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Abstract

In this paper, we extend the earlier work [M. Barrault, Y. Maday, N. C. Nguyen, A.T. Patera, An “empirical interpo-
lation” method: application to efficient reduced-basis discretization of partial differential equations, C.R. Acad. Sci. Paris,
Série I 339 (2004) 667-672; M.A. Grepl, Y. Maday, N.C. Nguyen, A.T. Patera, Efficient reduced-basis treatment of non-
affine and nonlinear partial differential equations, M2AN Math. Model. Numer. Anal. 41 (3) (2007) 575-605.] to provide a
posteriori error estimation and basis adaptivity for reduced-basis approximation of linear elliptic partial differential equa-
tions with nonaffine parameter dependence. The essential components are (i) rapidly convergent reduced-basis approxima-
tions — (Galerkin) projection onto a space W}, spanned by N global hierarchical basis functions which are constructed from
solutions of the governing partial differential equation at judiciously selected points in parameter space; (ii) stable and inex-
pensive interpolation procedures — methods which allow us to replace nonaffine parameter functions with a coefficient-
function expansion as a sum of M products of parameter-dependent coefficients and parameter-independent functions;
(iii) @ posteriori error estimation — relaxations of the error-residual equation that provide inexpensive yet sharp error
bounds for the error in the outputs of interest; (iv) optimal basis construction — processes which make use of the error
bounds as an inexpensive surrogate for the expensive true error to explore the parameter space in the quest for an optimal
sampling set; and (v) offline/online computational procedures — methods which decouple the generation and projection
stages of the approximation process. The operation count for the online stage — in which, given a new parameter value,
we calculate the output of interest and associated error bounds — depends only on N, M, and the affine parametric com-
plexity of the problem; the method is thus ideally suited for repeated and reliable evaluation of input—output relationships
in the many-query or real-time contexts.
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1. Introduction

The design and optimization of engineering systems often requires repeated, reliable, and real-time predic-
tion of an (or more realistically, several) “output of interest” s° € R-related to maximum displacements, crit-
ical stresses or strains, energies or forces, flowrates or pressure drops, temperatures or fluxes — as a function of
an “input” parameter P-vector u € D C R’-related to geometry, physical properties, boundary conditions, or
loads. These outputs are often functionals of a field variable u°(u),

s€(w) = £(u (), (1)

where u°(y) € X° — say displacement, velocity, or temperature — satisfies the weak form of the y-parametrized
elliptic partial differential equation (PDE)

a(u(p),v;p) = f(v), Vo€ X (2)

Here X° is the appropriate function space, and a (respectively £, f) are continuous bilinear (respectively, linear)
forms. The relevant system behavior is thus described by an implicit input—-output relationship, pu — s%(u),
evaluation of which demands solution of the underlying PDE.

In general, we cannot find the exact solution, and hence we replace s°(u), u°(u) with a Galerkin finite ele-
ment approximation, sV (u), " (u): given u € D,

SN (w) = €6 (w)), (3)
where oV (1) € XV satisfies
a( (), v 1) = f(v), VoexV. (4)

Here X" C X*is a standard finite element approximation subspace of dimension A/. Unfortunately, to achieve
the desired accuracy, ' must typically be chosen very large; as a result, the evaluation g — sV (u) is simply too
costly in the many-query and real-time contexts often of interest in engineering.

For parametrized PDEs, the fundamental observation is that «V (i) in fact resides on a very low-dimen-
sional manifold M" = {&"(u), u € D} induced by the parametric dependence. Furthermore, the field variable
uV (1) will often be quite regular in u — the parametrically induced manifold M" is smooth — even when the
field variable enjoys only limited regularity with respect to the spatial coordinate. The reduced-basis (RB)
method explicitly recognizes and exploits dimension reduction afforded by the low-dimensional smooth solu-
tion manifold to develop RB approximations of u" (u), s ().

In the RB method, we first require a space W}, spanned by N global basis functions {,, 1 < n < N; here the
dimension N is very small compared to A/. Typically, these basis functions are constructed from a “snapshot
set” which consists of solutions of the underlying PDE at selected parameter points. We next seek an approx-
imation uy(p) € W4 by applying a Galerkin projection

a(uy(p),v;p) = f(v), Ve Wy. (5)
We then substitute uy(p) = le\’:l

Av(un(p) = Fy, (6)

where Ay (p) € RYY, Fy € R" are the RB stiffness matrix and force vector with entries Ay ; (1) = a(;, i; 1),
Fyn=AL), 1 <i,j < N, respectively. Once solving for ux(u), we evaluate the RB approximation sy(u) to s (1)
as

uy;(1){; and choose v ={;, 1 <i < N, to obtain

N
sw(p) = Llux (1) =Y wy()Lyy;. (7)
=1

Here Ly € R" is the RB output vector with entries Ly ; = #({;), 1 < i < N. We note that the (full) RB system (6)
of size N x N is very small compared to the (sparse) N/ x A linear system associated with the finite element
discretization (4). Since N < N, the RB method can effect a significant reduction in the degrees of freedom.

Nevertheless, the RB system (6) can still be expensive as the operation count of assembling the stiffness matrix
a(j, (i 1) depends on N
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In the literature, RB methods [3-10] and associated a posteriori error estimation procedures [7,11-17] have
been developed for linear elliptic PDEs with affine parameter dependence, in particular, problems which
accept an affine decomposition hypothesis: for some finite (preferably small) integer Q, @ may be expressed as

Y
a(w,v;p) =Y O(w)a’(w,v), Yw,pEX, VueD, ®)
q=1

where 07 : D — R and a?(w,v) : X x X — R, 1 < ¢ < Q, are parameter-dependent functions and parameter-
independent continuous bilinear forms, respectively. Under the above hypothesis, we can write

Y]
(i) = 3 O, o)

where, for 1 < ¢ < Q, the matrices 4% € RV with entries a¥({;, {;) are parameter-independent and can thus be
pre-computed offline. Hence, in the online stage, forming A4 ,(u) according to (9) and inverting it require only
O(QN? + N?) operations. The online complexity is totally independent of N'. The traditional RB approach
proves very effective for affine parameter problems.

Unfortunately, if « is not affine in the parameter this computational strategy breaks down; the online com-
plexity will still depend on . For example, for general functions g'(x; n), 1 <r < R, (here x € Q and u € D),
the bilinear form

R
a(w,vip) = 3¢ (w0, ¢ (x; ) (10)
r=1
will not admit an efficient (online AN -independent) computational decomposition. Here ¢ : X x X
xL*(Q) — R are trilinear forms. It is obvious that (9) is merely a special case of (10) in which Q =R,
g'(x; n) = 0O (n), and '(w, v, g'(x; p)) reduces to O (u)a'(w, v) for 1 <r < R - g'(; n) depends only on the
parameter u, not on the spatial coordinates x. Although many property, boundary condition, load, and even
geometry variations can indeed be expressed in the affine hypothesis (9) for reasonably small Q, there are
many problems — for example, geometric variations considered in this paper — which do not admit such a
decomposition, but the more general nonaffine representation (10).

