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a b s t r a c t

Corona discharges in flowing gas are of technological significance for a wide range of applications,
ranging from plasma reactors to lightning protection systems. Numerous experimental studies of corona
discharges in wind have confirmed the strong influence of wind on the corona current. Many of these
studies report global electrical characteristics of the gaseous discharge but do not present details of the
spatial structure of the potential field and charge distribution. Numerical simulation can help clarify the
role of wind on the ion redistribution and the electric field shielding. In this work, we propose a
methodology to solve numerically for the drift region of a DC glow corona using the usual approach of
collapsing the ionization region to the electrode surface, but allowing for strong inhomogeneities in the
electrical and flow setup. Numerical results for a grounded wire in the presence of an ambient electric
field and wind are presented. The model predicts that the effect of the wind is to reduce the extension of
the corona over the wire and to shift the center of the ion distribution upstream of the flow. In addition,
we find that, even though the near-surface ion distribution is strongly affected by the ion injection law
used, the current characteristics and the far field solution remain pretty much unaffected.

© 2017 Elsevier B.V. All rights reserved.
1. Introduction

Coronae, electrical discharges localized to the vicinity of an
electrode, are ubiquitous in nature and technological applications.
They exist in several distinct modes which depend on the time-
scale and polarity of the electrical excitation, the electrode
configuration, the electrical over-stressing and the relative contri-
bution of build-up versus removal of space charge surrounding the
stressed electrode [1,2]. Although the literature on corona dis-
charges is very extensive, some aspects of the corona structure,
electric field shielding due to the space charge cloud and its in-
fluence on emitted current andmode transition are still a subject of
debate [3]. In particular, the detailed effects of a superimposed
wind remain unclear.

Corona discharges in flowing gas are of technological signifi-
cance for plasma reactors, ozone generators, electrostatic pre-
cipitators, electrostatic chargers of aerosol particles, or ion drag
pumps [4e7]. More recently, ion-driven winds induced by coronae
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have also been proposed as a propulsion system for small UAVs [8].
Lightning attachment to ground structures, airborne vehicles and
windmills [9] is preceded by streamer-corona discharges [10e13]:
the implications of wind removal of space charge on electric field
shielding [14], and on transition from glow to streamer coronae are
of great importance in the prediction of lightning attachment
[15,16]. In addition, the influence of wind on coronae from high-
voltage DC transmission lines [17] and grounded lightning rods in
thunderstorm fields [18] has been a matter of study. Coronae in
wind also appear at the sharp extremities of aircraft penetrating
thunderstorms [19], the details of these coronae being important
since they can generate electromagnetic interference or affect at-
mospheric electric field measurements performed by instrumented
aircraft [20,21].

Thewindspeed in these problems ranges from tens of cm/s [4] to
around 250 m/s [22]. On the other hand, the ion drift speed is �
400 m/s (atmospheric air) close to the emitting electrode, but falls
rapidly away from the coronating surface. Both drift andwindspeed
then control the shielding of the applied field due to the presence of
a space charge generated by the corona itself and, in turn, the
discharge current. If the wind removes the ions effectively, their
shielding effect is reduced, necessarily increasing the current [23]
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Fig. 1. Generalized Kaptzov approximation to account for strong non-uniformities.

N.C. Nguyen et al. / Journal of Electrostatics 89 (2017) 1e122
but the influence on the detailed redistribution of the space charge
[24] as well as the effect on corona mode transition [25], remain
unclear.

In this work, we present a computational study of the influence
of wind on the redistribution of the ion cloud generated by a sta-
tionary positive glow corona and its impact on the emitted current.
The platform under consideration is that of a biased conductor,
which is representative of laboratory experiments with high
voltage electrodes [4e6,8,26], high voltage transmission lines [17]
and grounded lightning rods in thunderstorm fields [18]. We pre-
sent a methodology to solve the coronating surface problem for a
highly asymmetric problem (due to geometric and wind effects)
using the general approximation of collapsing the ionization region
to the surface of the conductor [27]. Future work will extend these
studies to include transients, more complex geometries and
detailed flow descriptions, as well as incorporate near-electrode
physics elements as required to determine the influence of wind
in the glow-to-streamer transition.

2. Shielding effect of corona ions and influence of wind

The empirical literature on wind effects on corona discharges is
relatively abundant, a classical reference being the study by
Chapman [23] in which DC glow coronae were produced from a
point electrode in a wind tunnel with wind speeds up to 400 m=s.
The experimental results showed a substantial increase of the
corona current with wind. In a later paper [28], Chapman reviewed
these data as well as others where an external field was applied,
and proposed a simplified analytical model that reproduced most
of the observed effects. In particular, he concluded that the
magnitude of the corona current was affected by the applied
voltage, the ion speed (including contributions of the external field
and the wind), the presence of nearby electrodes and local condi-
tions at the point.

