tangential veloc-
ity/pressure hybridization and a velocity/average pressure
hybridization.

In this paper, we apply the approach proposed in [8] to devise a
new HDG method for the velocity—pressure-gradient formulation
of the Stokes equations

L-Vu=0, in Q,

V-(—=vL+pD) =f, inQ, 2)
V-u=0, in Q,

u=g, on 0Q.
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Here L = Vu is the second-order velocity gradient tensor and I is
the second-order identity tensor. The resulting method is closely re-
lated to the DG method proposed in [12] and to the mixed method
proposed in [17]. Indeed, the only difference between the HDG
method we propose here and the DG method considered in [12] is
the definition of the numerical traces. However, this difference al-
lows us to hybridize the method, to obtain optimally convergent
approximations for the velocity gradient and the pressure, and to
obtain superconvergence properties for the velocity. The method
proposed in [17] can be hybridized to give a globally coupled sys-
tem in terms of the velocity on the faces of the elements and the
pressure in the whole domain, whereas our method can be hybrid-
ized to give a system involving the velocity on the faces and the
average of the pressure on the elements. For k = 0, the method pro-
posed in [17] is not defined. For k > 1, it uses smaller spaces and is
able to provide approximations converging with the same order of
accuracy as ours. However, it does not have the ability of handling
nonmatching meshes and variable-degree approximations typical
of DG methods.

The HDG method applied to the above system is devised as fol-
lows. First, we introduce the numerical trace of the velocity and the
mean of the pressure on each element as new approximate vari-
ables. On each element of the triangulation, we can now express
the approximate velocity, pressure and gradient in terms of the
numerical trace of the velocity and the mean of pressure, which
we shall refer as the local solver. Furthermore, new equations have
to be added to the system to render it solvable. These equations en-
force the continuity of the normal components of the total flux. In
this way, the velocity, pressure, and gradient can be expressed in
an element-by-element fashion in terms of the numerical trace
of the velocity and the mean of the pressure. This allows us to ob-
tain the final system involving only the numerical trace of the
velocity and the mean of the pressure, thereby reducing the glob-
ally coupled unknowns significantly. In addition to the reduction in
the number of unknowns, the HDG method possesses various
advantages related to convergence properties and postprocessing
of the numerical solution.

We show that the HDG method is well-defined, that is, that the
numerical solution exists and is unique. We present numerical
examples to examine the accuracy and convergence properties of
the method. They indicate that when polynomials of degree
k > 0 are used to represent the velocity, pressure, and velocity gra-
dient, all the variables converge optimally with the order k + 1 in
the L>-norm for Stokes problems with smooth solution. Moreover,
we use an element-by-element postprocessing to obtain a new
approximate velocity which converges with order k + 2 in the L*-
norm for k > 1. Since the local postprocessing is performed at
the element level, the postprocessed velocity is less expensive to
compute than the original approximate solution. Therefore, the
k +1 convergent pressure and k + 2 convergent velocity can be
computed at the cost of a DG approximation using polynomials
of degree k.

Finally, we propose an efficient implementation of the HDG
method via the augmented Lagrangian approach by introducing a
time derivative of the pressure into the continuity equation. In this
way, we can express the pressure in terms of the velocity, thereby
eliminating the mean of the pressure from the local solver. As a re-
sult, we arrive at a system in terms of the approximate trace of the
velocity only. The main advantage of this implementation strategy
is that the new system has less degrees of freedom than the origi-
nal system involving both the approximate trace of the velocity
and the mean of the pressure.

The paper is organized as follows. In Section 2 we introduce the
HDG method for solving the Stokes system and apply a local post-
processing to compute a new approximation of the velocity. In Sec-
tion 3 we describe the detailed implementation of the HDG

method. In Section 4 we provide numerical results to assess the
convergence and accuracy of the method. Finally, in Section 5 we
present some concluding remarks.

2. The hybridizable discontinuous Galerkin method
2.1. Notation

Before describing the HDG method, we need to introduce some
notation. We denote by .77, a collection of disjoint regular elements
K that partition 2 and set 9.7, := {0K : K € 7}. For an element K
of the collection 77, F = 9K N9 is the boundary face if the d — 1
Lebesgue measure of F is nonzero. For two elements K" and K~ of
the collection 7, F = 0K* n 9K~ is the interior face between K*
and K~ if the d — 1 Lebesgue measure of F is nonzero. We denote
by &9 and & the set of interior and boundary faces, respectively.
We set 6, = 65 U &5.

Let n* and n~ be the outward unit normal vectors on two neigh-
boring elements K™ and 9K, respectively. We use (G*, v*,¢*) to
denote the traces of (G, »,q) on F from the interior of K*, where G,
v, and q are second-order tensorial, vectorial, and scalar functions,
respectively. Then, we define the jumps [ - | as follows. For F € &7,
we set

[Gn] =G'n" +G n",

[v-nj=v"-n"+v -n,

[veon]=v on' +v on,

[qn]=q'n* +qn".

For F € &}, the set of boundary edges on which G, v and q are single-

valued, we set

[Gn] = Gn,

[v-nj=v-n,

[ven]=ven,

[qn] = qn,

where n is the unit outward normal to Q. Here - denotes the usual

dot product and ® denotes the usual dyadic or tensor product.
Now, let #,(D) denote the space of polynomials of degree at

most k on a domain D and let L?(D) be the space of square integra-

ble functions on D. We set 2,(D) = [Z(D)]", Pi(D) = [#(D)]™¢,

L*(D) = [L*(D)]%, and L?(D) = [L*(D)]**“. We introduce discontinu-

ous finite element approximation spaces for the gradient, velocity,

and pressure as

Y, = {GeL*7,): Gl € Py(K), VK € 74},

Vi ={vel*(7): v 2uK), VK € T4},

Po={qel*(T}): qlx € Z(K), VK € Tp}.

—

In addition, we introduce a finite element approximation space for
the approximate trace of the velocity

My, = {n € L*(&4) : |y € 2(F), VF € &1}
We also set
M;(g) = {p € My : p = Pg on 9Q},

where P denotes the L?-projection into the space {ul,, Yu € My}.
Note that M, consists of functions which are continuous inside
the faces (or edges) F € &, and discontinuous at their borders. We
further denote by ¥, the set of functions in L*(977) that are con-
stant on each oK for all elements K

Yy = {re*(07) : 1 € 2o(0K), YK € T}

The mean of our approximate pressure will belong to this space.
Here the mean is defined as follows. For a given function g in
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[*(071), we use q to define the mean of q on the element bound-
aries 9K of an element K as follows:

_ 1
dlox = K] m(q-

Obviously, we have g = q for any g in ¥,

Finally, we define various inner products for our finite element
spaces. For functions r, g in L?(D), we denote (r.q)p=JprqifDisa
domain in R? and (r,q), = [, rq if D is a domain in R*"". Likewise,
for functions w, » in L*(D), we denote (w, »), = [, w- if Disado-
main in R? and (w, v), = [, w- v if D is a domain in R*"". For func-
tions H,G in L*(D), we denote (H,G), = JpH:Gif Dis a domain in
rR? and (H,G), = [, H: G if D is a domain in R*"; recall the stan-
dard notation H : G = tr(H'G), where tr is the trace operator. We
define the volume inner products as

@)y, = > (ra
KeTy

(W, v)f/‘h = Z (Wv v)K7

(H,G),, = > (H,G),
KeTy

forr,q € [*(7}), w,v € [*(7}), and H,G € L*(7,
the boundary inner products as

Q)7 = Z (T, @ o

KeTy

(w, v>afh = Z (W, v) .

