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Il\levtvizz?e 169-189] to treat problems in which the differential coefficient is characterized by a large
Homogenization number of independent parameters. For the multiscale finite element method, a large num-
Reduced basis ber of cell problems has to be solved at the fine local mesh for each new configuration of
Finite element the differential coefficient. In order to improve the computational efficiency of this method,
Galerkin approximation we construct reduced basis spaces that are adapted to the local parameter dependence of

the differential operator. The approximate solutions of the cell problems are computed
accurately and efficiently via performing Galekin projection onto the reduced basis spaces
and implementing the offline-online computational procedure. Therefore, a large number
of similar computations at the fine local mesh can be carried out with lower computational
cost for each new configuration of the differential coefficient. Numerical results are pro-
vided to demonstrate the accuracy and efficiency of the proposed approach.

© 2008 Elsevier Inc. All rights reserved.

1. Introduction

Many real problems of fundamental and practical importance are multiscale, possessing several macroscopic phases or
dissimilar constituents. Typically, for two-scale problems, the microscopic component is dispersed as particles or inclusions
in a continuous matrix of the macroscopic component. Representative multiscale systems in mechanics are composite mate-
rials, porous media, sedimenting suspensions and fluidized beds, and turbulent phenomena in high Reynolds number flows.
Composite materials are used in a variety of applications such as aircraft industry, wind turbine blades, thermal insulators or
conductors. Fibrous porous media are encountered in groundwater transport [11], manufacturing applications [12], environ-
mental and filtration system [10], and biological processes [18].

We consider here multiscale problems that are modeled by elliptic partial differential equations (PDE) which have the
differential coefficients depending not only on the spatial coordinates but also on a large number of parameters. Such prob-
lems often arise in multiscale modeling and analysis in porous media and composite materials, where we would like to per-
form analysis of the porous flows for different permeability configurations or optimization/design of the composite
materials. These problems typically require repetitive simulations of the underlying PDEs for many different configurations
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of the differential coefficient as a function of the parameters. It is therefore of considerable interest to develop a dedicated
method for such applications.

The complete analysis of multiscale systems is an extremely difficult task. Direct numerical solutions of flow and trans-
port in porous media have been reported in the literature [2,7,32]. These results reveal detailed information of the physical
processes at all scales. Unfortunately, due to the enormous amount of CPU time and computer memory required to accom-
modate the scale of computation, direct numerical methods are not suitable for repeated simulations. From an engineering
perspective, the prediction of the macroscopic properties of the multiscale systems, such as thermal conductivity, elastic
moduli, and permeability, generally suffices. Therefore, many researchers focus on the development of techniques that cap-
ture the small scale effect on the large scales without resolving all the small scale features.

In [9], Cruz and Patera propose a parallel Monte-Carlo finite element (FE) procedure for the analysis of multiscale random
media. The original multiscale problem is recast as a sequence of three scale-decoupled subproblems in which the compu-
tationally intensive mesoscale subproblem is repeatedly solved by parallel nested Monte-Carlo and finite-element methods.
The multiscale FE method introduced by Hou et al. [15,16] has been successfully applied to multiscale elliptic problems. The
main idea is to construct FE basis functions which capture the small scale information within each element. The small scale
information is then transferred to the large scales through the coupling of the global stiffness matrix. Hence, the effect of
small scales on the large scales is correctly captured. The multiscale FE methods have the ability to solve multiscale problems
with accuracy comparable to the direct numerical simulation at the fine grid, while reducing the storage requirements quite
significantly. The multiscale FE methods are extremely efficient for solving problems for different source terms and boundary
conditions. However, when applied to solve problems for different media, the multiscale FE methods have the operation
count comparable to the direct FE methods. Other methods such as the multiscale finite volume method [17] and the mixed
multiscale FE method [8] suffer from a similar drawback.

In this paper, we introduce a multiscale reduced-basis method for solving a class of parametrized elliptic problems with
multiple scales. Our approach is based on the combination of the RB method [4,13,25,24,27,29,30] for parametrized (mono-
scale) elliptic PDEs and the multiscale FE method [15,16] for multiscale elliptic PDEs. The main idea of the RB method is to
represent the solution of parametrized PDEs by a small set of basis functions which is referred as reduced basis. The reduced
basis is constructed from a larger set of snapshots which are typically pre-computed solutions of the underlying PDE at se-
lected parameter points. The reduced basis is thus adapted to the local parameter dependence of the differential operator. As
a consequence, the size of the original problem can be significantly reduced since only a small number of basis functions is
typically required. We apply this RB recipe to treat the cell problem: first, we construct the reduced basis by using an adap-
tive sampling procedure introduced in [24]; we then perform a Galekin projection of the cell problem onto the reduced basis
space to obtain a reduced order model; finally, in order to efficiently evaluate the reduced order model, we implement the
offline-online procedure which splits the computational process into offline and online stages. The offline stage - performed
only once for generating the reduced order model - is typically expensive. However, the operation count of the online stage —
performed many times for simulating the reduced order model - depends only on the dimension of the reduced basis and the
parametric complexity of the cell problem.

When applied to multiscale parametrized elliptic PDEs, the RB method offers several attractive features. First, the method
results in a reduced model that may have significantly less degrees of freedom than the corresponding FE model for solving
the cell problems. As a result, the computational time for repeated solution of the parametrized elliptic PDEs with multiple
scales can be substantially reduced. Second, the method allows for a high resolution of the microscopic scale to achieve high-
er accuracy without increasing the online computational cost. Third, the method needs the same computer memory as the
multiscale FE methods. And fourth, like the multiscale FE methods, the multiscale RB method is highly parallelizable since
the computation on each cell problem is carried out independently. However, as mentioned earlier, its major drawback is
due to the computationally intensive offline stage. Fortunately, for certain problems in which the differential coefficients
have a similar parametrized form on each element, the computational cost of the offline stage is relatively small. The mul-
tiscale RB method is well-suited for such problems.