Since experimental studies primarily deal with the global pa-
rameters of the corona (i.e. current-voltage curves) [29], theoretical
and computational studies are useful to explain the mechanisms at
play. Much of the theoretical work on the electric field modification
due to injected space charge is due to the literature on lightning
attachment. Semi-analytical and 1D computational models, applied
to lightning rods, have suggested that the electric field redistribu-
tion due to the space charge of a glow corona (with no wind)
hinders the initiation of an upward leader [30e33]. More recently,
the authors of [3] extended these studies to two dimensions, and
concluded that the shielding effect of the space charge had been
overestimated in the lower dimensionality models. According to
Becerra's computations [3], the shielding is only strong on the
symmetry axis of a vertical lightning rod (no wind is assumed), but
it weakens significantly off-axis. For the application of lightning
rods, this observation has important consequences in terms of the
probability of lightning attachment. By introducing 2D effects, the
portion of the rod away from the tip remained unshielded and so
lightning attachment could proceed from the radial direction. For
our purposes, these studies are relevant since they highlight the
importance of an accurate description of the ion cloud to determine
its shielding effect, and the implications on the emitted current and
corona mode transition. Aside from geometrical considerations, the
presence of wind also contributes to this space charge redistribu-
tion [24], and is the focus of this work.

3. The Kaptzov approximation for non-symmetric problems

The positive glow corona is described by Trinh [2] as “a thin,
luminous layer immediately adjacent to the anode, where intense
ionization activity takes place”. Following these observations, the
corona can be described by an active region next to the coronating
surface, where ionization dominates, and an outer drift region, with
no ionization, but with net positive (ion) space charge present.

Since the active zone is known to be thin, many glow corona
calculations collapse the ionization region all the way to the surface
of the electrode. For numerical purposes, this means that the sur-
face is at all times at the so-called Peek electric field level, the
critical field for corona onset. This modeling approach is generally
referred to as the Kaptzov approximation [34], and is supported by
experimental evidence [2], as well as comparison to more detailed
models [35].

The Kaptzov approximation has been widely used for problems
with radial symmetry. In this situation, if a corona forms, it does so
uniformly over the coronating conductor and so the Kaptzov
approximation requires that the field at the electrode,
E xð Þ ¼ jE xð Þ$n xð Þj, equal the Peek value, Ep. Since the ion density on
the electrode needs to be uniform, its value can be determined by
gradually increasing it until Peek's condition is met [18].

If there is no radial symmetry, but still the conditions are such
that the corona will form over all the electrode surface, the con-
dition EðxÞ ¼ Ep on the electrode surface still applies, but the ion
density on the coronating surface must be allowed to vary cir-
cumferentially [27,36], and therefore must be gradually increased
in a point-wise manner.

A more complex situation arises when strong asymmetries are
present, as is the case of high winds or 3D electrode geometries. In
this situation, it can no longer be assumed that the corona covers
the full electrode and the region occupied by the corona has to be
determined along with the ion density on the electrode surface
[37]. The electrode surface Gelectrode is then divided into two
disjoint zones: the corona surface Gcorona (where the ion density is
not known a priori), and the passive surface Gpassive (where the
corona discharge does not occur, and the ion density is zero). The
unknown ion density on the corona surface is generally determined
by prescribing an injection law [38,39], at the expense of satisfying
the Kaptzov condition.

In this work, we generalize Kaptzov's hypothesis to non-
symmetric problems due to the presence of strong asymmetries
as illustrated in Fig. 1.

On the corona surface, themagnitude of the electric field, EðxÞ, is
allowed to vary and kept close to the Peek value, thereby residing in
a band

�
Ep; Epð1þ dEÞ

�
. The constant dE represents the allowable

deviation of the electric field from the Peek value. The ion density
rðxÞ is a function of the surface field EðxÞ, assuming the same de-
pendency as introduced by Ref. [38]:

Ep � E xð Þ � Epð1þ dEÞ; r xð Þ ¼ b
�
E xð Þ � Ep

�
; cx2Gcorona:

(1)

To ensure the Kaptzov condition is met, we choose b such that:

max
x2Gcorona

EðxÞ ¼ Epð1þ dEÞ: (2)

Note that in previous work [38,39] using this type of injection
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law, the constant b needs to be prescribed by the user of the model.
On the passive surface, the surface field must be lower than the

Peek value and the ion density must be zero:

EðxÞ< Ep; rðxÞ ¼ 0; cx2Gpassive: (3)

With this modeling approach we can capture the zone occupied
by the corona without any prior assumptions on its extension,
whilst still satisfying the Kaptzov condition (albeit allowing for
uncertainty in its value). Note that even though the uncertainty in
the Peek field is introduced as an artifact to impose a generalized
Kaptzov condition for non-uniform fields, it can also be justified by
physical reasons as will be discussed later.
4. Problem formulation

The 2D problem considered here builds on the models by
Mokrov et al. [18], for a lightning rod in the presence of a thun-
derstorm field, and those of Medlin et al. [27,40], for a high voltage
DC transmission line with cross wind.