Indeed, the limitation of the affine decomposition hypothesis prompts the development of efficient RB
approaches for nonaffine-parametrized PDEs. In [1,2], the authors introduce the empirical interpolation
method and apply the method to replace nonaffine-parametrized functions with a coefficient-function approx-
imation which recovers N -independent complexity for the online computation. The RB technique developed
therein has been applied not only to nonaffine linear elliptic equations but also to highly nonlinear elliptic and
parabolic equations [2], as well as certain nonlinear problems in quantum chemistry [18]. The effective treat-
ment of nonaffine terms by the empirical interpolation approach results in a low order model which is typically
several orders of magnitude less expensive than the high-fidelity finite element model (4) and standard Galer-
kin reduced-order model built upon (5).

For parametrized PDEs with affine parameter dependence, a posteriori error estimation procedures have
been developed for linear elliptic and parabolic problems [7,11-13,17,19] and for nonlinear problems including
the incompressible Navier—Stokes equations [14-16,20]. However, in the case of nonaffine parameter depen-
dence, the development of a posteriori error estimators is not totally straightforward. Another important issue
is the construction of a reduced basis {{,}"_,. For many low-order methods, the reduced basis is constructed
upon a snapshot set consisting of finite element solutions of the underlying PDE at selected parameter points.
It is thus very important to find a small yet optimal set of parameter points by which we compute the snap-
shots and construct our reduced basis.

In this paper we shall expand upon the earlier work [1,2] to provide a posteriori error estimation and basis
adaptivity for the RB approximation of linear elliptic PDEs with nonaffine parameter dependence. The new
contributions are the a priori convergence analysis, the derivation of a posteriori error estimators, and the opti-
mal construction of hierarchical RB spaces based on the greedy sampling procedure [16,20,19] and proper
orthogonal decomposition (POD) or Karhunen-Loeve (KL) approach [21-23].
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This paper is organized as follows. In Section 2, we introduce the problem statement. In Section 3, we pres-
ent a short review of the empirical interpolation method. In Section 4, we discuss the RB approximation and
computational considerations. In Section 5, we develop the associated a posteriori error estimation procedure
to obtain error bounds for the field variable and output of interest. In Section 6, we describe the basis adap-
tivity procedure to generate optimal RB spaces. In Section 7, we present numerical results for a heat conduc-
tion problem in a parametrized domain in view of the engineering design of a heat shield configuration.
Finally, in Section 8, we conclude the paper with some remarks.

2. Problem statement
2.1. Preliminaries

We shall consider second-order elliptic PDEs, and hence our exact space X satisfies Hy(Q) C X¢ C H'(Q).
Here Q C R? (d=1, 2, or 3) is a spatial domain with suitably regular boundary 0Q; H'(Q) = {v € L¥(Q),
Vu e (LA(Q))?}; and L*(Q) is the space of square integrable functions over Q. The inner product and norm
associated with X© are given by (-, ). and || - [|ye = (-, ~))1(/62, respectively. A typical choice for our inner product
(s ) ye 18

(W,U)Xe:/VW'VU+WU, Yw, v € X°, (11)
Q

which is simply the standard H'(Q) inner product. Any inner product which induces a norm equivalent to the
H' norm is acceptable.
We shall denote by X’ the dual space of X°. For a & € X’°, the dual norm is given by

h(v)
|7]] e = sUp ———. (12)
vexe [[v]] e
If we introduce the representation operator ) : X’ — X° such that, for any /& € X'e,
(Vh,v)ye = h(v), VveX, (13)
then
1Al e = V]| - (14)

This is simply a statement of the Riesz representation theorem.
2.2. Problem formulation

Our exact output and field variable, s°(u) € R and u®(u) € X%, satisfy (1) and (2). Here, for any
w=(u' - u®) in our closed input domain D C R”, a(-,-; p) : X¢ x X* — R is a parameter-dependent bilinear
form, and 4(-) : X°* — R and f() : X* — R are parameter-independent linear forms.

Our “truth” or “reference” finite element approximation to the exact output and field variable,
s(u) = sV (n) and u(p) = Vi (n) € XNt = X, satisfies (3) and (4) for the particular choice N' = A: given
u € D, we find

s(u) = (u(w), (15)
where u(p) € X satisfies
a(u(p),v;p) = f(v), VoeX. (16)

We assume that N is chosen sufficiently large that s(u) and u(u) are essentially indistinguishable from s°(u)
and u®(u), respectively. We shall build our reduced basis approximation upon this “truth” approximation;
and we shall evaluate the error in our reduced basis approximation with respect to this “truth’ approximation.
As we will subsequently prove in Sections 4 and 5, the online complexity (and stability) of our reduced basis
approach is independent of N'i; hence, we may choose NV, to be “arbitrarily” large at no detriment to (online)
performance.
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In this paper, we shall consider a particular form for the operator a: for some fixed integer Q and R, a can
be expressed as

M

O (1)1 (w,0) + > ', 0. (x310) (17)
q=1 r=
for all w, v € X and for all 4 € D. Here @ : D — R and »?(w,v) : X x X — R, 1 < ¢ < Q, are u-dependent
functions and p-independent continuous bilinear forms, respectively; and ¢ : X x X x L*(Q) — R and
g p) e L(Q) N CQ), 1 < r < R, are trilinear forms and prescribed functions, respectively.
We shall make the following assumptions. First, we assume that « is continuous,

R
a(w,v; p) =
1

a(w,v; ) < T()Iwllxllvlly < vollwllyllvlly, VueD (18)
coercive,
0< o< a(y) = inf LW e, (19)

; 2
v Iwlly

and symmetric, a(w,v; u) = a(v, w; 1), Vw,v € X,Vu € D. (We (plausibly) suppose that oy, I'g may be chosen
independent of A.) Second, we assume that the trilinear forms ¢", 1 < r < R, are bounded

' (w,0,2) < pplwllxllollllzll =@, Yw,v e X, Vzel*(Q). (20)
Third, we assume that our linear forms f{-) and 4(-) are bounded.

@) <nllely. voex, (21)

) < pllvlly, Voex. (22)
It is then standard, under the above assumptions, to prove existence and uniqueness of the exact solution and
the truth approximation. Finally, we assume that

Lv)=f(v), YvelX. (23)

Hence, our output functional is “‘compliant”; more general functionals and nonsymmetric a require adjoint
techniques to improve the output convergence [12,24-26].

Before developing the RB approximation and associated a posteriori error estimation for this problem, we
briefly review the empirical interpolation method [1,2] necessary for the treatment of nonaffine parameter
operators of the form (17).