The remainder of the paper is organized as follows. In Section 2, we formulate the continuous problem and describe two
popular solution approaches, namely the homogenization methods and the multiscale methods. In Section 3, we describe the
RB method for rapid solution of parametrized elliptic PDEs with multiple scales. In Section 4, we discuss the results obtained
for a single phase flow through random porous media. Finally, in Section 5, we present concluding remarks.

2. Problem formulation and numerical methods
2.1. Parametrized elliptic PDEs with multiple scales

We consider parametrized second-order elliptic problems of the form
-V (gxpVu)=f(x) inQ, (M
where Q is a bounded domain in R%2 with Lipschitz boundary 9@, fis a source term; and g is a nonnegative scalar coefficient

which depends on ¥ = (x,y) € Q and u. Here u is a large set of parameters which take random values in some range. For heat
conduction in composite materials, u and g represent temperature and thermal conductivity, respectively. For single phase
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flows in porous media, u is the pressure and g = p/v is the ratio of the permeability p and the fluid viscosity v. In many cases,
g may be random or highly oscillatory in x, but vary quite smoothly in . Thus the solution of (1) displays a multiple scale
structure, but in general well behaves with respect to variation in u. For simplicity of presentation, we consider scalar dif-
ferential coefficients, although tensorial coefficients can be treated in a similar way.

We introduce some notation. First we denote by L?(Q) the space of square integrable functions defined in Q with inner
product

(W, v)y = / wyvdQ (2)
Q
and induced norm ||v||, = \/(v,V),. Then H'(Q) = {v € L*(Q) | Vv € (L*(2))*} is the Hilbert space with inner product
(w,v), :/Wv+VW-Vde 3)
Q

and induced norm ||v||, = \/(v, v),. Hy(Q) consists of functions in H'(Q) that vanish on dQ.
For simplicity of exposition, we assume that u = 0 on 8Q. The variational formulation is to seek u € H(€) such that

a(u,vip) = (v), Vv e Hy(@), (4)
where

aw,vi) = [ gxwTw- Vvde, )= [ fxvde, (5)

Q Q

A FE approximation uy, € X}, to u is then found as

a(un, v p) = £(v), WV € Xp, (6)
where X, € H)() is a FE approximation space of dimension V. The accuracy of the approximate solution u;, depends cru-
cially on the basis set {¢,,..., ®,} and the dimension N of X;,. For example, in the standard Galerkin FE method, basis func-

tions are piecewise polynomials. For such polynomial basis functions, an attempt of directly solving (6) would require N
extremely large in order to resolve the smallest scale € of the problem. The computational demands become prohibitive
as € — 0.

The deficiency of direct numerical simulation leads to the development of homogenization methods and multiscale meth-
ods which we briefly describe below. For notational simplification, we shall drop the dependence of g on g in the remainder
of this section.

2.2. Homogenization methods

To resolve the small scales, homogenization methods construct coarse-scale computational models in which small scale
variations in the coefficients of the governing PDEs are homogenized and upscaled to the macroscopic scale. This process is
often realized by making certain assumptions on the problem. In periodic homogenization, one assumes g(y) to be periodic
and smooth in the unit cubic Y = [0, 1], where y = x/¢ is the fast variable.

The homogenization theory [5] then states that the solution of (1) has an asymptotic expansion:

d *
U U X)€Y y(x/€) auaxgx) — €l (x) + O(€?), (7)

i=1

where the periodic functions y;(¥),1 < i < d, satisfy

=Vy - 8WVy;(¥) =Vy-gw)e, inY, (8)
and zero mean constraint for uniqueness

Here u* is the solution of the homogenized problem
-V.-g*Vu* =f, inQ, u*=0 onoQ, (10)

where the constant effective tensor g* is given by
g = [ sWle+ V)] edy. (11)

Note e;,1 < i < d, are the unit vectors. To account for the boundary condition u|,, = 0, the first order correction term u; is
found such that

*
W®  on o, (12)
Xi

d
~V g@/eViy =0, inQ =) yx/e)
i=1
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The detailed analysis of the asymptotic expansion (7) is given in [5,23]. Point-wise convergence of u* to u as € — 0 is ob-
tained under certain smoothness conditions. For L?(Q) convergence, the conditions can be weakened.

Numerical homogenization strategies prove very attractive for periodic structures. Unfortunately, in the non-periodic
case, although there still exist an homogenized problem and asymptotic expansion similar to (7), the effective tensor g*
is unknown a priori. Therefore, one cannot replace the original problem (1) with the homogenized problem (10).

Recently, Allaire and Brizzi introduce a multiscale FE method [3] for numerical homogenization of non-periodic elliptic
problems. Instead of assuming a constant value on the whole domain @, Allaire and Brizzi [3] suggest that the effective ten-
sor g* is constant in each cell and determined by solving a large number of cell problems. The RB approach has also been
successfully developed to compute the averaged coefficients for the homogenization of elliptic PDEs [6]. The basic idea is
to parametrize the cell problem and develop its reduced order model. Boyaval demonstrates in his paper [6] that the RB ap-
proach significantly reduces the computational time in comparison with the FE method, albeit at locally periodic settings
with piecewise affine oscillating coefficients.

2.3. Multiscale methods

Several multiscale methods such as the multiscale FE method [15,16], multiscale finite volume method [17], mixed mul-
tiscale FE method [8], and multiscale discontinuous Galerkin method [1] have been proposed for multiscale modeling and
analysis. In these methods, one does not alter the differential coefficients, but instead one constructs coarse-scale approxi-
mation spaces that reflect subgrid structures in a way consistent with the local property of the differential operator. More
precisely, the basis functions are computed as solutions of (a large number of) cell problems. This is in sharp contrast to the
standard FE methods which employ piecewise polynomials. Typically, the multiscale methods result in more accurate solu-
tion than the standard FE methods for the same number of degrees of freedom thanks to the more adaptive basis functions.
We briefly describe the multiscale FE method of Hou and Wu [15] to which we shall evaluate the performance of the mul-
tiscale RB method.