The electrode configuration under study is pictured in Fig. 2, and
consists on a cylindrical grounded wire, of radius a ¼ 1 cm, at a
height h ¼ 15 m above the ground, in the presence of a thunder-
storm field, E∞, and in cross wind. The effect of the ambient electric
field E∞ is to locally enhance the electric field at the wire surface,
and a corona discharge is ignited when the onset field is exceeded.
For a cylindrical wire in atmospheric pressure air, the onset field is
given by the empirical Peek formula [18]:

Ep ¼ 3:1
�
1þ 0:0308a�1=2

�
¼ 4:05MV=m: (4)

In the drift region, the ions generated by the corona are removed
by the combined effect of the external field, and a horizontal wind
of magnitude w∞, which can be modeled assuming potential flow
around the cylindrical wire:

vx ¼ w∞
a2r2 þ r4 � 2a2x2

r4
; vy ¼ �w∞

2a2xy
r4

; (5)

where the coordinates ðr; qÞ, and ðx; yÞ are shown in Fig. 2.
The corona discharge can be described by a drift-diffusion

model, neglecting the modification of the air motion due to the
ions [41] and possible heating of the air. The active corona region is
collapsed to the electrode surface, as explained in Section 3, and the
drift region is described by the system consisting of the continuity
equation for the positive ion density and the Poisson equation for
the electric field. Only one type of ion is considered and attachment
of ions to aerosol particles is not taken into account.
Fig. 2. Geometry and coordinate system for grounded wire in ambient electric field
and in the presence of wind.
The problem is solved by separating the effects of the field and
potential induced by the corona space charge and the wire charge,
E0, f0 , from that of the thundercloud contribution, E∞, �E∞ðyþ hÞ.
In steady state, the ion continuity equation is given by:

V,ðrðmE0 þ mE∞ þ vÞ � DVrÞ ¼ 0; (6)

where m is the ion mobility, D is the diffusion coefficient, r is the ion
density and v ¼ ðvx; vyÞ is the wind velocity field. The ion density is
related to the electric field divergence by Gauss' law:

V,E0 � r

ε0
¼ 0; (7)

and the field is irrotational and derives from a potential:

E0 þ Vf0 ¼ 0: (8)

These equations are solved with the following boundary con-
ditions.We have f0 ¼ 0 andVr$n ¼ 0 on the ground surfaceGground.
On the wire surface Gwire, f0 ¼ E∞h and r is determined from the
conditions given in equations (1)e(3):

f0 xð Þ ¼ E∞h; r xð Þ ¼ max
�
b
�
E xð Þ � Ep

�
;0
	
; cx2Gwire:

(9)

On the far field and outflow boundary, the potential field f0

satisfies a Robin condition [42]:

Vf0,nþ f0

r
¼ 0; (10)

while the ion density r is set to zero at the inflow boundary. The ion
diffusivity is set to D ¼ 10�3 m2/s for numerical reasons but has
little influence on the results. The ion mobility is fixed to m ¼ 1:5�
10�4 m2/V/s.

The current per unit length is calculated by integrating the ion
flux at the coronating electrode surface:

i ¼
Z

Gcorona

rmj:EðxÞ,nj:adq: (11)

Here n ¼ ðn1;n2Þ is the unit normal vector that points outward
from the computational domain.
5. Numerical methods

We use the hybridizable discontinuous Galerkin (HDG) method
[43e45] to discretize the partial differential equations (PDEs) in the
previous section. First, we write these PDEs into a system of con-
servation laws as follows

qþ Vu ¼ 0;
V,Fðu;qÞ ¼ sðuÞ; (12)

where u ¼ ðu1;u2Þ≡ðf0; rÞ, q ¼ ðq1; q2; q3; q4Þ≡� ðvf0=vx; vf0=vy;
vr=vx; vr=vyÞ, s ¼ ðs1; s2Þ≡ðu2=ε0;0Þ, and

F¼


F11 F12
F21 F22

�
≡



q1 q2
mu2q1þu2v1þDq3 mu2ðq2þE∞Þþu2v2þDq4

�
:

The PDE system (12) is solved in a computational domain U,
which is truncated to a distance R¼100 m away from the wire as
shown in Fig. 3. The boundary conditions for system (12) in the
domain U are given by



u1 ¼ 0; q3n1 þ q4n2 ¼ 0; on Gground;

u1 ¼ E∞h; u2 ¼ max
�
b
���q1n1 þ ðq2 þ E∞Þn2

��� Ep
�
;0
	
; on Gwire;

�q1n1 � q2n2 þ
u1
R

¼ 0; u2 ¼ 0; on Ginflow;

�q1n1 � q2n2 þ
u1
R

¼ 0; on Goutflow:

(13)
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Here Ginflow (respectively, Goutflow) is the portion of the domain
boundary on which vion$n<0 (respectively, vion$n � 0), where
vion ¼ mE∞ þ v is the ion velocity. In particular, Ginflow is the left
boundary, while Goutflow consists of the right boundary and the top
boundary.