KeTy

<H7G>57, = Z (H, Gy

KeTy

). We also define

for r,q € [*(¢)), w, v € [*(&), and H, G € L*(&},).
2.2. Formulation

The point of departure for devising an HDG method is to define
a local solver which computes approximate solutions within each
element once a discrete approximation to u, say i, is obtained
on the boundary of every mesh element. However, we note that
the local Stokes problem on each element with a Dirichlet bound-
ary data is not solvable. Hence, to render our local solver well-de-
fined we introduce a new variable p, which approximates the
mean of pressure p on the element boundaries. Specifically, our lo-
cal Stokes problem on each element K is the following:

L-Vu=0, in K,

V-(—=vL+pl) =f, inK,

V.u=0, inK, 3)
u=1y, on JK,

P = P,

for the given pair (ity, py). It is obvious that this local Stokes prob-
lem is well-posed.

We first seek an approximation (Ly,u,,p,) € Yy x Vi, x Py, such
that for all K € 77,

Ly, G)g + (4, V - G) = (thy, Gn) o,

(VLn — pyl, Vo) + <(*V£h +p)n, v) 5 = (F, v)y, (4)
—(un, V@) = —(Up -1, q — Q)

Ph = Ph,

forall (G, »,q) € Py(K) x Py(K) x Pr(K). Here the numerical traces i,
and —VvL, + pyl are approximations to u and —vL + pl over 9K,

respectively. Furthermore, p,, is an approximation of the mean of
the pressure on the element boundary 9K. Note that (4) is nothing

but the DG discretization of the local Stokes problem (3). Note also
that the presence of g in the third equation of (4) is necessary to en-
force the identity (it - n,q — q),, = 0 for g € Py, since (4, Vq), =0
for q € ¥,

Next, we specify the numerical trace —vL, + p,I of the form

—VLy + pul = —VLy + pd + S(uy, — i) @ . (5)

Here S is the second-order tensor consisting of stabilization param-
eters. It has an important effect on both the stability and accuracy of
the resulting scheme. The selection of the stabilization tensor S will
be discussed in our numerical experiments given in Section 4. Let us
briefly motivate the choice of the above numerical trace. We want it
to depend only on (Ly, uy, py, 1), so that we can express (Ly, uy, py,)
in terms of (i, py). As we shall discuss in Section 2.3, this allows us
to eliminate all other variables to obtain a weak formulation in
terms of (i1, py) only.

By adding the contribution of (4) over all the elements, and
appending three suitably chosen equations, we arrive at the fol-
lowing problem: find an approximation (Ly,uy,p,, Uy, pr) € Ynx
Vi x Py x My(g) x ¥, such that

(Lh,G)yh + (u}nv : G)ih - <ﬂh76“>6fh =0,

0Ly =P VD), + (it ilnv) = (F.0),,.

—(uy, VQ) ;T (U -n,q— Dor, =

Ph = Pn, (6)
(=L + pal)m, ;4> -0,

< n lp>d/h - O

(P, 1), =0.

for all (G,v,q,u ) € Yn x Vi x Py x My(0) x ¥,. Note that the
Dirichlet boundary condition has been enforced by requiring that
u, € Mu().

Let us briefly comment on the three added equations. The first
enforces the continuity of the normal component of the numerical
trace of the total flux —vfh + prl on the interelement boundaries.
The second is needed for the consistency of the method and en-
sures that the velocity can be weakly, locally divergence-free. Fi-
nally, the third equation is just the average pressure constraint
and is needed for the sake of well-posedness of the method.

Let us briefly comment on the conservative property of our
numerical fluxes. We observe that i, is single-valued over &}, since
i, belongs to M,,. Furthermore, if (fvfh + pnI)n belongs to M;, then
the fifth equation in (6) simply states that [[(—vfh +pu)n] =0
pointwise over the interior faces &7; in other words, the normal
component of the numerical trace —vL, + psl is single-valued.
Hence, both @, and —vL, + p,lI are conservative fluxes according
to the definition in [1].

Let us briefly motivate the hybridization of the HDG method. At
first sight, the system (6) appears unattractive since it involves too
many unknowns. However, it turns out that by appealing to the lo-
cal solver (4) we can eliminate all the variables L;, u;, and p,, to ob-
tain a weak formulation in terms of (i1, py) only. After solving for
(i, pn), the approximate gradient, velocity, and pressure,
(Ly, upn, py), can be inexpensively computed in an element-by-ele-
ment fashion. Since i1, is defined on element faces and since py
is defined as a constant function on each element boundary, the
hybridization approach reduces significantly the number of the
globally coupled unknowns. This is precisely what we are going
to accomplish in the next subsection.

2.3. Characterization of the numerical trace i, and the pressure mean py,

We begin by introducing the specific local solvers. The first local
solver associates to f € L?(Q) the function Lf uf pf € (Yn, Vi, Pp)
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satisfying (4) when we set i1, = 0 and p;, = 0. The second local sol-
ver associates to n € M, the function (L}, u}, p}) € (Yy, Vi, Pp) satis-
fying (4) when we set f = 0, p, = 0, and 1, = 5. And the third local
solver associates to y € ¥, the function (L!,u},p}) € (Yn, Vi, Pn)
satisfying (4) when we set f =0,d, =0, and p, = y. More pre-

cisely, we have

. p}) = 2(f,0,0),
(L}, ul,pl) = £(0,n,0),
(Ly,u,,py) == 2(0,0,),

where # denotes the local solver (4) that maps (f,i,, py) into

(Ly, up, Pp)-
We next introduce the numerical traces

VLI 4 i = U 4 plL+ S @m),
—vL” +ppl = —VL] + piI+S(u} —n) ®n, (7)
—VLY 4 P/l = —VL! + p/1+S(u} o n).

We obtain the following auxiliary result whose proof is given in
Appendix A.

Lemma 2.1. For any y,u € My, and y € ¥, we have
~((—vif, +ﬁ£l)n,u>,_ﬂ =-(fu),,
= (VL L))~

=—(hu-m,,

+ <S u" ) (u;: - ”)>a7h7

8)
We are ready to state the characterization result.