Let Q be a collection of elements @, 1 < k < K, with diameter < h such that Q@ = (J,x_,@* and @ N Q' = 0 for k=¢. Here K

Q

denotes the number of elements. In each element @k we introduce a set of nodal basis {¢¥.i=1,...,n.} with n. being the
number of nodes of the element, where ¢" satisfies
—V.gx)Vei=0, inQ ¢“=0" onoQ (13)

Here the functions ¢¥, 1 < i < n,, defined on Q¥ play the role of Dirichlet boundary conditions. To ensure the continuity of
the basis functions, we require that g% = ¢, 1 < i < n,, across all non-degenerate interfaces I'y, = 00X N aQ'. We then intro-
duce the FE approximation space

Y, =span{¢f : 1 <k <K,1<i<ne}, (14)

ki ki

where ¢} is a FE approximation to ¢
a(ul,v)y=1£(v), WevYy (15)

Since the basis functions are obtained by solving Kn. cell problems (13), the approximation quality depends on the choice of
boundary data ¢*. The simplest choice is to let g vary linearly along 8Q*. Another more appealing choice which often leads
to an improved accuracy is to assign % as the solution of reduced elliptic problems on each side of 8Q.

In [15,16], using the homogenization theory discussed earlier, it was shown that

. The multiscale FE method now seeks u! € Yy, such that

lu — ulll; < Cih|fll; + Cale/h) (€ < h) (16)
and
lu—ulllo=O(h* +€/h)  (e<h). (17)

The results imply that u! converges to the correct homogenized solution in the limit as € — 0 in both H'(Q) and L*(Q2) norms.
However, they also reveal the resonance effect between the grid scale h and the small scale € of the problem, i.e., the multiscale
FE method attains a large resonance error in both H'(2) and L?(Q) norms when h and € are of the same order. To reduce the
resonance effect caused by the boundary layer thickness of order O(€), Hou and Wu [15] introduce an over-sampling technique
which constructs the basis functions on a sampling element of size greater than h + €. For a detailed discussion of the multi-
scale FE method, we refer the reader to [15,16].

2.4. Computational cost

We comment on the computational cost of the multiscale FE method (MsFEM) by Hou et al. [15,16] in comparison with
the standard FE method using linear basis functions (LFEM). Our remark also applies to other methods such as the multiscale
FE method of Allaire and Brizzi [3] and the multiscale finite volume method [17], since these methods have a similar cost as
MSsFEM.
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To facilitate the discussion, we assume that Q = [0, 1] and that the domain is decomposed into linear rectangular ele-
ments. We denote by L the number of intervals in the x- and y-directions. The total number of elements at the coarse grid
level is thus K = L x L. To compute the basis functions, each element Q" is divided into M x M subcell elements. Thus, the
mesh size is h = 1/L for the global problem (15) and is H = h/M for the cell problems (13). The total number of elements
at the fine grid level is LM x LM. Note that the number of degrees of freedom is in the same order as the number of elements.

To make a fair assessment, we consider two distinct cases: (i) solving the original problem (1) for n, different source terms
and boundary conditions, and (ii) solving the problem (1) for n,, different media. We show the computational cost of LFEM
and MsFEM in terms of both memory requirement and CPU time in Table 1 for Case (i) and in Table 2 for Case (ii). It is as-
sumed that the computational cost of both methods scales linearly with ns and n,,. The exact value of the constant y depends
on the solver used and on the sparsity of the stiffness matrix. For instance, in the case of LFEM, sparse-matrix iterative solv-
ers typically incur O(N) cost per iteration, and the number of iterations itself depend on the condition number of the matrix.

It is clear that MSFEM significantly reduces computer memory in both cases. Hence, MSFEM can solve much larger prob-
lems than LFEM. As regards the CPU time, in Case (i), the operation count is O((LM)™) for LFEM and O(n.L‘M™ + n,L%) for
MsFEM. Note that MsFEM requires O(n.L°M"?) for pre-computing the bases and the stiffness matrix, then all the subsequent
calculations take only O(n;L") since we no longer need to compute the bases and the stiffness matrix. Therefore, MSFEM
proves quite efficient for problems with multiple source terms and boundary conditions and the efficiency gain increases
with ns. However, in Case (ii), MSFEM is as computationally expensive as LFEM, because the bases and stiffness matrix have
to be constructed anyway for each new medium.

3. Multiscale reduced-basis method

In this section, we consider solving parametrized elliptic PDEs with multiple scales by means of model reduction. First we
continue Section 2.3 to introduce the multiscale FE approximation upon which our multiscale reduced basis approximation
is built. We then discuss the development of the multiscale reduced basis method (MsRBM) and associated a prior conver-
gence analysis. Finally, we describe the detailed implementation and analyze the computational cost.

3.1. Multiscale finite element approximation

Let ¢* € H' (€2%) be functions satisfying the boundary conditions in (13). The solutions of the cell problems (13) can be
found as

¢(m) = PN+ @M, T<k<K1<i<ne, (18)
where y*(u) € Hy(2¥) is the solution of
a (" (w), vim) = fMi(v;m), Vv € Hy(2Y). (19)

Here the forms are given by

a“(w,v;p) = /kg(x;y)Vw~Vvdx, 1<k<K,
@ (20)

fivim) = - / gx; V- Vvdx, 1<k<K1<i<n..
Q(

Note that the bilinear forms a*, 1 < k < K, are symmetric positive-definite.
In each element @, we consider a triangulation, T, which consists of non-overlapping elements with diameter < H such
that @* = (J;,, T. We introduce the FE approximation spaces

Table 1

Comparison between LFEM and MsSFEM: memory requirement and CPU time for solving the problem (1) for different source terms and boundary conditions
Cost LFEM MsFEM

Memory oLm?) o(L! + M%)

CPU time 0(ns(LM)™) O(neL*M™ 4 ngL')
Table 2

Comparison between LFEM and MsFEM: memory requirement and CPU time for solving the problem (1) for different media

Cost LFEM MsFEM

Memory o((ImM)?) o(L* + M%)

CPU time O(nm (LM)™) O(1m (L' + neL?M))
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Wk = {ve Hy(@"|v|; e Py(T), YT € T;}, 1<k<K, (21)
where P (T) denotes the space of linear polynomials over T. The FE approximation y(u) e W,k, is then found as

a (Whi), viw) = fA(v;m), Wve Wk (22)
We define an associated FE approximation space as

Yi(u) = span{zz)’,f,i(y) 1 <k<K 1 <ig<ne}. (23)

Here ¢ (1) = y¥ () + @k, where @& € WY is just the L?(Q) projection of @* onto W¥,.
Finally, the multiscale FE method seeks u! € Yy(u) such that

a(ul (u),v;p) = 4(v), WvE Yn(p). (24)

The convergence properties of u! have been discussed in Section 2.3. In the next section, we describe the multiscale reduced
basis method.