3. Coefficient-function approximation
3.1. Interpolation procedure

We consider the problem of approximating a given u-dependent function g(x; u) € L*(Q)N C°(Q), Yu € D,
by a coefficient-function expansion g,(x; u). Toward this end, we assume that we are given M ,,, basis func-
tions, ¢,,, | < m < M.y, and define nested approximation spaces, W%, = span{¢,,..., ¢y}, 1 < M < Mpax.
We further assume that we are given associated nested sets of interpolation points Ty, = {z; € Q, ..., z,, € Q},

1 < M < Mpax.
Next, we define our coefficient-function approximation as

g5 1) = Bun(),,(x) (24)

where the coefficient vector Sy (1) = (Bu (1) - - - By (1)) € RY is found such that

Zd)m(zl)EMm(:u):g(zlhu)7 l:1a7M (25)
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We define the associated error as
e () = 1g(5 1) — gur (5 1)l o (26)

In words, we find g,,(-; ) by interpolating g(-; 1) at the interpolation points {Zm}if:]
Often we evaluate the quality of our approximation relative to the “best approximation”

gy (s p) = arg min [|g(; 1) — Wil (g)- (27)
wEWM
The associated error is defined as
ey () = g5 1) — ga (5 Wl 0 (28)

Note that the best approximation g},(x; 1) requires the full knowledge of g(x; u).
Of course, the approximation quality depends critically both on {¢,, } " and {z,,,} ", In this paper we use

m=1 m=1

the POD method [21-23] to compute {¢,, }M"‘“ from a suitably fine set of snapshots

={&x) =glxu), 1 eSi1<k<K},

where Sf'{ ={uf, ..., 1%} is a large parameter sample set. The POD is detailed in Appendix A for reference. We
note that the POD will be expensive if the number of snapshots K is very large. It is thus important to select a
small snapshot set with good approximation properties. Often (especially for high-dimensional parameter do-
mains) we combine the POD with the greedy sampling procedure [16,20,19] in our basis construction process.
See Section 6 for a detailed discussion.

Once we have the basis set {(Z)m}if:]‘x, we can determine the point set {z,, }M‘“‘“ by using the empirical inter-
polation method as follows.

3.2. Empirical interpolation procedure

To begin, we choose the first interpolation point as z; = arg max,co|@;(x)| and compute {(x) = ¢(x)/
¢1(z1) and By = 1. For M =2, ..., M.y, we first solve the linear system for gy j 1 <j< M, from

M-1
Vi(z)ou1;=dylz), i=1,....M—1, (29)
j=1
and set
M1
ru(x) av-1Y;(x (30)
j=1
we then define
zy = argmaXcol|ry(x)|, (31)
and compute Y /(x) = ra(x)/ralza) and By ;= Y(z;), 1 <ij < M.
It is shown in [1,2] that the functions {{/q, ..., ¥} form a basis for W, and that gu(x; u) defined earlier in
(24) can be also computed in terms of the v, as
M
X)) =Y (Y, (%), (32)
m=1
where the coefficient vector ¢y () € R is determined from
M
> Buyowy() = glzip), 1 <i<M. (33)

=1

We shall use interpolation formula (32) and (33) from now on. We note that ¢,,(u) requires O(M?) operations
once the inverse matrix B,,' is pre-computed.
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Theoretical and numerical aspects of the empirical interpolation have been analyzed in great detail in [1,2].
We summarize here the main results: (i) the process is stable — B;, is a well-conditioned lower triangular matrix
with dominant unity diagonal; and (ii) the Lebesgue constant is bounded above by 2% — 1.!

3.3. A posteriori estimators

Given an approximation gu(x;u), we define &y (x;u) = &y ()W (x), where &y () = |g(zysrs 1)—

gu(zvi; )] In general, ey (u) = &y (), since ey () = [1g(5 1) = &ur (5 )l o) = 18035 1) — gay (x5 )| for all
x € Q, and thus also for x = z,,+;. However, we can prove

Proposition 1. If' g(:;p0) € Wiy, then (D) g(x;p) — gy (i) = £Eu(xs ), and (i) ||g(-5 1) — &ar (5 )|l
(Q) = au(p)-

The proof of this proposition was given in [1,2].
Of course, in general g(-; u) & W4, and hence our estimator &, (u) is unfortunately a lower bound. How-
ever, if gy,(u) — 0 very fast, we expect that the effectivity,

_en(p)
nM(ﬂ) - SM(,u) ) (34)
shall be close to unity; furthermore, the estimator is very inexpensive — one additional evaluation of g(-; ) at a
single point in Q.
In the subsequent sections, we shall incorporate our coefficient-function approximation g, x; n) and asso-
ciate error estimator &, to develop the RB approximation and a posteriori error estimation for the field var-
iable u(u) and output s(p).

4. Reduced-basis approximation

4.1. Affine decomposition

We assume that we are given Ny, global basis functions {(, }N"““ and associated hierarchical RB spaces
Wy =span{{,...,{y},1 <N < Npa. In practice, these basis functions are constructed by the basis construc-
tion process described in Section 6. We first apply a standard Galerkin projection for the weak form (16) to
obtain an approximation uy(u) € W4 from

Z@q )b (u (), 0) + > € (uy (1), 0, 8" (x5 ) = f(v), Vo€ Wi (35)

As mentioned in the Introduction, because of the nonaffine parameter operators ¢'(-, -, g'(x; n)), 1 <r < R, the
online complexity of this standard Galerkin reduced-basis model depends on A/, — the dimension of the finite
element truth approximation space X.

To recover (online) N ;-independent cost, we simply replace g'(x; u), 1 < r < R, with our coefficient-func-
tion approximations

(6 10) ZqoMl W), 1<r<Rg, (36)
where
ZB" (W) =g (), 1<i<M, 1<r<R (37)

! The bound is very pessimistic and of little practical value. In applications, the actual asymptotic behavior of the Lebesgue constant is
much lower than the upper bound 2* — 1, typically O(M); however, the bound does provide a theoretical basis for some stability.
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Here {z/ }"" , {y/ }*",, and By, = W(2)), 1 < r < R, are constructed by following the procedures described in
Section 3. Let us denote M = ZleMr. Our RB approximation is then: given u € D, we evaluate

svr(p) = f(un (1)), (38)

where wuy (u) € W, satisfies
R
Z O ()b (uy (1), v) + Zc’ uy (W), 0, &hr (s 1)) = f(v), Yve Wy. (39)
r=1

We shall develop the offline—online computational decomposition for this RB formulation in Section 4.3.

4.2. A priori theory

We consider the convergence rate of uy p(u) — u(p) and sy a(u) — s(u). In fact, it is a simple matter to
demonstrate the optimality of uy () in

Proposition 2. For &, (1) = [1g"(s 1) — &hr (5 1)l 1< (0)0 1 < 7 < R, satisfying 2R e ()yh < oo, we have

f/ R
2 Yo . /0
() — unar(W)[y < % wAleElfVl‘/f;, u(p) — wylly + 4 Z: ey (1 )

r=1

Yo 23’6
8 (OC_O WIE;‘V” ||WN B u HX OC_ Zs ' ) (40)

2
0 =1

for all ueD.
The proof of this proposition and the following ones are given in Appendix B. We can further show that

Proposition 3. Assuming the same hypothesis in Proposition 2, we have

» (2 & , ,
Is (i) = swar ()] < pollu(p) — uwm (W Iy + (—) > (W) (41)

%o r=1

Sor all u € D. Here |[u(p) — un p(10)|x is bounded by (40) of Proposition 2.

Propositions 2 and 3 indicate that M should be chosen such that &,/ p) is square of the error in the best
approximation, inf,, ey [[u(n) — wy||3» as otherwise the second term on the right-hand side of (41) may limit
the output convergence. In that case, we expect that the output error |s(u) — sy.a(1t)| Will converge as the
square of the error norm |ju(u) — uy a(1t)||x- As regards the error in the best approximation, we note that
W, comprises solutions on the parametrically induced manifold M" = {u(u)|VYu € D} C X. The critical obser-
vations are that M" is very low-dimensional and that M" is smooth under general hypotheses on stability and
continuity. We thus expect that the best approximation will converge to u(u) very rapidly, and hence that N
may be chosen small. (This is proven for a particularly simple case in [11].)