Theorem 2.1. Let (Ly,uy, py, iy, py) be the solution of (6). We have
that

L, =L} +L,

u, =, +ul,

Py = P+ P} + P, ®
iy =4,

=20,

where (4,0) € (My(g), Py) satisfies

ah( )+bh( 7.") :gh(”)v v”th(0)7
bh(l//vi") =0, Vl/; € lj/h,

and

(P}, + P} +pi. 1), =0

Here the forms are given by

an(y, 1) = (VL] Llr:)efh +(S(upy —n), (uf — '“)>0zf,,’

ba(W ) = —(Yn, o), (11)
(w) = (f, uﬁ)f,17

forally e My, uc My, and y € ¥y,

Proof. We first note from (6) and (7) that (Ly, up, p,, i, pr) satisfies

L, =L +L,
u, = u{l +uﬁ,

Py =P, +Dpi+0.
i, = A,

ph:Q7

where (,0) € (My(g), P») is such that

(v + L+ L8 + B +5f +PIM ) =0, Ve My (0),
_<l'n5l/;h>i),7h :07 VI/; € qjhv
(Ph+pi+p. 1), =0.

(12)

The desired result then follows from Lemma 2.1 and (10)-(12). O

2.4. Existence and uniqueness of the numerical solution

A multi-valued tensor S is said to be positive-definite on a face F,
if both branches, S* and S, of S are positive-definite, namely,
(S*v,v); >0, Yo=0. (13)

When S is positive-definite on all faces of &, we say that S is strictly
positive-definite and indicate this by S > 0 on &.

With a strictly positive-definite stabilization tensor S we can
prove the existence and uniqueness of the HDG solution as follows.
We first need to prove the well-posedness of the local solvers.

Lemma 2.2. If the stabilization tensor S satisfies the condition
S$>0 onéy, (14)

we have that both (Lﬁ,u{l,pfh) and (L}, uf,p}) exist and are unique.

Proof. Substituting (7) into (49) we obtain

(L{,, G+ (U, V- >,< =0, (15a)
(—v +pln), v <Sufh, ”>m< = (f. o), (15b)
(uLVcDK =0, (15¢)
P} =0, (15d)

for all (G, v,q) € Py(K) x Pi(K) x P(K). Due to the linearity, finite
dimensionality, and to the fact that this is a square system, it is suf-
ficient to show that the only solution of the above system for f = 0
is (L7, u},pl) = (0,0,0). Indeed, taking G =L}, v=1, and q = p],
and adding the ﬁrst three equations, we get

(VEF, L) + (St 1) = 0.

This equation implies that I}, = 0 over the simplex K and that o, = 0
on JK since we assume S > 0. It thus follows from (15a) that

(Vid . G), =0, VG e Py(K).

Since 1 € P(K) the above equation implies V¥, is constant over K.
As a consequence, ui =0 over K since u';l =0 on OK. Hence, from
(15b) we have

(VPh, )¢ =0, Vo ePy(K).

Since pfl € Py(K) the above equation implies p£ is constant over K.
We thus obtain that pf = 0 since p} = 0. The existence and unique-
ness of (L}, u}, pj) can be shown in the same manner. This completes
the proof. O

Theorem 2.2. If the stabilization parameter S satisfies the condition
(14) we have that the solution (4,9) of the variational formulation
(10) given in Theorem 2.1 exists and is unique.

Proof. The existence and uniqueness of (4, 9) follows if we show
that the only solution of the problem (10) for f =0 and g =0 is
4=0and ¢ =0. In (10) we choose g = 4 and = ¢ and subtract
the first equation from the second one to obtain

(VL Lh) -, + (S(uy — 4), (uh — 4)),,, = 0.

As a consequence, we can conclude that L}
&p since we assume S > 0.

=0on Qand u} = Aon
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After a simple integration by parts, the Eq. (50a), with 7
replaced by /, now reads

(Vu;,G);, =0, VGe Yy

This implies that u}, is a constant on .7 ;.. As a consequence, 4 is also
a constant on & and, since A € M;(0), we must have that A =0 on
&p. Finally, we insert 4 = 0 into the first equation of (10) to obtain

<Q‘,#'n>(’),‘7,, :07 Vﬂ EMh(0)7
which implies ¢ = 0. This completes the proof of Theorem 2.2. O

As a consequence of Lemma 2.2 and Theorem 2.2, the approxi-
mate solution (L, uy, p,, il py) of the mixed formulation (6) exists
and is unique.

2.5. The general form of the numerical traces

We have shown how to eliminate (L;,u,,p,) to obtain a weak
formulation in terms of (i1, pp). The key elements are the local sol-
ver (4), the definition of the numerical trace (5), and the jump
condition

([(=VLy + pub)m], p),, =0, Ve My(0). (16)

Here we show that the HDG method can be formally stated by a for-
mulation in which the unknown variables are L;, u,, and p, only.
We proceed as follows.

First, we derive an explicit expression for the numerical traces
in terms of (Ly, u,, p,). By the choice of the space My, and assuming
that the stabilization tensor S is constant on each face in &}, the
jump condition (16) implies that

[(—vLy + pul)n] = 0,

Inserting (5) into the above equation, we obtain

on &).
[(—=vLy +pn] + S u} +S"uw, — (S*+S7)#, =0, on &).
Since both S~ and S* are positive definite, and S~ +S* is invertible
we obtain that, on &},
iy =(S +8")'(S"u (S +SH) '[(-vLy+pDn). (17
Substituting this expression into (5) yields on &7,
— VL + Pl =S7(S” +87)7' (—VLy + py1)
+S°(S +S) (=L, +p ) +S (S +ST) 'S [uyon].  (18)

Recall that since @1, € Mj,(g), on the boundary faces &9, we have

F4+STuy)+

uy = Fg, (19)
—VLy, + ppl = —VLy + ppl + S(uy, — Pg) @ m.

Thus, we can view the HDG method as: find an approximate solu-
tion (Ly, s, pp) € (Yn, Vi, Pp) such that

Ly, G) 7, + (U, V- G) 7, — (U, Gn), > =0,
(Wt PLVD) (DY) = 0), 20)
—(un, V), Th + (u 'nvq>af7h =0,

(ph7 )// =0,

for all (G, v,q) € (Yp, Vi, Py), where the numerical traces, &1, and
—vL;, + pul, are given by Eqs. (17)-(19).

Note that this is nothing but the weak formulation of the DG
method proposed in [12]. The spaces are also identical to ours but,
aswe pointed out in the Introduction, the numerical traces are differ-
ent. The difference lies in the definition of the numerical trace for the
velocity. Indeed, in contrast with our choice, the numerical trace of
the velocity used in [12] has two components: one for the first equa-
tion and another for the third equation. The one for the first equation

lacks the term involving the jump of the total flux and the one for the
third equation lacks the term involving the velocity gradient. This
subtle difference is responsible for the huge difference in the approx-
imation properties of the methods, as we are going to see in the Sec-
tion of numerical experiments.

2.6. Local postprocessing of the velocity

We use the local postprocessing proposed in [17] to obtain a
new approximate velocity, u;, of u, which may converge at faster
rate than the original approximation u,. We define the postpro-
cessed approximate velocity u;, on K e 7, as the element of
21 (K) such that

(vWu;,, Vo), = —(Ly, Vo),
(u, Vg = (U, 1)
To compute u; we need only to invert a matrix of size equal to the
dimension of 2,:(K) for each element K of the triangulation 77

Therefore, the postprocessed velocity is less expensive to compute
than the original approximate velocity.