3.2. Multiscale reduced-basis approximation

As the point of departure for our development of MsRBM we assume that we are given K samples S}‘ ={WeD,1<j<]J},
1 < k < K of ] parameter values and associated snapshot sets { (), 1 <i < ne}le, 1 < k < K, where y¥(4) is the solution
of (22) for u = u¥. Next, for each k, we apply the proper orthogonal decomposition (POD) [19,31] to compute the basis set
{C’,;,l < n < Npa} from the snapshot set {n,b’;,i(y"f),l <i<ne,1<j<J}, where we note that Np.x = neJ. The POD method is
well known and given in Appendix for reference. We then define our nested RB spaces as

Wk =span{¥,1<n<N}, 1<N<Npax. (25)

In general, the construction of our nested RB spaces W¥, amounts to compute Ny, K solutions of (22) at the fine local mesh.
However, for certain problems in which the parametrized function g(x; u) has a similar form on all elements Q, we need only
to compute Np.x solutions. We shall return to this point when we discuss the computational cost in Section 3.4 and the
numerical results in Section 4.

In order to solve the parametrized multiscale elliptic problem (1) for any given u, we proceed as follows. First, we deter-
mine the RB approximations yX(u) € W to y¥(u) € WX from

a“ (W), v; ) = fAvim), WweWE1<k<K1<i<ne. (26)
This is essentially a Galerkin projection of (19) onto the RB space W¥. We then define our global FE approximation space as

Zn(w) = span{yli(w + @l : 1 <k <K1<i<ne}. (27)
Of course, Z,(u) has the same dimension as Y, (u). Finally, the multiscale RB method seeks uZ(u) € Z,(u) such that

aé(p),v;n) = L(v;p), YV E Zu(p). (28)

Clearly, uZ(p) is an approximation to uj (u) since X (u) is nothing but the RB approximation of ¥ (u).

Some remarks about MsRBM are in order. First, the main difference between MsRBM and MsFEM lies in the approxima-
tion spaces used for the cell problems. Here the RB spaces span pre-computed solutions of the underlying equation at some
parameter points. Owing to this property, ¥ (u) converge rapidly to ¥ (u) as the RB dimension N increases. In fact, exponen-
tial convergence of the RB error with respect to N can be proven for a simple one-parameter case [20]. As a result, N is typ-
ically chosen very small to achieve the desired accuracy. Second, as demonstrated in [26,29], the RB convergence rate does
not depend on the dimension of the FE space W¥. This means that we can choose this dimension “arbitrarily” large to in-
crease the accuracy at no detriment to (online) performance. Third, suppose that the space Z,(u,4) is already constructed
for some p,,, and that later we want to solve the problem for u = p,.,, Whereby g(x; u,,4) and g(x; u,,,) only differ in Q*, then
we solve (26) for this particular element to update Z,(u,.,, ). Of course, MsFEM can also update Y (p,.,,) in the same way. This
renders both MsRBM and MsFEM efficient for problems whereby the differential coefficient varies only in a local small region
of the physical domain, since in this case we only need to recompute the reduced basis for the cell problems in the local
region.

Fourth, and finally, as it is well known for coercive elliptic problems [25,30] that we can develop a posteriori error esti-
mator A (u) such that

IR () = Vi ()l < AN (), VaeD. (29)
where

A = 1 sup "),
@ R ol
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Here &*(u) is the lower bound of the coercivity constant o(u) defined as

. od(v,v; ak(v,v;
o) = inf TUYB) iy — sup TV, 31)
vewsy [Vl vewl, (VI
and r¥i(v; u) is the residual given by
(v p) = fA(v ) — a (N (), vim), Vv e Wi, (32)
It can be easily shown that
ki k
AW JEW N1 e, (33)

AR A O

Hence, the error estimator is sharp and rigorous for the true error, and thus important for certification of the RB
approximation.

Moreover, the error bound can also play an important role in adaptive sampling procedures to optimally select the sample
points SF = {u¥ € D,1 < j <J} as we briefly describe: given a (random or deterministic) parameter point 5’1‘ = {p*}, we com-
pute Wy = span{yji(#1),1 < i< ne}; forj=2,....J, we find p¥ = arg max,cpmaxicn 45 _; (), set Sf = St ; U p¥, and update
W;’i, = Wf‘v,l + span{y(u¥),1 < i< ne}. In essence, we find and include the parameter points which maximize the error
bounds. The well-selected sample set will in turn ensure rapidly convergent and well-conditioned RB systems. Note that
in the course of pursuing the greedy sampling procedure, we work with the hierarchical Lagrange basis and only apply
POD on the Lagrange basis to obtain the POD basis at the end of the procedure. The justification for using the POD basis
is that most energy/information of the Lagrange basis is captured in a number of leading POD basis functions, which may
then lead to an improved reduced order model. Further details on the a posteriori error estimation and adaptive sampling
procedure can be found in [24].