4.3. Offline—online procedure

We now insert uy (1) = Ziv v ()¢ and (36) into (39) and choose v = {;, 1 <i< N, to obtain

(Z O7(w)BY + Z Z (pM’m Crm) uyp(p) = Fy, (42)

where ¢}, (1) € RM .1 < r < R, are determined from (37). We then evaluate

svar(p) = Fyuna(p). (43)
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In the above, B}, € RV, Cmm [RNXN, and Ezq\,, € RY are given by

By = b1((;,0), 1<i,j<N, 7<0.
Gy =< L), 1<l¥J<N, ler<r t<menr (44)

We proceed to develop the offline—online procedure [12,26,20] for the rapid evaluation of our RB output
sy, m().

In the offline stage, we compute and store the parameter-independent quantities in (44), which require N.x
finite element solutions at the selected parameter points and O(Nmax + ON? + MN? ) N -inner products;

max max

recall that M = Z \M". The offline computation is thus expensive, but it is perforrned only one time. (Note
here that the offline cost does not include the construction of {y/, } o '““ and {z, MW 1 < < R.) However, in

m=1 "

the online stage — for each new parameter value u — we compute the vectors @}, (u),1 <r <R, at cost

O(XF ,(M”)?), perform the sum in the parentheses and the right-hand side of (42) at cost O(ON?* + MN?),
invert the linear system at cost O(N?), and evaluate the output sy(u) at cost O(N). The operation count
for the online stage is thus only O(3% | (M")* + ON? + MN? + N*).

Hence, as required in the many-query or real-time contexts, the online complexity is independent of A/, the
dimension of the underlying finite element approximation space. Since O, R, N,M" < N, we expect significant
computational savings in the online stage relative to the finite element approximation (16) and relative to the
standard Galerkin RB approximation built upon (35).

5. A posteriori error estimation
5.1. Error bounds

We assume that we are given a positive lower bound for the coercivity parameter, a(u), such that
a(p) = a(u) > 0,Vu € D. Various recipes for the construction of &(u) can be found in [12,13]. We introduce
the residual for our RB approximation uy (1) as

R
r(v; p Z@q )b (un pr (1 Zcr uNM Uag;’w"(';,u))a YoeX. (45)

We can show that
Proposition 4. Suppose that g"(x; p) € Wﬁ;f“, 1 <7 <R, then the error e(u) = u(p) — uy (W) satisfies
le(llx < Ay u(w), VueD, (46)
where the error bound Ay, /() is defined as
S (e (e ar (1), 0, W3 )
l[vlly

Here &, (1) = 8" (Z}yr413 1) — &4y (23115 )| is the estimator for the error &), (1), 1 <r < R.

A1) = ()O(Huﬁg

We further obtain the error bound for the output estimate as
Proposition 5. Suppose that g (x; ) € Wﬁ,} 41> L <7 <R, then the error in the output of interest is bounded by
(1) — swar ()| < 4y (W), Vp €D, (48)
where Ay, (1) is defined as

R

A (1) = 8 (A5 4 (1)) | D 8 (1) (s (), s (), W) |, (49)

r=1

and Ay, (1) is defined in Proposition 4.
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Of course, in general g’ (x; u) & W, 41> and hence our output bound 4}, ,,(u) is not completely rigorous.
However, if sjw,( ) — 0,1 <r<R, very fast such that the non-rigorous part |Zr (e (uy (@),
r u 2
uym (1), Wy, y)] 1s relatively small to the rigorous part a(u)(4y ,,(1))", we recover the square effect as for
the affine compliant case [11-13]:

A (1) 2 8(p) (4 (1)) (50)

Our output bound 43, ,,(u) will thus be fully rigorous in the limit M" — oo, 1 < ¥ < R. However, if the output
bound is not yet rigorous for the current values M”, 1 < r < R, its rigor can be always consolidated by further
increasing M’ albeit at higher computational cost. In practice, we recommend to choose M", 1 < r < R, such
that the non-rigorous part does not exceed the rigorous part.

It remains to develop the offline-online decomposition for the efficient calculation of 4y ,, (1) and 43, ().

5.2. Offline—online procedure

To begin, we invoke our duality argument (12)—(14) to obtain

r(osp)
Iy = sup OB = e, (s1)
vex ol
where &(u) is the solution of
(e(w),v)y =r(v;p), YvelX. (52)
From (45) and (52) it follows that &(u) satisfies
N R " N
(e(u),v)y = O(u W (G t) =D DD W) (Lo v,¥,), Vo € X,
g=1 n=1 r=1 m=1 n=1
(53)

It is clear from linear superposition that we can express €(u) as

0 N
=L+ Y > O (Wuvan(WLy + Z Z Z (I ()£, (54)
g=1 n=1

where
(Lrv)y=f(v), VveX,
(LY, v)y = =b1((,,0), YveX, (55)
(LM, v)y = —c"(C,v,4), YveX,

for1<¢g< 0,1 <r<R,1<m< M, 1< n< N;note that these are simple parameter-independent (scalar or

vector) Poisson, or Poisson-like, problems.
From (51) and (54) it follows that

0 N R M N
Gl = A+ > O (Wuvan(W AR +D D > Gy ()47
g=1 n=1 r=1 m=1 n=1
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where the parameter-independent quantities A are defined as
Ap = (Lr, Ly)y
Ay = 2(Ly, L3) s
AR = 2Ly, L)y (57)
AR = (L L) AR = 2L L) s
A= (L L)
for1<q,qg' <O, 1< <R 1<mm <M, 1< nn <N. Similarly, we obtain
(

S B (W (unar (1), 0, W)
sup Sl WAL BB L) g ), (58)
vex 0]l
where
5 R N R N , .
el =D 3 0D 0> i (W am ()& () s () AL (59)
r=1 n=1 =1 n'=1
here, for 1 <r,r’ < R, 1 <nn <N,
(£2n7U)X = Cr(é/nav7l/j;\/[’+l)7 VU GX, (60)
AT = (L7, L) (61)

which are parameter-independent quantities. Furthermore, the nonrigorous part of the output bound can be
expressed as

R
r=

St (0 G ar (1), tar (). Vi) = D D D B ()t () (1) A2 (62)

1 n=1 =1

where, for | <r< R, 1 <nn' <N,
A:'nnl = Cr(Cna Cn’v '70;/1"+1) (63)

are parameter-independent quantities.

The offline—online decomposition is now clear. In the offline stage — performed only once — we first compute
the vectors £ from (55) and (60), and then form the scalar quantities A from (57), (61) and (63); this requires
(14 ON + MN) Poisson solutions and (1 + QN + MN + Q°N*> + QMN? + M?>N?) N -inner products. In the
online stage — given a new parameter value p and associated RB vector uy (1) — the operation count to per-
form the sums (56), (59), and (62) is O(Q*N> + M>N?); the online storage is O(Q°N> + M>N?). Hence, the
online calculation of Ay, (u) and 4}, (u) is independent of N,

6. Basis adaptivity

The a posteriori error bounds certainly play a crucial role in providing reliable estimation for quantities of
interest in applications. Our a posteriori error bounds also allow us to pursue an “optimal” construction of the
hierarchical RB spaces W% = span{(i,...,{y}, 1 < N < Npa, at greatly low average cost. The crucial point is
that 43 ,,(u) is an accurate yet “online-inexpensive” surrogate for the true (very-expensive-to-calculate) error
|s(u) — sy, (). We can thus conduct an extensive search over the parameter space to find the optimal set of
snapshots upon which our basis set shall be constructed by using the POD procedure. In essence, our basis
construction process combines the greedy sampling procedure [16,20,19] and the POD procedure [21-23].