Vv € Z1(K), (21)

2.7. Neumann boundary condition

Let us end this section by extending the method to the case
when the Neumann boundary condition (—vL + pl)n = gy is en-
forced in part of the boundary 09, 0Qy. First, we require that the
approximate trace 4, belongs to

My(g) = {pc My : p=g on 0Qp}, (22)
where 9Qp = 0Q \ 0Qy is the Dirichlet boundary. We then replace
the jump condition with

(VL + PN, ) o, = (8 Mogy, i € Mi(0). (23)

As a result, the bilinear forms a; and b;, of the weak formulation (10)
remain unchanged, while the linear functional ¢, is now given by

() = (F, wh) + (8> Wogy, Vi € Mi. (24)

Hence, in order to incorporate the Neumann condition
(-=VL+pI)n =gy on 9Qy we need only to redefine the space
M),(g) according to (22) and modify ¢, according to (24).

3. Implementation aspects of the HDG method

In this section, we describe in detail how to efficiently imple-
ment the HDG method via an augmented Lagrangian approach;
see [13] and the references therein. Towards this end, we introduce
a time derivative of the pressure into the continuity equation. In
this way, we can express the pressure in term of the velocity,
thereby eliminating the mean of the pressure from the local solver.
Thus, we arrive at a system in terms of the approximate trace of the
velocity only. The efficiency of this implementation strategy lies in
the fact that the new system has less degrees of freedom than the
original system which involves both the approximate trace of the
velocity and the mean of the pressure. Although the HDG method
can also be implemented by using the Uzawa method, we choose
the augmented Lagrangian method because it is more efficient
than Uzawa method for solving the saddle point system associated
with the Stokes problem. We refer to [13] for a detailed discussion.

3.1. Motivation of the method

The idea of the method is to introduce an evolution problem
whose limit, as time goes to infinity, is nothing but the solution
of the original problem. Let us show that for the continuous prob-
lem. For a given initial pressure p,ecl3(Q):={qe[*(Q):
(q,1), = 0}, the evolution problem is
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20O L7 u(t)=0. i

T Veut)=0, inQx(0,00), (25)
p(t = 0) = po, on 99,
where u(t) is a function of p(t) and defined as the solution of
L(t) — Vu(t) =0, inQ x (0, 00),

V- (=VWL(t) +p®O) =f,  in 2 x(0,00), (26)
u(t) =g, on 9Q x (0, 00).

The system (25) and (26) is the time-dependent version of the ori-
ginal problem (1).

We proceed as follows. We first set &(t) :=L(t) — L, 8"(¢)
:=u(t) —u and & (t) := p(t) — p, where we recall that (L,u,p) is
the solution of the steady-state original problem (1). It then fol-
lows from (25)-(26), and (1) that

LA v N ~

=+ V.-6" =0, in Q x (0,0), 27)
6p(t:0):p0_p7 on 897
where §* is a function of ¢° and defined as the solution of

St —vot =0, in Q x (0, 00),

—V -t =—v1V- (D), inQx(0,00), (28)
M =0, on 9Q x (0, 00).

Multiplying the first equation (27) by 6°(t) and integrating on Q, we
get

1d 50
ja“é I+© =0,
where || - || is the [*(Q)-norm and @ := (V - 8%, 7). It follows from

the equations (28) and integration by parts that
0 = (3", V- (31)g = —V(", V- () = v(V5",8") = V]| 8"

Now, by the equations (28), we have that &“(t) = v-'.7 (5" (D)]),
where .# := V(4)"'V.. Since . is a self-adjoint, strongly elliptic
operator, its smallest eigenvalue 4 is strictly positive and we can
write that

22
0=
\J
This implies that
1d
2dt
and, as a consequence, that
1P (8)]| < e 7(|0P(0)).

This shows that as time goes to infinity, p(t) converges exponen-
tially fast in time to p. It follows from this result and from the equa-
tions (28) that L(t) and u(t) also converge exponentially fast in time
to L and u, respectively.

12
197 +7||5p||2 <0,

3.2. Augmented Lagrangian approach

The augmented Lagrangian method we use is obtained by dis-
cretizing equations (25) and (26) in time by using the backward-
Euler method and in space by using the HDG formulation described
Section 2 for the spatial discretization. The main difference, how-
ever, is that the local problem is now given by

PO LV u(t) =0, in K x (0,00),

p(t = 0) = p07 on 61<7

L(t) — Vu(t) = 0, in K x (0, ), (29)
V- (=VL(t) +p(OD) =f, in K x (0,00),

u(t) = iy (1), on 9K x (0, 00).

Note that we no longer need to use the mean of the pressure pp(t)
since this is now a time-dependent problem.

Thus, we begin defining the iterative method by providing the
following initial guess for the approximate pressure pf € Py:

(Ph- D)7, = (P09 7, (30)

for all g € Py. Next, given a constant time step At and a pressure pj~!
for n > 1, we define the iterate p} € P, as an approximation to
p(nAt) such that

1 N 1
Kt (pz q),l/‘h - (u27 VQ)«/‘,, + <uz -m, q>(’)_7h = Kt (plr171 ’ q)’fh ’ (31)

Here the functions u} and @} are components of the function
(Ly, up,a?) € Yy x Vi, x My(g) determined by the equations

Lp,G),, + (U, V-G),, —(@,Gn), =0,

T,
(WL} + PIL V), + ((-VE§ + i, v>6ﬂ =5 (32)
((-—vLp+pom. ) =0,

ATy,
for all (G, v, u) € Y, x V), x Mj,(0), where
VLI + PPl = —VL} + pll 4+ S} —uf) @n  on AT (33)

Here L} and u are approximations to L(nAt) and u(nAt), respec-
tively. The system of Eqs. ()()()(31)-(33) is nothing but the back-
ward-Euler method for the temporal discretization and the HDG
method described in Section 2 for the spatial discretization of the
continuous equations (25) and (26).

3.3. Convergence to the original HDG approximation

In a similar manner as the exact solution, we show that as n
goes to infinity, (Ly,u, p}') converges exponentially in time to the
original HDG approximation (L,,uy,p,) introduced in Section 2.
The proof of the following result can be found in Appendix B.

Lemma 3.1. Let ot =L — Ly, 0" = ul —uy, V" :=p} —p, and
8" == u — iy, Then the error 8" := pl! — p;, satisfies

oz (19272~ 27 2) + @7 <, (34)
where
O = V(5" ") 7, + (S(6" = 5™, (5" = 05", (35)
It now follows from Lemma 3.1 and Section 3.1 that
52
G DA (36)

where 4, is an approximation to the smallest eigenvalue 1. We thus
obtain

1 _ 2

g (1917 = 1917 + 513371 < o, (37)
which yields

18271 < 6™|3% ]I, (38)

where ¢ := (1 +2/2At/v)""/2. This result implies that as n goes to
infinity, pj converges to p,. The same conclusion holds for the
remaining components of the approximation.