3.3. A priori convergence and error estimates

The a priori convergence of Galerkin approximations for coercive elliptic equations is classical. In fact, it is standard to
demonstrate optimality of y(u) in the sense that

B : i
akE:; v;Bv\f/ﬁ [ () — VNl - (34)

Ik (1) = YN (), <

This statement demonstrates the convergence of 1//l,f,i (1) — Y () in the limit Wf‘v — W’,‘,. It follows that for any ¢ > 0, there
exists an integer N(¢) such that

g () = W (W)l <& YN = N(e), VueD. (35)

In practice, as mentioned earlier, ¥ () converges very rapidly to y¥(x) with N. Exponential convergence can be theoretically
shown for one-parameter model problem [20] and typically observed for multi-parameter problems [29].

The rapid convergence of RB approximations is important since it allows us to obtain the a priori error estimates for the RB
solution u# as obtained for the multiscale FE solution u. Let us formally put the result in the following lemma:

Lemma 1. Let u(u) be the solution of (1) and uZ(u) be its approximation computed by using MsRBM. Assuming that
Hl//lﬂ(ﬂ) — W’ﬁ(ﬂ)”wg — O0forallue Dfor1 <k <Kand1 <i< ne Then there exist positive constants C; and C,, independent of €
and h, such that

lu(g) — ()l < Cihlflo + Ca(€/h)E (€ < h), (36)
and, moreover,
() — uf(w)lg = O(h* + €/h) (€ < h). (37)

3.4. Numerical implementation
In this section, we develop the offline-online computational procedure [25,27,30] that allows us to efficiently compute

uZ(u). We consider here elliptic problems with affine parameter dependence. Let gk(x; u) be the restriction of g(x; u) on the
element Q*. We suppose that for some finite (preferably small) integer Q¥, g may be expressed as

Qk
g (xm) = 2 O (WGy (), (38)
=

where forg=1,...,Q% @’;(y) depends only on g and G"; (x) depends only on x. Then the bilinear forms and linear functionals
defined in (20) can be written as
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k(w,v; p) = Z@" )ak(w,v), 1<k<K,
(39)

k
fAiw =) 0gwfi(v), 1<k<K1<i<ne,
q=1

where

q

ag(w,v) = / Gix)Vw-Vvdx, 1<q<Q"
4 (40)
fw) / Gi®) Vol vvdx, 1<r<Qt.

It is important to note that the a’; and fé" are independent of u. The MsRBM method can be easily extended to treat nonaffine
parameter dependence; see [4,24] for a detailed discussion.

We now describe the computational procedure. Since z//’,‘vi( ) € W,"V = span{c < n < N}, we expand it as
N
() =D i, (41)
n=1

where cki(u), 1 < n < N, are RB coefficients which must be determined. We then choose for test functions v = C’,‘n, 1<m<N,
and insert (41) into (26) to arrive at the desired linear system for c¥(u) = [cki(n), cki(), ..., cki(u)]" € RY as
A ()" (w) = F(n). (42)

Here A*(u) € RMN is a SPD matrix with entries A*, (u) = a*(¢X, % ; 1), 1 < n,m < N, and Ft(u) € RY is the vector with entries

Fi() = fR(c%: ), 1 < N. Since A¥(p) is full, inverting it will take O(N3) operations and the multiplication of the inverse of

Ak(u) with F¥(n), 1 < i < ne, takes O(n.N?). Therefore, the computation of c¥(u),1 < i < ne, takes O(N*> + n.N?) operations.
Next, we invoke the affine decomposition (39) and (40) to write

Ak Z @k Ak

(43)
Fla Z @k
where Af € R™N, 1 < g < Q" and Fff e RY, 1 < g < Q", are given by
AZmn = ag(d;d:—,% T1<nm<N, "
FO =), 1<n<N.

We note that these quantities do not depend on u and can therefore be pre-computed offline.
It remains to assemble the global stiffness matrix and right hand side for (28). To this end, we note that on each element
QF the elemental matrix EX(u) € R"*" and vector e(u) € R" have entries

Byt = [, &V (i) + 0f) -V (0 + 0 Jax. ekt = [ r (vl + of)ax (45)
for 1 <i,j < ne. Inserting (38) and (41) into (45) and noting from (40), we obtain

k
Ef () = O () (¢4 ()" AL () + 269 (u)BY + CI7), e () = c4'(w)"L* + DY, (46)
q=1

where for 1 <k <K, 1<i,j<ne 1<q<Q Bl e RV, L € RV, C¥ ¢ R, and D" € R have entries
By = /Qk Gy(®)V, - Volidx, 1<n<N,
= kf(x)djdx, 1<n<N,
o
ci - /Qk GEX) Vol - Vollds,

- [ Sliax
Q
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Finally, we assemble the elemental matrices EX(x) and vectors e*(u), 1 < k < K, to form the algebraic system of equations
associated with (28). We summarize the computational process in Table 3.

The operation count of the offline stage includes the computational cost of the adaptive sampling procedure outlined in
Section 3.2, NiaxK solves of (22), the POD procedure for K snapshot sets of size Nyax, and O(KQNmaX) inner products. Here Q is
the maximum of Q,1 < k < K. The offline stage is thus computationally intensive, but performed only once. However, for
problems in which @ and gk(x; i), 1 < k < K, are all the same, we only compute the offline quantities for any particular ele-
ment and apply the results to other elements. As a result, the offline cost is reduced by a factor of K in such case.

The operation count of the online stage includes O(K(QN? + n.QN)) to form Ak(x) and Fl(u), 1<k <K,1<i<ne,
O(K(N* +n.N?)) to compute cki(u), 1 <k <K,1<i<n, OKQN*+n.KQN) to compute E¥(u) and e*(u), 1 <k < K, “and
O((Kn.)")) to solve the global lmear system for u(u). The online complexity is thus O(K(N®+ n.N*+ QN>+
1ne.QN) + (Kn.)"). The computer memory required is O(N°> + QN? + QN + Kn.).