First, we pursue the adaptive sampling procedure to select an optimal sampling set Sy, ={u,..., '“X/mdx}'
We assume that we are given an initial parameter set Sy = {u!,..., 1%}, and hence associated Lagrange

wlag span{Cng = u(u"),1 <n<N}. We also assume that the basis sets {y/ }/m
and interpolation point sets {z }" m: |1 < r <R, are available. (Often we shall initialize N=1 and

m=1 "

M" =M, —1, and choose y} randomly.) We set our RB space 7}, to be Wy 12 and solve

max

approximation space Wy
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My = argmaxyep Ay, (1); (64)

we next append uy,, to Sy to form Sy ., and hence associated Lagrange space witie =

Wy M€ 4+ span{u(u,,)}; we then increment N =N+ 1 and repeat the process until N = Np,, such that
€N, = €tol.min>» Where ey = Ay (1), 1 < N < Nnax. Here €01 min 18 the smallest error tolerance anticipated a
priori offline.

Second, we apply the POD (in Appendix A) on the snapshot set Sy, = {u(u{),...,u(uy )} to obtain a
POD basis set {CSOD}N‘““. We define associated nested POD approximation spaces as Wy POD _

n=1
span{CfOD, ce C]I;OD},I < N € Npax. We must then also compute parameter-independent quantities for the

POD basis set {{,"°}™, following the offline-online procedures described in Sections 4.3 and 5.2. We note
that the POD spaces are not in general Lagrange, since one POD basis function is a linear combination of
Nmax Lagrange basis functions. We have of course W“N: gD = Wﬁ‘];ff, but in general WP £ WM for
N< Nmax~

After this point, we can consider W}, = wFOP for the online evaluation of the output sy.m(u) and error
bound 4 ,,(u) for any given new u. The justification for choosing POD spaces over Lagrange spaces lies

in the optimality property of W%"°P for all N < Ny, Furthermore, as mentioned in Appendix A, the
POD spaces are also orthonormal and hierarchical. These properties are very important for good convergence
behavior of the RB approximation (related to optimal), well-conditioned RB system (related to orthonormal),
and efficient offline/online decomposition (related to hierarchical).

In this paper, the MATLAB® genetic algorithm toolbox is used to solve the maximization problem (64).
We start the genetic search process with a small (random or deterministic) sample set over the parameter
domain and let it evolve until either the objective value is no longer improved in a few iterations or the max-
imum number of iterations is exceeded. We note that the problem (64) is typically non-convex with many local
optima. This is because when a new parameter point i, is selected, the error bound 43, ,, (1) becomes effec-
tively zero at the point uf,,, thereby creating new local optima in the parameter space. This effect in turn
introduces many more local optima as N increases. Hence, we do not claim that our basis construction process
is truly optimal, as the global maximizer of (64) may not be reached by the genetic algorithm. However,
genetic algorithms as global search heuristics prove very well-suited to global optimization problems such
as the problem (64). Gradient or Hessian-based optimization methods with multi-start strategies can be also
used to solve (64), but such methods require the derivatives of 43 ,,(u).

Instead of solving (64) directly, the greedy approach [16,20,19] finds uf,, = maxcz,, 4y, (1); here
Eirain = {plFn, L u}{f‘"} is a suitably fine training set of size n..;, over the parameter domain D. The greedy
approach relies on the finesse of the training set and the inexpensive RB error surrogate 43, ,,(x) to find a good
sample set. However, as n.,;, may scale exponentially with the dimension of the parameter space, the greedy
approach appears quite prohibitive for high-dimensional parameter spaces even with the RB error surrogate
Ay (1)

Finally, we would like to point out that without inexpensive error surrogates the usual POD reduced order
model techniques [27-38] typically construct N,.x POD basis functions from the training snapshot set
S ain = {u(™™), .. u(uy®™)}. The associated offline work requires 7, finite element solutions,
Nirain(Mirain + 1)/2 N'-inner products, and a singular value decomposition of a #yain X Mirain full symmetric posi-
tive-definite matrix for Ny, leading eigenvalues and eigenvectors. Such basis construction approach can thus
be extremely expensive (much more than the greedy approach and our proposed approach) when ny,;, is rel-
atively large compared to N.x. Other approaches (such as goal-oriented, model-constrained optimization
framework) [39] suffer from similar drawbacks.

7. Numerical application
7.1. Problem description

We turn to a particular problem related to steady heat conduction. We consider the design of a heat shield,
one segment of which is shown in Fig. 1. The original domain Q,, a typical point of which is (x!,x?), is given
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Fig. 1. One segment of the heat shield. The “cut” domain . is one quarter of the heat shield.

by Qo =] =3 +L, 1 +L[x]—1,1[\{Q@™ UQ"2}; here Q™' and Q™ are open sinusoidal domains parame-
trized by the length parameters H and L. The left and right boundaries, I')", are exposed to a hot temperature
normalized to unity; the top and bottom boundaries are insulated. The heat conduction through the internal
boundaries I'™ (i.e., the surfaces of the two ellipse cooling channels Q™' U Q%) to the surrounding flowing air
is characterized by a zero sink temperature and non-dimensional heat transfer coefficient (Biot number) Bi.
Our input parameter vector is hence u= (u', 12, 1) = (L, H,Bi) € D = [0.25,0.75)> x [0.1,5] ¢ R". The
physical model is simple conduction: the non-dimensional temperature field in the shield, «{, satisfies

Vug-vU+Bi/_ ugu=/ b, VoeXS=H(Q). (65)
2 in rou

Our output is the average temperature of the left and right boundaries.
We next exploit the symmetry to recast the problem into one quarter of the original domain, ., as shown
in Fig. 2(a). The non-dimensional temperature field u$ on the domain €. thus satisfies

/ Vuz-Vv—FBi/‘ u§v=/ v, VveXi=H'(Q) (66)
QC lcn rgUt

The output of interest is given by s¢(u) = [rou u¢(1). Note I'c" is the interval 0 < x*<latx'=—-1+Land

'™ is the sinusoidal curve x> = H sin(nx! /2L) for 0 < x! < 2L.
We now introduce a fixed reference domain Q =] —0.5, 1.5[x]0, 1[ as shown in Fig. 2b. We decompose Q.()
and Q as

Ql Qz Q3

1 Tovr
c

FOUT

T

c

xczﬂ H 1'2‘

> >

1L 0 7! 2L 4L -0.5 0 7 1 1.5

Fig. 2. Domain decomposition for: (a) the cut domain Q. and (b) the reference domain Q.
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QW= WURWUP (., 2=0UVRUD, (67)

where Q' (1) =] = 1+ !, 0[x]0, 1, Q3 (n) =24, 1 4 1! [x]0, 1[, Q2 () = (1) \ {2l (1) U Q3 ()}, Q" =]
—0.5,0[x]0, 1], Q* =]0, 1[x ]O 1], ok =]1,1.5[x]0,1[. We then define a geometric transformation F from
x=(x',x%) € Qto x. = (x,x?) € Q. the mapping from Q' to Q! is affine as

1_(1_,“1)

o= (0.5 Hul =1 = (68)
the mapping from @ to Qg is nonaffine as
x=2p!x", X2 =+ (1 — ¥ sin(nx'); (69)
and the mapping from Q* to QZ is affine as
1 — 1
T (70)

We proceed to formulate the problem on the reference domain.