In practice, we stop the iterations when the relative error of the
pressure is less than a prescribed tolerance &, that is, when
N = Njer SUch that

||pziter _ pZimrl Hﬂ

- < ol (39)
P, °
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We note from (38) that n;., depends on the artificial time step At in
such a way that ny, decreases as At increases.

3.4. Characterization of the approximate solution

Having established that the iterates of the augmented Lagrang-
ian method converge to the approximation solution of the HDG
method of Section 2, we now show how to efficiently implement
the method. Towards this end, we begin by characterizing each
of the iterates by means of a hybridization technique similar to
that used to hybridize the original HDG method.

We first introduce three local solvers. The first local solver maps
F e }(Q) to (LA ul phaty e Y, x V), x Py satisfying

(Lf,At Gf.At) (qut )K _ 0
(V- (V™ + P, o) + (S ) = (FLv)g, (40)
&L ) - u,;“, Va) =0,

for all (G, w,q) € Py(K) x Py(K) x P(K). The second local solver

maps 7 € P to (L ufm™ prAy € Y, x Vyy x Py satisfying
(th LAt Gnh At)K + (ugh LAt v G)K _ 0

(V- (VL4 4 piy) gy <Su;"*m, v> (41)
O @) = (Y V) =& (T, 0).5,

for all (G, v,q) € Py(K) x Py(K) x Py(K). The last local solver maps
n €My to (LA, ul™ pi™) € Yy x V), x Py satisfying

K

Ly LG G+ (“va )K = »G'%K
(V- (VL™ + D), o) + (SUE™, 0) = (S, 0) (42)
(p;l,mv Dy — (Uh 7VQ)K =—(n-N,q)y,

for all (G, v,q) € Pr(K) x Py(K) x Py(K). Note that the local solvers
here are different from the ones introduced in Section 2.

The following theorem characterizes the numerical trace a}} as
the solution of a variational formulation. The proof of this theorem
follows almost directly from those of Theorems 2.1 and 2.2 and is
thus omitted here.

Theorem 3.1. Let (Lj,ul},p}, ) be the solution of (31)-(33). We
have that

n_ Lf,At n LPL’”At Lﬁ",Ar,
T Y (43)
ph = pf
up =",
where 4" is the only function in My(g) satisfying
() = B (i), Yue My(0). (44)

Here the forms are given by

Table 1
Implementation of the HDG method via the augmented Lagrangian approach.

N.C. Nguyen et al./Comput. Methods Appl. Mech. Engrg. 199 (2010) 582-597

ay' (. = (vL,";A‘, L)+ (S — ), (™
< h
At At
(o ),
1
(F, uy At)f,, T AL (Ph

for all y, u € Mj.

ﬂ)>6

G ph ) = ),

We note that the bilinear form aj* is similar to a, defined in (11)
of the HDG method of Section 2 except that aj‘ has an additional
term due to the pressure. Similarly, the functional ¢," has an addi-
tional term due to the pressure. These pressure terms result from
introducing the time derivative into the continuity equation.

3.5. Implementation considerations

The characterization result in Theorem 3.1 allows for an effi-
cient implementation of the HDG method, which we shall articu-
late as follows. First, for each element K € 77, we compute the
function (LI, uf ", p[*") by solving the local solver (40); the func-
tion (L, uf A‘,p}f A') by solving the local solver (41) for all ele-
ments ¢ of a basis of #,(K); and the function (L}, u?*, p!*") by
solving the local solver (42) for all elements n of a basis of
2(F), VF € OK. We then need to compute 4" for each time level n.

To compute A", we note that the matrix equation of the weak
formulation (44) is of the form

AA" =" (46)

where A" represents the degrees of freedom for 4". The matrix A
and vector " can be formed by the usual finite element assembly
procedure once the elemental matrices and vectors are computed
as follows.

Let p; € 2 ({F:FedK}), 1<i<N, where N=(d+1)dim
2(F), be the set of basis functions on the faces of the boundary
0K of an element K € 7. (Note that these basis functions are con-
structed from polynomials of degree k which are defined on the
faces of 9K.) The elemental matrix and vector are then given by

i A LAt ;i i, At
A = (L L) 0P+ (S — ) Y )
D:l{(.n

At AL

Dx
= () — 0o

1<ij<N,

1<i<N.
(47)

where (L4 uli™ p'Aty € Py(K) x Py (K) x P(K) is the solution of
the second local solver (42) on the element K for  := p;.

To verify the stopping criterion (39) we need to update the pres-
sure pp as

= PN (48)
where pf*, ph" "M and piAt are calculated from (40), (41) for
7, = pp~!, and (42) for y = 4", respectively. If (39) does not hold,

we increase n :=n+ 1, assemble the right-hand side of (46), solve
the system (46) for A", and update the pressure p} according to
(48). When (39) holds, we terminate the process and compute

Implementation steps

Step 1.
Step 2.

Given &g, pick At, and set p) =0 and n := 1

For all of K of 77, compute (¢, u:, pfA*) by solving (40); (L™,
and (LY,
Step 3.
Step 4.
Step 5.
Step 6.
Step 7.
Step 8.

Solve AA™ = ", where A" represents the degrees of freedom of 4"
Compute pj according to (48)

If (39) does not hold, set n:=n+1 and go to Step 4

If it does, compute (Ly, u}) according to (43) and stop

o
u,

uy, pi) by solving (42) for n = p; for all shape functions y; € /’k({F F € 0K}),
Calculate the elemental matrix AX according to (47) and form the stiffness matrix A by applying the finite element assembly procedure
Calculate the elemental vector F*" according to (47) and form the vector F" by applying the finite element assembly procedure

zp, Ar)

by solvmg (41) for m, =
<i<N

@; for all shape functions ¢; € 2¢(K), 1 <j < M;
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(Ly, u) from (43). The implementation of the HDG method is sum-
marized in Table 1.