The crucial point is that once the offline stage is done, we can perform repetitive simulations of the underlying multiscale
PDE for a wide variation of the differential coefficient with an affordable computational cost. To make the point more precise,
we turn back to our discussion of the computational cost in Section 2.4. We assume that @ = [0, 1] and that the domain is
decomposed into L x L linear rectangular elements. Each element is further divided into M x M subcell elements. We further
assume that the Q is O(1) and that O(L™) is small relative to O(n.L°M""). Then the computer memory and operation count for
LFEM, MsFEM, and MsRBM are tabulated in Table 4. We note that while the memory requirement is similar, the ratio of the
operation count between MsRBM and MSsFEM is

neM®
N
Therefore, MsRBM is efficient and thus relevant only when N? is small relative to n.M®.

KMSsFEM/MsRBM =

4. Numerical application
4.1. Problem description

In this section, we apply the multiscale reduced-basis method to steady state single phase flows through random porous
media of the form (1). We consider Q = (0,1) x (0,1), u =0 on 8@, and f = 1. This is a model of flow in an oil reservoir with
uniform injection into the domain and outflow at the boundaries. A uniform finite element mesh is constructed by decom-
posing Q into L x L rectangular (actually square) elements. The number of cell problems is K = L x L. The multiscale methods
further subdivides each element into M x M subcell elements. We note that h = 1/L and H = 1/M. For simplicity, linear
boundary conditions are used in the cell problems. Reference solutions are computed on the well-resolved mesh of
LM x LM elements using the linear finite element method.

The permeability field g(x; ) is defined on a 72 x 72 grid over the domain @ as shown in Fig. 1(a). For each grid cell, the
value of g may vary randomly in the interval [0.01, 1]. The problem thus has P = 72% = 5184 parameters for the parametri-
zation of the permeability field and u € D = [0.01,1]". We fix LM = 720 which corresponds to 100 elements per parameter
grid cell. This resolution is fine enough to serve as a reference. We consider L = 18,24, 36, and 72. We note that the elements

Table 3
A flow chart for implementation of MsRBM

Offline stage
For each element Q, 1 < k < K, we do only once:

1. Perform the adaptlve sampling procedure (see in Section 3.2) to compute the sample set S" = {pj eD,1<j<]}

2. Solve the discrete cell problems (22) for {yM ( ), 1<i<ne,1<j<]J}

3. Apply POD to compute {( }N“‘ax from the above snapshot set

4. Compute and store Ak € R”XN Fki e RN from (44), B € RY, [¥ € RV, CiY € R, and D" € R from (47) for 1 <i,j <ne,and 1 <q<Q

Online stage
For each new p € D, we compute u () as follows:

1. Assemble A¥(x) € RN and F"’(p) e RN, 1< k<K, 1<i<ne, from (43)
2. Solve (42) for c¥i(u) e RN, 1 <k < K,1<i<ne

3. Compute E*(u) € R™*"™ and ek(u) € R™, 1 < k < K, from (46)

4. Form and solve the global linear system

Table 4
Comparison of LFEM, MsFEM,and MsRBM: memory requirement and CPU time to solve the parametrized problem (1) for different value of u
Cost LFEM MsFEM MsRBM
Memory o((ILM)?) o(L* + M%) O(N? +L%)

d

CPU time o((LM)™) oL + neLM™) O™ + LYN® + (Q + ne)N?))
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Q% 1 < k < K, are identical and that the differential coefficient g(x; u) has a similar form in all elements. Therefore, all the cell
problems can now be recast in the reference element Q¢ = [0,1/L] x [0, 1/L] which consists of (72/L) x (72/L) grid cells. Fur-
thermore, these cell problems have P = (72/L) x (72/L) parameters, (uf,..., @5 ), which reside in a parameter space
Drer = [0.01, l]P"ef. In summary, each the cell problem has

1 if xeRy,

48
0 otherwise, (48)

05~ Ghiw - {
where for 1 < q < Qrer = Pref ,u’g € [0.01, 1] and R, correspond to the regions associated with the respective cells as indicated
in Fig. 1(b). Therefore, we need only to compute and store Ak € R"", B ¢ RV, L} € RY, ¥ e R, DV e R, and FieRY,
1 <1i,j < ne, 1 <1 < Qg for the reference element Q . In this way, the computational cost of the offline stage is reduced
by a factor of K.

We consider four different random realizations of the permeability field. The first realization g, is normal distribution
with mean 0.5 and standard deviation 0.15. The second realization g, is log-normal distribution calculated from
0.025 x 10"®, The third realization g; is independent and identically distributed (i.i.d) uniform distribution in the interval
[0.01, 1]. And the fourth realization g, is i.i.d normal distribution with mean 0.5 and standard deviation 0.15. These random
fields are shown in Fig. 2. The first realization is generated using a spectral method [28]. At each spatial point in the 72 x 72
grid, the value of g, is given by the sum of 72 Fourier modes with low to high frequencies, which are uniformly distributed
random phases in the interval [0, 27]. The shortest wavelength of this random field is thus 1/72 and it is well resolved on the
720 x 720 grid since there are 11 nodes per shortest wavelength. However, the shortest wave length is not resolved on the
L x L grid as we consider L < 72. The last two realizations are spatially uncorrelated uniform random field and Gaussian ran-
dom field, respectively. We note that the four realizations of the permeability fields are stationary random fields and that the
Gaussian random fields g, and g, are generated such that they take values in [0.01,1.0].

Below we present numerical results obtained with using LFEM, MsFEM, and MsRBM. We assess the accuracy of the meth-
ods with the error measure

B llur () — uh(l‘)HLZ(.Q)

En(n) = [ur()ll 2 0) -

Here the subscript r refers to the reference solution and the subscript h denotes computed solutions. All calculations are
implemented and performed in Matlab® environment.

4.2. Numerical results

We first look at convergence of the RB approximation for the cell problems. To develop FE approximation for the cell
problems, we use classical P1 Lagrange finite elements on a quadrangular and uniform FE mesh shown in Fig. 1(c). The
RB convergence is performed for a random sample Z** of size n ** = 1000 over the parameter domain D.f. We define
the maximum error as

en™ = max  max_ [ (peer) — Wi (Brer) i g (50)

test

1<i<ne p rcE

Here i (#er) and g/ (p of), 1 < i < 7, are the FE solutions and RB solutions of the cell problems, respectively.