Our exact solution on the original cut domain Q. (u), uS(xe; 1), can be expressed in terms of the solution on
the mapped domain, u(x;u), as wuS(xe;u) = u(F (xc) w). The solution on the mapped domain,
u(x; p) € X°= H'(Q), satisfies a weak formulation of the form (15)~(17) in which the linear forms, bilinear
forms, trilinear forms, and nonaffine functions are given by

f(v) = £(v) = / v, (71)
l"Oul
for fand ¢;
1 ow Ov
1 o 1 — -
O (u) = 2o b*(w,v) /QIUQ3 ol axl’
ow 0
o) =2-2 Bowo)= [ L
olug? 6x ax (72)
1 ow Ov
3 _ 3 — -
0" (1) = 2 b’ (w,v) o Ox! Ox!’
2
\ i A . ow v ow Ov  Ow Ov
= - — = A1 A1 1 - A1 A2 A2 Ayl
6" (1) 2u b (w, v) /Qz sin(mx )6 1 ox! —Ht( y) cos(mx) <6x1 ox? + Ox? Ox!
for @7 and b7, 1 < ¢ < O =4; and
ow Ov
1 | _ (. -
4 (vavg (X,ﬂ)) - ‘/ng (xh“)axz 0x2’
() (1 — x¥)* cos?(mx!) + 4(u')?
gl(x; u) _ (:u ) (2 ) ( ) (:u ) ; (73)

#I(T — p2 sin(x)
8W%f@mD:/ﬁﬂﬂmw

2y ) = i \/4 >+ m2(p2)” cos?(mx!)

for ¢"(w, v, g'(x; 1)) and g'(x; p), 1 < r < R =2. Note that the functions g'(x; u) and g*(x; p) are defined on Q2
and Ty, respectively; and that they are nonaffine only in the parameters u' and x>

For our truth approximations u(u) and s(u), we consider a linear finite element approximation subspace
X € H'(Q) of dimension A, = 4753. We define the associated inner product as

0
(w,0)y = O(m)b* (w,0) + ' (w,0,8' (v 1)) + (w0, 8 (x; T2), (74)

g=1
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where fi; = (0.75,0.75,0.01) and @, = (0.25,0.25,0.01). We can then choose &(u) = 1 for which it is readily
shown that a(p) < a(p),Vu € D.

We show in Fig. 3 the temperature variation over the heat shield for different parameter values. We note
that for smaller values of x* the temperature is, overall, much higher than for larger values of x*; and that the
temperature field varies significantly with the shape of the heat shield. In the next section, we present numer-
ical results obtained for the above problem.

7.2. Numerical results

We first present results for the coefficient-function approximation of g'(x; i) and g*(x; u). We choose for S%

a deterministic grid of 15 x 15 parameter points over D¢ = [0.25,0.75]> € R"~? and then pursue the POD and

. . . . . . . 1 = 1 =
the empirical interpolation procedure described in Section 2 to construct {z,‘n}Z‘:“"l“ B {x//,ln}g;";“ " for g'(x; w)

and {zfn}ﬁﬁ“*l‘*:9, {wfn}ﬁ’j‘ng for g*(x; u). We show in Fig. 4 the locations of z!, 1 < m < M!__, on the subdo-
main Q°. We observe that all the interpolation points line up along the bottom and top boundaries of 2> This
is because g'(x; p) varies most significantly along these boundaries.

For convergence study, we introduce a parameter test sample =5, over Df of size n%,, = 961, and

~Test

define

a

1

0.5

5 '

05

A — — .

05 0 05 1 15 2 25 3

c d

1

0.5

e =

0 0.5 1 1.5 2 25 3 35 0 0.5 1 1.5 2 25 3 35

Fig. 3. Temperature in the heat shield for: (a) w=(0.25,0.75,0.1); (b) w=(0.25,0.755); (c) u=(0.75,0.25,0.1); and (d)
1= (0.75,0.25, 5).
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Fig. 4. Interpolation points z!,, 1 <m < M} = 15, for the function g'(x; p).
. ey (1)
el = e g o ) e
¥ _ 'SM’ (ﬂ
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Mave f{Fest =8 8;51’ (tu) ’

for I <r < R; here nj,(p) is the effectivity defined in (34). We present & . 15 €0 max rel> L a7 aves
a function of M" in Table 1 for r =1 and in Table 2 for r = 2. We observe in both cases that &}, . ., and
€l max rel CONVerge rapidly with M"; that Y, = are quite close to unity—and hence &}, (1) will be only slightly
larger than &}}.(u); and that the error estimator effectivities are quite close to unity.

We next present results for our basis generation. We choose our first sample point xf = (0.25,0.25,0.1) and
set €iol,min = 1E—06. In the course of solving the problem (64) repeatedly, we initialize the genetic algorithm
with a small regular grid of size 3 x 3 x 3 over the parameter domain D and set the maximum number of iter-
ations to 20. We plot the resulting sampling set Sy = {g, | <7 < Npay} in Fig. 5 — we need Nipax = 34 basis
functions to obtain the desired accuracy. Note that for this problem our basis construction algorithm selects
many sample points on the planes x°> = 0.1 and x* = 5. Fig. 6 illustrates that Ay (1) is indeed non-convex
with many local maxima. Furthermore, we show in Fig. 7 the maximum value of the objective function as
a function of N for the proposed sampling method and greedy sampling method. Here the greedy sampling
is performed on a fine regular grid of size ny,;, = 15 % 15 X 15 over the parameter domain. We see that while
the two methods yield very similar results, the number of output evaluations is 540 for the proposed method
and 3375 for the greedy method. We should anticipate that the number of output evaluations will increase for
higher-dimensional parameter spaces. Nevertheless, in such cases, the proposed sampling method appears
much more efficient since it can provide good snapshots with a significantly smaller number of output
evaluations.

We now present numerical results for the RB approximation and a posteriori error estimation. For this pur-
pose, we introduce a parameter test sample 57, over D of size nf,, = 512, and define

and 17 . @8

,ave

6}‘\/,M,max max,le_m HM(,LL) - uNyM(:u) HX>

€\ s(w) = sv ()]

N,M,max maxﬂe_:%ﬂ

(76)
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Table 1

Numerical results for empirical interpolation of g (x n): e M. maxrel? 'Eiwmx el YL aver and 11M1 e 882 function of M!