Finally, we point out the degrees of freedom and sparsity struc-
ture of the discrete system (46), restricting our attention to the

case of a conforming triangulation 77, (no hanging nodes). It is

clear that the matrix A has a block structure with square blocks
of order equal to the dimension of (d+ 1)2,(F) for each face F.
The number of block rows and block columns is equal to the num-
ber of interior faces of the triangulation Ng. Furthermore, on each
block row, there are at most (2d + 1) blocks that are not equal to

Table 2
History of convergence of the HDG method for vt = h.
Degree k Mesh h™' [l — |7, [P = Pall7, [L—Ly -, [ —u]l7,
Error Order Error Order Error Order Error Order
0 2 3.40e—-0 - 1.16e—0 - 1.70e—9 - 3.81e-0 -
4 4.10e—0 —0.27 5.42e-1 1.10 1.33e-9 0.35 4.19e—0 —0.14
8 3.94e—0 0.06 3.41e-1 0.67 8.24e—-0 0.70 3.96e—0 0.08
16 3.87e-0 0.03 1.94e-1 0.81 4.60e—0 0.84 3.87e-0 0.03
32 3.85e-0 0.01 1.11e-1 0.80 2.54e-0 0.85 3.85e-0 0.01
1 2 1.45e-0 - 8.75e—1 - 7.33e-0 - 4.44e—-1 -
4 6.84e—1 1.08 2.69e—1 1.70 2.57e—0 1.51 9.34e-2 2.25
8 3.45e-1 0.99 7.34e-2 1.87 7.34e—1 1.81 1.39e-2 2.75
16 1.73e-1 1.00 1.86e—2 1.98 1.95e—-1 1.92 1.92e-3 2.86
32 8.65e—2 1.00 4.65e—3 2.00 4.99e-2 1.96 2.53e-4 2.92
2 2 3.20e-1 - 2.07e-1 - 1.97e-0 - 9.00e-2 -
4 8.23e-2 1.96 3.38e—-2 2.62 3.13e-1 2.65 8.09e—3 3.48
8 2.13e-2 1.95 4.59e-3 2.88 4.38e—2 2.84 5.51e—4 3.88
16 5.38e-3 1.98 5.86e—4 2.97 5.66e—-3 2.95 3.54e-5 3.96
32 1.35e-3 2.00 7.34e-5 3.00 7.15e—4 2.98 2.24e—-6 3.99
Table 3
History of convergence of the HDG method for vt = 1.
Degree k Mesh h! [l — gyl 7, [lp = pall7, [IL =Lyl 7, [l — |l 7,
Error Order Error Order Error Order Error Order
0 2 2.06e—-0 - 1.35e-0 - 1.47e-9 - 2.60e—-0 -
4 1.56e—0 0.40 5.75e—1 1.23 1.05e—9 0.48 1.67e-0 0.64
8 7.19e—1 1.12 4.82e—1 0.25 6.75e—0 0.64 7.46e—1 1.16
16 3.34e-1 1.10 2.66e—1 0.86 4.14e-0 0.71 3.40e—1 1.14
32 1.58e—-1 1.08 1.44e-1 0.89 2.45e-0 0.76 1.59%e-1 1.10
1 2 9.55e—1 - 9.36e—1 - 6.97e—0 - 4.17e-1 -
4 2.51e-1 1.93 2.87e—-1 1.71 2.34e-0 1.57 8.92e-2 2.22
8 6.61e—2 1.93 7.85e—2 1.87 7.48e—1 1.65 1.47e-2 2.60
16 1.62e-2 2.03 2.01e-2 1.97 2.08e—1 1.85 2.11e-3 2.80
32 3.98e-3 2.02 5.04e-3 1.99 5.51e-2 1.92 2.86e—4 2.89
2 2 2.31e-1 - 2.27e-1 - 2.12e—-0 - 9.53e-2 -
4 3.47e-2 2.74 3.77e-2 2.59 3.50e—1 2.60 9.98e-3 3.26
8 421e-3 3.04 5.10e-3 2.89 4.89e—2 2.84 6.79e—4 3.88
16 5.26e—4 3.00 6.50e—4 2.97 6.56e—3 2.90 4.56e—5 3.90
32 6.54e—-5 3.01 8.14e-5 3.00 8.49e—-4 2.95 2.96e—-6 3.94
Table 4
History of convergence of the HDG method for vt = 1/h.
Degree k Mesh h™! [l — |7, Ip = pnll7, IL —Lp]| 7, [l — il 7,
Error Order Error Order Error Order Error Order
0 2 1.51e-0 - 1.77e—0 - 1.32e-9 - 2.13e-0 -
4 1.11e-0 0.44 1.08e—0 0.71 8.78e-0 0.59 1.19e-0 0.84
8 5.30e—-1 1.07 2.32e-0 —-1.11 5.72e-0 0.62 5.45e—1 1.12
16 3.88e-1 0.45 2.53e-0 -0.12 4.76e—0 0.27 3.91e-1 0.48
32 3.44e-1 0.18 2.64e-0 —0.06 4.39e-0 0.11 3.44e-1 0.18
1 2 7.66e—1 - 1.09e-0 - 7.08e—0 - 4.45e—1 -
4 2.04e—-1 1.91 4.75e—1 1.19 2.88e—0 1.30 1.34e-1 1.74
8 5.67e—-2 1.84 2.00e—1 1.25 1.75e—0 0.72 3.83e-2 1.80
16 1.43e-2 1.99 9.25e-2 1.11 8.85e—1 0.98 9.80e—3 1.97
32 3.60e—3 1.99 4.39e—2 1.08 4.46e—1 0.99 2.49e-3 1.98
2 2 2.10e—1 - 2.84e-1 - 2.50e-0 - 1.14e-1 -
4 3.23e-2 2.70 7.20e-2 1.98 6.13e—1 2.03 1.96e—2 2.55
8 3.82e-3 3.08 1.62e—-2 2.15 1.40e—-1 2.13 2.33e-3 3.07
16 4.85e—4 2.98 3.68e-3 2.14 3.56e-2 1.97 3.03e—4 2.94
32 6.12e-5 2.99 8.65e—4 2.09 9.02e-3 1.98 3.89e-5 2.96
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Table 5
Comparison of the hybridized globally divergence-free LDG method [4] and the HDG method for vt = 1.
Degree k Mesh h ! Hybridized LDG method [4] HDG method
[l — |7, lp = pnll 7, lp = pnll7, [lu — |5, llu— gl -,
Error Order Error Order Error Order Error Order Error Order
1 2 7.30e—1 - 2.20e-0 - 9.36e—1 - 9.55e—1 - 6.41e—1 -
4 3.90e-1 0.93 1.30e-0 0.70 2.87e-1 1.71 2.51e-1 1.93 1.36e—-1 2.24
8 6.60e—2 2.50 7.30e—1 0.90 7.85e-2 1.87 6.61e-2 1.93 2.03e-2 2.74
16 1.40e-2 2.25 3.70e-1 0.97 2.0le-2 1.97 1.62e—2 2.03 2.76e—3 2.88
32 3.10e-3 2.10 1.80e-1 0.99 5.04e-3 1.99 3.98e-3 2.02 3.62e—4 2.93
2 2 2.90e-1 - 7.40e—1 - 2.27e-1 - 2.31e-1 - 1.22e-1 -
4 7.00e—2 2.00 2.40e-1 1.59 3.77e-2 2.59 3.47e-2 2.74 1.18e-2 3.38
8 1.20e-2 2.61 6.70e—2 1.86 5.10e-3 2.89 421e-3 3.04 8.08e—4 3.86
16 1.70e-3 2.71 1.70e-2 1.96 6.50e—4 2.97 5.26e—4 3.00 5.33e-5 3.92
32 2.40e—4 2.87 4.30e-3 1.99 8.14e-5 3.00 6.45e-5 3.01 3.42e-6 3.96

Fig. 1. Horizontal component of the original velocity (left) and the postprocessed velocity (right) for polynomial degree k = 1 (top), k = 2 (middle) and k = 3 (bottom) over
the original mesh ¢ = 0.
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zero. Hence, the size of the matrix A is N4 x N, where

4. Numerical experiments

We consider the Stokes problem whose exact solution coincides
with the analytical solution of the incompressible Navier-Stokes
equations obtained by Kovasznay in [14], namely,

u; = 1 — exp(/x;) cos(27x3),

u = 2)—71_ exp(/x;) sin(2mx,),

1 ,
pP=5 exp(24x),

where 2 =£ — ,/% +4m? and Re =1 is the Reynolds number. The
Kovasznay flow is also a solution of the Stokes problem (1) with
the source term f = —(u - V)u. We take Dirichlet boundary condi-
tions for the velocity as the restriction of the exact solution to the
domain boundary. Here the computational domain is Q = (0,2)x
(—0.5,1.5) and v = 0.1 so that the Reynolds number is Re = 10.