We present in Fig. 3(a) the maximum error, gy, as a function of N for L = 36 corresponding to the parameter domain D¢
of P ¢ = 4 parameters; Fig. 3(b) and (c) provide the same quantities for L = 24 (P, = 9) and L = 18 (P, = 16), respectively.
We observe that the RB approximation converges very rapidly (exponentially with the RB dimension N). Note that the rate of

Riz | Ria | Ris | Rie
Ro | Rio | Rt | Riz
Rs| Re | R7 | Rs
Ri|R2| R3 | Ra

1L

1L

o] 0.2 04 " 06 0.8 1

Fig. 1. The porous media flow problem: (a) permeability grid of 72 x 72 cells, (b) reference cell element Q¢ = [0,1/L] x [0,1/L] of Q; = (72/L) x (72/L) cells
(for L = 18), and (c) FE mesh on Q.. Note that our cell problems are formulated on Q.f which depends on the upscaling dimension L.
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Fig. 2. Four different random realizations of the permeability field: (a) normal distribution, (b) log-normal distribution, (c) i.i.d uniform distribution, and (d)
i.i.d. normal distribution. The first two realizations are generated using the spectral method.

convergence decreases with L since the number of parameters increases by a factor of 4 when we decrease L by a factor of 2.
As a result, the number of snapshots and basis functions required to achieve the desired accuracy also increases as L
decreases.

We next present in Table 5 the relative errors in L*(2) norm obtained using the various methods for the normal distri-
bution of the permeability shown in Fig. 2(a). We see that the errors decreases as L increases (h decreases). For small values
of L such as L = 18 and L = 24, the errors of using the multiscale methods is almost one order of magnitude smaller than the
error of using LFEM. We next give in Table 6 the results for the log-normal distribution of the permeability shown in Fig. 2(b).
The results indicate the same trend of convergence observed in Table 5: the errors are reduced with increasing L.

We further present the errors in Table 7 for the i.i.d. uniform distribution of the permeability (in Fig. 2(c)) and in Table 8
for the i.i.d. normal distribution of the permeability (in Fig. 2(d)). We see that different from the two previous cases, the er-
rors of using the multiscale methods initially increases as h decreases. This trend reverses when h becomes closer to the
smallest scale of the problem. In the third case, the errors of using the multiscale methods have the same order of magnitude
as the errors of using LFEM even when L is small. We note that the errors in the third case converge slower than those in the
other cases. This is because the i.i.d uniform distribution yields more complex permeability field and solution structure than
the other distributions.

In all four cases of the permeability field, we note that the differences in the errors of using MSFEM and MsRBM are very
small, which implies that MsRBM has the same order of convergence as MsFEM. This is consistent with our a priori conver-
gence result stated in Lemma 1.

We now study the convergence of the multiscale RB solution with respect to the RB dimension N. We present in Fig. 4 the
relative errors obtained using MsRBM for the four realizations of the permeability. It is clear that the errors of using MsRBM
decrease rapidly toward the errors of of using MSFEM as we increase N. For example, the combinations (N,L) = (10, 36),
(N,L) = (30,24), and (N, L) = (50, 18) yield results which are quite close to those obtained using MSFEM as seen in Tables
5-8. Furthermore, we note that as L decreases MsRBM needs larger N in order to achieve a similar accuracy as MsFEM. This
is due to the fact that the number of parameters for each cell problem is inversely proportional to L x L and that N required to
satisfy the desired accuracy increases significantly as the number of parameters increases observed in Fig. 3. Therefore, L and N
must be chosen on the basis of efficiency and accuracy of MsRBM. Since the computational cost of the online stage is
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Maximum error

10
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N
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Fig. 3. The maximum error ey** as a function of N for: (a) L = 36, (b) L =24, and (c) L = 18.

Relative errors in L*(2) norm as a function of L for LFEM, as a function of L and M for MSFEM, and as a function of L and N for MsRBM for the 1st realization of the

permeability field

L M N LFEM MsFEM MsRBM
18 40 50 0.0304 0.0045 0.0045
24 30 30 0.0252 0.0038 0.0038
36 20 10 0.0102 0.0034 0.0034
72 10 1 0.0012 0.0012 0.0012
Table 6

Relative errors in L*(Q) norm as a function of L for LFEM, as a function of L and M for MsFEM, and as a function of L and N for MsRBM for the 2nd realization of

the permeability field

B M N LFEM MsFEM MsRBM
18 40 50 0.0405 0.0127 0.0129

24 30 30 0.0389 0.0115 0.0116

36 20 10 0.0130 0.0079 0.0079

72 10 1 0.0028 0.0028 0.0028

Table 7

Relative errors in L*(Q2) norm as a function of L for LFEM, as a function of L and M for MSFEM, and as a function of L and N for MsRBM for the 3rd realization of

the permeability field

B M N LFEM MSsFEM MsRBM
18 40 50 0.0773 0.0652 0.0687
24 30 30 0.1037 0.0743 0.0750
36 20 10 0.0622 0.0884 0.0884
72 10 1 0.0578 0.0578 0.0578
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Relative errors in LZ(Q) norm as a function of L for LFEM, as a function of L and M for MsFEM, and as a function of L and N for MsRBM for the 4th realization of

the permeability field

L M N LFEM MSFEM MsRBM
18 40 50 0.0387 0.0109 0.0118
24 30 30 0.0278 0.0155 0.0157
36 20 10 0.0194 0.0184 0.0184
72 10 1 0.0123 0.0123 0.0123
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Fig. 4. Relative errors in L?(Q) norm (obtained using MsRBM) as a function of N for L = 18,24 and 36 for: (a) normal distribution, (b) log-normal
distribution, (c) i.i.d uniform distribution, and (d) i.i.d. normal distribution.

Fig. 5. The ratio of the computational times between MsFEM and MsRBM versus the RB dimension N for L = 18,24 and 36.
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O(L"™ + n.L°N®), using smaller N and larger L is better than using larger N and smaller L for a given accuracy. So the pair
(N,L) = (10,36) is more efficient than (30,24) and (50, 18). This is in contrast to MSFEM which favors the smaller value of L.