M ;;' ,max rel 11|/1‘,max,rel Y/IWI-,HVC an-,ﬂVE
2 2.45E-01 3.03E-01 1.09 0.81
4 2.30E-02 4.42E-02 1.58 0.72
6 2.22E-03 3.17E-03 1.24 0.67
8 1.91E-04 2.88E—04 1.61 0.79
10 1.37E-05 4.47E-05 3.69 0.90
12 8.36E—07 1.36E—06 1.69 0.79
14 2.54E-07 4.12E-07 1.12 0.98
Table 2

Numerical results for empirical interpolation of g*(x; u): & MZ e el Sflz.max D Tilgvm, and 11§42 e 8s a function of M

M 12\;2 max .rel 812\/12 max .rel lelflz-,ﬂvc a2 ave
1 2.77E—01 3.62E—01 1.28 0.97
2 2.29E-02 2.97E-02 1.45 0.94
3 2.79E—03 3.38E-03 1.31 0.91
4 3.59E-04 6.12E—04 2.16 0.97
5 4.64E—05 7.82E—05 1.63 0.96
6 5.76E—06 8.44E—06 1.78 0.93
7 7.09E—-07 1.15E—06 1.79 0.94
8 9.30E-08 2.34E-07 2.33 0.90

/
/

0.3

Fig. 5. Distribution of the sampling set Sy = {y,1 <1 < Npax = 34} over the parameter space.

We present in Fig. 8(a) €y /. as a function of N for different values of (M", !, M?). We observe very rapid con-
vergence of sy (1) to s(u). Clearly, the quality of the output approx1mat10n depends on N and (M', M?)in a
strongly coupled manner: for a fixed value of the pair (M', M?) the error decreases with N for small N and
then levels off for N large enough; when the error does not improve with increasing N, increasing (M', M?)
effectively reduces the error. This trend of convergence basically suggests that optimal combinations of N
and (M', M?) are at the “knees” of the error curves. It is important to note that our coefficient-function
approximations to the nonaffine functions are very accurate such that both M"' and M? can be chosen opti-
mally smaller than N. We further illustrate in Fig. 8(b) that €, ... is effectively the square of ey, .., for (suf-
ficiently large) M' = 14 and M* = 8 for which the errors 8]1‘/[17m, ~ and &, are below €o) min =1.0E—06 as

ax rel M~* max ,rel
indicated in Tables 1 and 2. These results are consistent with our a priori convergence analysis of Section 4.2.
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Fig. 6. A} ,,(u1) as a function of u! and 42 for a fixed value of y* = 0.1 for N=20, M' = 14, and M*>=8.
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Fig. 7. The maximum value of the objective function, €y = Ay (1), as a function of N for the proposed sampling method and greedy
sampling method.
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Furthermore, in order to evaluate the performance of the error bounds, we define

o

N,M ave n%est = |S(,u) — SN,M(:“)| ’
" = min A‘—(lu)

N,M min HEEY | ( ) - SNM(//")| ’ (77)
p e (1)

N.M max rel — maX#GHT * || (:u)H

X

A vl

N,M max rel — maxﬂeum ‘S( )|

We present 17}, ,, ... in Fig. 9a and #}, ,, i in Fig. 9b as a function of N for different values of (M, M?). The
average output effectivity 17y ;.. 18 above unity and less than 6 for all N. However, as we may expect, the min-
imum output effectivity nj, M =in (@bove 0.2) is less than but not far off unity. Hence, our output error bound
Ay (1) is very sharp, but not fully rigorous. We further tabulate in Table 3 A% Mmaxrel A0 Ay for
different values of (N, M", M?). We observe very rapid convergence of the error bounds. Also, 45 , con-
verges roughly as the square of 4%,/ ...

Finally, in Table 4, we present the online computational times to calculate sy (1) and 43, ,,(u). The values are
normalized with respect to the computational time for the direct calculation of the truth approximation output

N,M max re

Q

——1P-2 | b -
—— M =7, M2=4
—~— M =10, M?=6 09
—— M1 =13, M2=8

0.4 H—=M' =4, M>= 5
—— M =7, M*= 4
y 2 _

AVERAGE OUTPUT EFFECTIVITY
MINIMUM OUTPUT EFFECTIVITY
o
o
T
L

Fig. 9. Output eflectivity: (a) 7y y aves @0d (D) 7y 4y i @s @ function of N for different values of (M L M.

Table 3

Convergence rate of the error bounds: 4%, .. and 4y, . for different values of (N,M", M?)

N Ml M2 A;(IM max rel A}V M max rel
5 3 2 2.33E-01 5.06E—02
10 5 3 3.65E-02 1.08E—03
15 7 4 1.57E—02 2.71E-04

20 9 5 4.74E-03 2.22E-05

25 11 6 2.44E—03 5.13E-06

30 13 7 1.06E—03 9.79E—-07

Table 4

Online computational times (normalized with respect to the time to solve for s(p))

N M' M SN Ay () s(u)
5 3 2 1.40E—04 4.66E—05 1

10 5 3 1.63E—04 1.16E—04 1

15 7 4 1.86E—04 3.96E—04 1

20 9 5 2.33E-04 1.05E—03 1

25 11 6 2.719E—-04 2.00E-03 1

30 13 7 3.03E-04 3.98E-03 1
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s(u). We observe significant computational savings: for a relative accuracy of approximately 0.1 percent in the
output approximation corresponding to (N, M"', M?) = (10, 5, 3) in Table 3, the reduction in time is more than a
factor of 3500 owing to the dramatic dimension reduction provided by the Galerkin projection on the reduced
space W7, and coefficient-function approximations for the nonaffine terms. Of course, this comparison is only
meaningful if we are in the real-time or many-query contexts (for example, in-the-field design and optimization)
—in which the extensive offline computations can be amortized over many output predictions.

8. Conclusions

We have presented a posteriori error estimation and basis adaptivity for reduced-basis approximation of
nonaffine-parametrized linear elliptic PDEs. Numerical results indicate that the approach provides rapid con-
vergence and sharp error bounds for the output of interest relevant to many engineering problems that require
repeated output simulations as in the design and optimization context. Nevertheless, several questions arise
and remain to be addressed for our approach and, in a larger context, for reduced order modeling of param-
etrized PDEs. As a first question: can we make our output error bound 43 ,,(#) more rigorous? Although
quite sharp and very efficient, the error estimators are rigorous upper bounds only in certain restricted situ-
ations, i.e., only if the assumption g(-; u) € W4, is satisfied. It turns out that we can readily improve the rigor
of our output error bound at only modest additional cost: if we assume that g(-;u) € W5, then
8 (1) = 2 "maxieqr sy |g(znis 1) — gu (2045 )| is an upper bound for e3,(pt) [2]. However, the most satisfac-
tory answer to this question lies in completely rigorous upper bounds for ¢,,(u) without any further assump-
tion on g(-; ). Therefore, future work should address this issue.

As the second question: How many parameters P can we consider — for P how large are our techniques still
viable? It is undeniably the case that ultimately we should anticipate exponential scaling of V as P increases,
with a concomitant unacceptable increase certainly in offline but also perhaps in online computational effort.
Fortunately, for smaller P, the growth in N is rather modest, as (good) sampling procedures will automatically
identify the more interesting regions of parameter space. For example, the work by Sen [40] has demonstrated
the application of reduced-basis methods to ‘““many-parameter’” problems involving a few tens of parameters.
In any event, treatment of hundreds (or even many tens) of truly independent parameters by the global meth-
ods described here is clearly not practicable; in such cases, more local approaches must be pursued.