In our experiments, we consider meshes that are refinements of
a uniform mesh of 32 (h = 1/2) congruent triangles. Each refine-
ment is obtained by subdividing each triangle into four congruent
triangles. We say that the mesh has level ¢ (h = 1/2"") if it is ob-
tained from the original mesh by ¢ of these refinements. On these
meshes, we consider polynomials of degree k to represent all the
approximate variables using a nodal basis within each element,
with the nodes uniformly distributed. The numerical example

Fig. 2. Vertical component of the original velocity (left) and the postprocessed velocity (right) for polynomial degree k = 1 (top), k = 2 (middle) and k = 3 (bottom) over the

original mesh ¢ = 0.
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and meshes are taken from [4] to permit comparison. In all test
cases, the stabilization tensor S is chosen as

T 0
S:v(O r>7

where 7 is a positive constant function defined on &. In our imple-
mentation, we set &, = 107% for the error tolerance.

Below we present numerical results to assess the convergence
and accuracy of the HDG method. We first explore the effect of
the stabilization parameter 7 on the convergence of the HDG meth-
od and compare the results of the HDG method with those of the
hybridized globally divergence-free LDG method [4]. We then
demonstrate the effectiveness of the local postprocessing in
improving the approximate solution. Finally, we study the effect

of the artificial time step At on the condition number of the dis-
crete matrix and the required number of iterations.

4.1. Convergence of the HDG method

We first present the convergence results of the HDG method in
Table 2 for vt = h, Table 3 for vt = 1, and Table 4 for vt = 1/h. We
can clearly see the effect of the stabilization parameter 7 on the
accuracy and convergence of the numerical solution. In particular,
when the stabilization parameter is chosen as vt = h the approxi-
mate velocity converges with the suboptimal order k, while both
the approximate pressure and gradient converge with the optimal
order k + 1. On the other hand, when we set vt = 1/h the approx-
imate velocity converges with the optimal order k + 1; however, in

——
~—
—¢
—
f

K
;L
X

2K

Fig. 3. Streamline of the original velocity (left) and the postprocessed velocity (right) for polynomial degree k = 1 (top), k = 2 (middle) and k = 3 (bottom) over the original

mesh ¢ =0.
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this case, both the approximate pressure and gradient seem to con-
verge with order k. Setting the stabilization parameter to vt = 1, all
the variables converge at the optimal rate of k + 1. These results
indicate that the optimal value of the stabilization parameter is
in order of unity. It is interesting to note that the HDG method re-
sult in approximations which converge optimally for k = 0 when
vt = 1, while some other DG methods such as the LDG method
may not produce optimal convergent approximations in this case.
Moreover, the approximate rotational tensor W, := L, — (L;)" con-
verges with the same order k + 1 as L, for vt = h and vt = 1.

We next plot the approximate solution for different meshes
and polynomial degrees. Figs. 2-6 show the two components of
the approximate velocity and the streamline over the original
mesh ¢ =0 and the mesh ¢ =1 for different values of k=1, 2,
and 3. We see that the approximate solution can be significantly

improved by increasing the polynomial degree or refining the
mesh.

We now compare our results with those obtained the hybrid-
ized globally divergence-free LDG method [4]. We note that for
other DG methods such as the LDG method [4,12] and Bassi-Rebay
method [2,3] the approximate pressure, gradient, and vorticity
converge suboptimally with order k. To wit, we display in Table 5
the error and order of convergence of the hybridized globally
divergence-free LDG method and the HDG method with vt =1
for the same Stokes problem on the same meshes. The results from
this table are taken from [4]. We see that the approximate velocity
of the HDG method has considerably smaller errors than that of the
hybridized globally divergence-free LDG method although they
both converge with the same order k + 1. The approximate pres-
sure of the HDG method converges with order k + 1 (one order

R

AL E ¥ EA LT ¥ T

EA

FE

Fig. 4. Horizontal component of the original velocity (left) and the postprocessed velocity (right) for polynomial degree k = 1 (top), k = 2 (middle) and k = 3 (bottom) over

the mesh ¢=1.
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higher) and thus has significantly smaller errors than that of the
hybridized globally divergence-free LDG method. The postpro-
cessed velocity of the HDG method for k = 1 has roughly the same
magnitude errors as the approximate velocity of the hybridized
globally divergence-free LDG method for k = 2. These results indi-
cate that the HDG method can provide the same accuracy with far
less computational cost.

4.2. Effectiveness of the local postprocessing
The error and order of convergence of the postprocessed veloc-

ity are also displayed in Tables 2-4. For the case vt = 1/h the post-
processed velocity u;, appears to have the same order of

convergence as the original velocity uj. For the case vt = 1 we ob-
serve that u;, superconverges with order k + 2 for k > 1, which is
one order higher than ;. It is interesting to note that for the case
vt = h the postprocessed velocity superconverges with order k + 2
for k > 1, while the original velocity converges with order k only.
For k = 0, however, u;, converges with the same order as u in all
cases.

Furthermore, we present in Fig. 1 the horizontal component, in
Fig. 2 the vertical component, and in Fig. 3 the streamline of the
original velocity and the postprocessed velocity over the original
mesh ¢=0. We also plot in Figs. 4-6 the same quantities over
the mesh ¢ = 1. In all these of figures, we see a clear improvement
of the approximations as we increase from k =0 to k = 2. Most

Fig. 5. Vertical component of the original velocity (left) and the postprocessed velocity (right) for polynomial degree k = 1 (top), k = 2 (middle) and k = 3 (bottom) over the

mesh ¢=1.
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Fig. 6. Streamline of the original velocity (left) and the postprocessed velocity (right) for polynomial degree k = 1 (top), k = 2 (middle) and k = 3 (bottom) over the mesh

=1.

notably, the local postprocessing improves the approximation of
the velocity significantly for k =1 and k = 2, since the postpro-
cessed velocity uj, is clearly superior to the original velocity up.