Finally, we show in Fig. 5 the ratio of the computational times between MsFEM and MsRBM as a function of N for
L =18,24 and 36. We see that the computational time ratio decreases with increasing N. Nevertheless, thanks to the rapid
convergence of the RB approximation, MsRBM reduces computational time by a factor of 50, while providing a similar accu-
racy. The crucial new capability is fast RB calculations that permit us to efficiently treat a large number of cell problems at
the fine local mesh, thereby providing rapid repeated solution of the elliptic problem for a wide range of porous media; for
any given realization of the permeability field in the parameter space, the problem may be solved online within 7 seconds for
L =18 and N = 50, 4 seconds for L = 24 and N = 30, 3 seconds for L =36 and N = 10, 9 seconds for L=72 and N=1on a
Pentium IV 1.73 GHz laptop. The computational efficiency renders MsRBM deemed useful for analysis of multiscale systems
in composite materials and porous media.

5. Conclusions

We have presented a multiscale reduced-basis method for the efficient solution of multiscale parametrized elliptic PDEs.
The problems have heterogeneous coefficients that are characterized by a very large number of independent parameters. Our
approach involves the development of reduced order modeling for the homogeneous cell problems, since resolution of the
cell problems is the most expensive operation in a multiscale method. To render the model reduction process efficient, we
develop an offline-online computational procedure for the generation and simulation of a reduced order model. The offline
stage is performed only one time, while the online stage can be repeated many times for any new medium. In addition, we
exploit similarity of parametrization to replicate the reduced order model from one element to the other, thereby reducing
the offline cost quite significantly. The operation count of the online stage depends on the cubic power of N - the dimension
of the reduce order model. However, since the reduced basis spaces are constructed upon snapshots optimally selected by
the adaptive sampling procedure, N is typically small. We have also shown that the method inherits the convergence prop-
erties of the multiscale FE method.

Numerical experiment confirms uniformly rapid convergence of the RB approximation and the error estimates in L?> norm.
Through comparison with the multiscale FE method we demonstrate that the proposed method reduces significantly the
computational cost, while retaining the accuracy of the high-fidelity FE model. As a result, solution of the underlying PDE
can be obtained rapidly and accurately for any given parameter value in the range considered. The method is thus relevant
to parameter design and optimization in multiscale processes.

However, many questions remains as regards the extension of the multiscale RB method to treat parametrized multiscale
problems more satisfactorily. In many cases, the oversampling technique can significantly improve the accuracy of the mul-
tiscale methods. Extension of this method to treat oversampling is thus necessary and subject to an ongoing investigation.
Although we develop the a posteriori error bounds for the solution of the cell problems and use these error bounds in the
adaptive sampling procedure, a posteriori error estimation for quantifying a multiscale RB approximation remains an open
and challenging task. Another direction in future research is the extension of this work to explore how the accuracy of
the RB approximation depends on the covariance structure of the permeability field and more generally to treat non-station-
ary random fields. Further developments are needed and may lead to a fast and reliable tool for solving parametrized PDEs
with multiple scales, thereby enabling the reach of this method to important applications such as inverse problems.
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Appendix A. Proper orthogonal decomposition

The proper orthogonal decomposition (POD), also known as the Karhunen-Loéve expansion, has found its applications in
many areas of engineering disciplines such as pattern recognition, image processing, signal analysis, data compression, etc.
[14]. The method has also been extensively used by the model reduction community to construct a set of basis functions
which may significantly reduce the degrees of freedom required to fulfill a given error tolerance when they are used in place
of the FE basis. Below we briefly describe the method and refer the reader to a wide body of literature [14,21,22,31] for a
thorough discussion.

We aim to generate an optimal (in the mean square error sense) basis set {{,,}',;’:1 from any given (parameter-correlated)
set of Nmax(=N) snapshots {cfk}ﬁ’;";*. To this end, let Vy = span{vy,...,vy} C span{¢&,..., ¢y, } be an “arbitrary” space of
dimension N. Without loss of generality, we assume that the space Vy is orthonormal such that (v,,vm) = dpm,
1 < n,m < N. (Note that (-,-) denotes an appropriate inner product.) The POD space, Wy = span{(y,...,{y}, is defined as
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‘l Nmax
Wy =ar min — mf =Y kv A1l
voarg, min o (Fm 2 0t Z all” (A1)
It follows from the orthornormality of Vy that ok = (&, v,),1 < n < N,1 < k < Npax. Hence, we have
Nmax 2
Wy =ar min V)V . A2
N gVNCSpaH{q ..... 2] \ Nomax kz: IS Z Eks Vi) V| ( )

We then expand the objective and invoke the orthornormality of the space Vy to arrive a maximization problem

Nmax N

> (G (A3)

Wi = are VNCSPall;l{‘lil-,)-(wiNmax} Nmax =1 n=1
This maximization problem means to find the basis set Wy that captures the most energy possible. Hence, the error mini-
mization notion of optimality is equivalent to the energy maximization notion of optimality, which is exactly the idea on
which the Karhunen-Loéve expansion is based.

In particular, we can construct the POD spaces by using the method of snapshots [31]. We first form the correlation matrix
C e RNmaoNmax giyen by

1 ., .
Cij = N—(‘;iv gj)v 1 < 1,] < Nmax- (A4)
max
We then look for the eigenpairs (Zk € RNVmx 7k ¢ R.,) satisfying
glk — }Lk!k' (AS)

Note that the eigenvalues are arranged in descending order 4; > 4, > --- > Ay,,,. We finally compute the basis functions ¢,
as

Nmax

L= A& 1<n<N. (A6)
1

Here the eigenvector y" corresponds to the eigenvalue 1".
From the above construction it should be clear that POD spaces are not only optimal and orthonormal, but also hierar-
chical - W; ¢ W,  --- ¢ Wy. The POD can also work in other Banach spaces such as [*(Q).
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