We close by noting that the offline aspects of the approaches described are both complicated and compu-
tationally expensive. The former can be at least partially addressed by appropriate software and architectures
[41,42]; however, the latter will in any event remain. It follows that these techniques will really only be viable
in situations in which there is truly an imperative for real-time certified response: a real premium on (i) greatly
reduced marginal cost (or asymptotic average cost), and (ii) rigorous characterization of certainty. There are
many classes of engineering problems and contexts for which the model reduction methods are appropriate;
and certainly there are many classes of engineering problems and contexts for which more classical methods
remain distinctly preferred.
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Appendix A. Proper orthogonal decomposition

We describe the POD to generate an optimal (in the mean square error sense) basis set {CSOD}L from
any given (parameter-correlated) set of K( > N) snapshots {ék},'f:l. Our below derivation is a classical result
of [21-23].
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Let Vy=span{vy,...,vy} be an “arbitrary” space of dimension N, the POD space, WEP =
span{{°P ... (*PPY, is defined as
1 K N 2
WPOP — arginf [ — inf - ko, Al

Without loss of generality, we assume that the space V' is orthonormal — (v,,,v,,) x = 0., 1 < n,m < N. 1t fol-
lows that o = (&, v,)y,1 <n < N,1 <k <K, and hence we have
2

: (A.2)

1 K
POD _ , o L
Wy 7arg1I1/1Af e E

k=1

N

ék - Z(ik; Un))(vn

n=1

X

subject to the constraints (v,, vy ), = 0u, 1 < n,n" < N. We then expand the objective and invoke the orthor-
normality of the space Vy to obtain

N L
WII;OD = arg Syl/lp Z (E Z (&, U")f( , (A.3)

n=1 k=1

subject to the constraints (v,, vy)y = O, 1 < n,n’ < N.
By application of the Euler—Lagrange formulation, the problem (A.3) amounts to solve the eigenproblem,
K
1
_(ékagl)OD)X(élmv)X = /’L(CPOD7U)X7 VU S X7
2 (ad)
((POP (POP) |
) X — b

for the first N eigenfunctions CEOD,I < n < N, corresponding to the first N largest eigenvalues A, > A, >
... = Ay. We note however that the eigenproblem (A.3) posed in the finite element approximation space X
of dimension N is quite expensive.

In practice, we typically have K < A (anticipated in the limit A" — co), we apply the method of snapshots
[23] to express a typical empirical eigenfunction (F°P as a linear combination of the snapshots

K
P =3 "d'. (A.5)
k=1

Inserting this representation into (A.4) and choosing v = &, 1 <i < K, we immediately obtain
Ca = Ja, (A.6)

where C € R*® is a symmetric positive-definite matrix with entries C;; = 1 (&, &)y, 1 <,/ < K. The eigen-
problem (A.6) can then be solved for the first N largest eigenvalues, ;1 = 1, = ... = Ay, and corresponding
eigenvectors a,, 1 < n < N. Finally, the POD basis functions are computed as {F°P = Zle até,1<n<N.

n

From the above construction it should be clear that POD spaces are not only optimal and orthonormal, but
also hierarchical — WP ¢ WHoP c ... ¢ WEPP. Also, more generally, the POD can work in other Banach
spaces such as L*(Q).

Appendix B. Proof of the propositions

B.1. Proof of proposition 2

Proof. For any wy = uy (1) + vny € W4, vy # 0, we have
au(p) —wy,u(p) —wy; 1) = au(p) — uvar (), () — uvar(); 1) — 2au(p) — uvar(p), on; 1)
+ a(vy, vy; )
> a(u(p) — uym(p), u(p) — uyu(p); 1) — 2au(p) — uy (), ov; 1), (B.1)

since a is symmetric and coercive. We next note from (16), (17), (39), and (20) that
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a(u(p) — uya(p), ons ) = f(vw) — alun s (@), vws 1)
9

R
= f(vy) Z@q )b ( MNM ZCr MNM UN,g;w(';H))

g=1 r=1
R

=" (), v & (5 1) — Gy (1)

r=1

ZCM’ Dol e () L [ow L - (B.2)

Similarly, it follows from (19), (17), (39), (21), and (20) that

ot e ()3 < @Coaaa (1) s ()3 1) = S (v ar () + D € (it (1), 1w e (1), € (5 12) = &3 (5 1)

r=1

< T fluw (1 ||X+ZSM' )T e ar (1) 3
which yields

217

I (B3)
0

after invoking our hypothesis on &,(u).
Furthermore, it follows from (19), (18), and (B.2) that

oolowlly = oollwy — unar(W)3 < a(wy — unar(1), wy — unar(1); 12)

= a(wy — (), ows 1) + alu(p) — uxar (1), o 1)

< Loflwy — u(u )HXIIUNHXJrZFMf )G e aa ()| [fow [

which, after dividing by aovn]x and appeahng to (B.3), gives

Iy
Jowlly < OC_()HWN —u(p)lly + 0 ZSM’ (B.4)

Finally, gathering (19), (18), (B.1), and (B.2), we obtain

ot pe) — o ag ()3 < @(uu(pe) — v pa (), (1) = s (); )
< alu(p) = wy,u(p) —wyi ) + 2a(u(p) — uyar(p), vws 1)

< Do fu(p )—WN||X+2ZSMI )G e aa ()| l[ow ] (B.5)

The desired result follows directly from (B.3)—(B.5). O

B.2. Proof of proposition 3

Proof. We just apply the compliance assumption £ =f, (16), symmetry of a, (18), and (B.2) to obtain
s(u) = swar(w) = S () = v ar(); 1) = a(u(p), u(p) — uyar(u); p)
= a(u(p) = uy (1), u(p) — un ar(p); 1) + alu(p) = uy (1), v a0 (1); 1)

< Tollu(p) = e (W)l + ZSMr L5 s () - (B.6)

The desired result then follows from (B.3). [
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B.3. Proof of proposition 4
Proof. We first note from (16), (17), and (45) that e(u) satisfies
R
ale(n), v; ) = r(v; ) - ZC"(MNM(u), 0,8 (1) = G (1), VoEX. (B.7)

The result immediately follows from

le()]l, < —— et ewip) 1 rle(p)s i) = 35,01 (v ar(w), e(1), 8" (5 1) = &y (5 10))

o) el alw) le()llx
RN > (10 (v ar (), 0 0) _

where we have used a-coercivity in the first step, &(u) < o(u) and (B.7) in the second step, and our assumption
g (-;u) € W5, and Proposition 1 in the last step. [

B.4. Proof of proposition 5

Proof. We first note from (B.6) and (B.2) that
s(u) = sy (p) = ale(w), e(u); 1) + ale(w), uy 1 (1); 1)

R

= ale(n),e Zc’ uy e (1), unar (1), € (5 1) — &hpr (5 1)) (B.9)

=

It thus follows from (B.9), (B.8), our assumption g"(-; ) € W3}, , and Proposition 1 that

Is (i) = swar ()] < () Ay 5 (10 [le() [l + ZgM’ ¢ (un ()5 un e (1) Wigr 1) |- (B.10)

The desired result follows from Proposition 4. [
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