4.3. Effect of the artificial time step

Finally, we examine how the artificial time step At affects the
condition number of the matrix A and the number of iterations re-
quired to reach the error tolerance &, = 10°%. (Recall that the solu-
tion procedure is started with zero pressure and terminated
successfully when the relative error of the pressure is less than
&w1.) We define the condition number ratio R as

c
(4 AtV (k+ 1)

where Cis the condition number of the matrix A. Here the condition
number is defined as the ratio of the largest singular value of A to
the smallest singular value, which are computed by a singular value
decomposition of A.

We report in Tables 6 and 7 the condition number ratio R and
the number of iterations for convergence, respectively, as a func-
tion of h and k for several values of At. In Table 6, we see that
the ratio R remains remarkably close to 1/2. As a consequence,
we have that the condition number of A is close to

%(1 + Atk + D2,
In Table 7, we see that the number of iterations for convergence is
relatively small and independent of the mesh size h and polynomial
degree k. Hence, the augmented Lagrangian approach is attractive
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Table 6
The condition number ratio R as a function of h, k, and At.

Degree kK  Mesh h™! Artificial time step
At=1 At=2 At=4 At=8 At=16

1 2 .54 .52 .50 .50 49
4 .51 .50 .50 .50 .50
8 48 A7 A7 A7 47
16 A7 46 .46 46 46
32 46 46 .46 46 46

2 2 .57 .54 .53 152 57
4 .52 .50 49 49 A48
8 49 A8 47 A7 A7
16 49 A7 A7 46 46
32 48 A7 A7 46 46

Table 7

The number of iterations required for convergence as a function of h, k, and At.

Degree kK Mesh h! Artificial time step
At=1 At =2 At=4 At=38 At =16

1 2 16 12 9 7 6
4 16 12 9 7 6
8 16 12 9 7 6
16 16 12 9 8 6
32 17 12 9 8 6

2 2 16 12 9 7 6
4 16 12 9 7 6
8 16 12 9 8 6
16 17 12 9 8 6
32 17 12 9 8 6

for solving the discrete Stokes system arising from the HDG
discretization.

5. Conclusions

In this paper, we present a hybridizable DG (HDG) method for
Stokes flow. We also use a local postprocessing to improve the
numerical approximations. The main features of our approach
and the results of our numerical experiments can be summarized
as follows.

e All the approximate variables converge with the optimal order
k+1 for an appropriate choice of the stabilization parameter,
which in our particular example is of order unity. The approxi-
mate solution can be postprocessed to yield a new approximate
velocity which converges with an additional order k+ 2 for
k > 1. Note that these results are only observed for smooth
problems.

e The approximate pressure and postprocessed velocity of the
HDG method using polynomials of degree k > 1 have accuracy
comparable to the approximate pressure and velocity of the
hybridized globally divergence-free LDG method [4] using poly-
nomials of degree k + 1.

e Although the global coupled unknowns are the approximate
trace of the velocity and the mean of pressure, the method can
be better implemented by using the augmented Lagrangian
approach since the mean of pressure is eliminated. Numerical
results indicate that the number of iterations required for con-
vergence is independent of both the mesh size and the polyno-
mial degree.

The extension of this work to the incompressible Navier-Stokes
equations constitute the subject of ongoing research. We end this
paper by pointing out that the a priori error analysis of the HDG
method presented here is provided in [10].

Appendix A. Proof of Lemma 2.1

Proof. We integrate by parts the local solver (4) to obtain

(Lﬁ'/ G + ("fh V-G) =0, (49a)

(V- (V] + i), 9)y + (~VE, + B+ — plm, w) = (. v).
(49b)

~ (], V) = 0,(49¢)
P} =0, (49d)

for all (G, v,q) € Px(K) x Py(K) x P¢(K) when we consider the data
(f,0,0). Similarly, we obtain

(L}, G)g + (uh, V- G)y = (1, GM) o, (50a)
(V- (VL + piD), 0) + ((~VEL + PJI+ VL, — pi)m, u>0K =0,(50b)
— (U, Vq) = —(n-1,q — Q)y. (50c)
Pl =0, (50d)

for all (G, »,q) € Pi(K) x P(K) x P¢(K) when we set the data to be
(0,,0). Moreover, we note that (L!,u},p}) = (0,0,) for the data
(0,0, ). The first identity in (8) can be derived as follows:

(A sl () - o)
— (V8] + pf1+ v, — pfDm, )
= (VL L), + (ul, VL)
- <vPrh’uﬁ) Th B <p’f7’” ' n>af,,

- <(—vifh + P+ VL), — pihn, ;4>

o7,

o7,

P
0Ty

by (50a) with 5 := g and G := vLﬁ. and (50c) with n := pand q := pfl
Then
—<(—vﬂ; + P, ,.> = —(fuf),, + (L L)

Th

+ <(—VI:€ +15£1 + VL — pfhl)"’ uj — ”>aih’

T,

by (49b) with » := u} and (49d). By (49a) with G := vL} and (50b)

with » := uf,

7<(fv[7,; +ﬁ’hl)n,y> =-

T,

T h

by (49¢) with g := p}, and (7). The second identity in (8) can be de-
rived as follows:

(L png) = (L), - (pheem),,
— (=L} + Pyl + YL}~ phim, )
= (LLLY),, + YV VL),
- (Vop ), = Prom-m),
- <(—vi.z + P+ VL] — pil)n, ;4>

0Ty

Ty

PR}
0Ty
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by (50a) with  := g and G := VL], and (50c) with y := g and q := p}..
Then

~((L+pm) = 0L,

o7

+ <(—vi.;’1 + P+ VL] — pihn, uf — ”>ar

Tk

= L), (S ) of — h),,

by (50b) with » := u}, (50d), and (7). Finally, the last identity in (8)
follows from the identity (L/,u!,p!) = (0,0,y). This completes the
proof. O

Appendix B. Proof of Lemma 3.1

Proof. We first note that
(62°.9), = (Po — P D).,

for all g € Py. Given the pressure error 87" for n > 1, we have from
(31) and (6) that 6" € P, satisfies

1

u {1 1 <p.Nn—
A0, = O VA, + (" ma),, = @), (51)

for all g € P,. Here (65",6;'", 5;;"”) is the element of Y;, x V), x M},(0)
such that

(6:".G),, + (", V-G),, — (5",Gm), . =0,

7

SL, n oL, p.n _
~(=V}" BV, + ((—vop" + 3 "Dm, v>d —0, (52)
((=ver"+o™mu) =0,

o7,

for all (G, v,q,u) € Yy x Vi x M(0), where

—ohT 4 P = —ysbt 4 P4 S(3LT — 5P @ on 0T
Taking q := 6" in (51), we obtain that

1 on  opn1 o
A—t(bﬁ" =" "), T O =0,
where 0} := —(5;", V&™), + Cra n,3;"),-,- Then application of
the Cauchy-Schwartz inequality yields

1 _
oz (198717 = 15" 1) + 6, < 0.

Moreover, by choosing G = vo;", » = o, and p = 6;;“” in (52) and

summing the three equations up, we obtain
On = V(3" 0™, + (S(OF" — Op™), (Op" — op™)

0Ty

The desired result follows from the last two equations. This com-
pletes the proof. O
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