To define our numerical approximation, we begin by denoting
by T h a collection of disjoint regular elements K that partition the
domain U in a conforming manner, that is, the intersection of the
boundaries of any two elements is a face of each of the elements,
has zero area or is empty. The set vT h :¼ fvK : K2T hg is then a
collection of boundaries of the elements. We denote by E h the
collection of disjoint faces in T h and by n the outward normal
vector of any face F2E h. We next let P mðDÞ denote the space of
polynomials of degree at mostm on D, and introduce the following
approximation spaces (eq. 14):
bf b ¼

8>>>>>>>>>>>><>>>>>>>>>>>>:


buh1; qh3n1 þ qh4n2 þ t



uh2 � buh2

��
; on Gground
buh1 � E∞h; buh2 �max

�
b
���qh1n1 þ ðqh2 þ E∞Þn2

��� Ep
�
;0
	�

; on Gwire0@� qh1n1 � qh2n2 þ
buh1
R

þ t



uh1 � buh1

�
; buh2

1A; on Ginflow

0@� qh1n1 � qh2n2 þ
buh1
R

þ t



uh1 � buh1

�
;uh2 � buh2

1A; on Goutflow:

(18)
Uh;p :¼
n
w2

h
L2ðT hÞ

i2
: w

��
K2

�
P pðKÞ

�2
;cK2T h

o
;

Qh;p :¼
n
r2
h
L2ðT hÞ

i4
: r

��
K2

�
P pðKÞ

�4
;cK2T h

o
;

Mh;p :¼
n
h2

h
L2ðE hÞ

i2
: h

��
F2
�
P pðFÞ

�2
;cF2E h

o
;

(14)

We then define the inner products for our approximation spaces
as

ðw;vÞT h
:¼ P

K2T h

Z
K

wv; ðw;vÞT h
:¼ Pn

j¼1

�
wj;vj

�
T h

;

〈w;v〉vT h
:¼ P

K2T h

Z
vK

wv; 〈w;v〉vT h
:¼ Pn

j¼1



wj;vj

�
vT h

;

(15)

where n is the number of components of w and v. As shown in
Fig. 3, the finite element mesh T h is comprised of 4197 iso-
parametric elements and is refined near the wire surface and in
the region behind the wire to resolve sharp density gradients in the
case of strong crosswinds. We use polynomials of degree p ¼ 6 to
represent both the numerical solution and the geometry.

To numerically solve system (12) using the HDG method, we
seek ðqh;uh; buhÞ2Uh;p � Qh;p �Mh;p such that

ðqh;rÞT h
�ðuh;V,rÞT h

þhbuh;r,nivT h
¼ 0;

�ðFðuh;qhÞ;VwÞT h
þ
Dbf iðqh;uh;buhÞ;w

E
vT h

�ðsðuhÞ;wÞT h
¼ 0;Dbf iðqh;uh;buhÞ;h

E
vT h\G

þ
Dbf bðqh;uh;buhÞ;h

E
G

¼ 0;

(16)

for all ðr;w;hÞ 2 Uh;p � Qh;p �Mh;p, where the interior flux func-
tion bf ið,Þ is defined as

bf iðqh;uh; buhÞ ¼ Fðbuh;qhÞ,nþ tðuh � buhÞ; (17)

and the boundary flux function bf ið,Þ as
Note that the definition of the boundary flux function bf bð,Þ
varies on the boundary domain G since the boundary conditions
(13) are different on each portion of the domain boundary.

The structure of the HDG method makes itself amenable to an
efficient implementation. Indeed, note that the first two equations
in (16) can be thought as giving qh and uh in terms of buh. The last
equation in (16) is then the equation that determines the actual
values of the unknown buh; it actually enforces the single-
valuedness of the tangential component of the numerical flux bf i
and imposes the boundary conditions. In this manner, the only
globally-coupled degrees of freedom are those of buh after linear-
izing the HDG formulation (16) by the Newton method and locally
eliminating the degrees of freedom of qh and uh by static conden-
sation. We refer to [43e45] for a detailed discussion about the
implementation of the HDG method.

It remains to describe an algorithm for finding b to satisfy
condition (2). If the constant b is initialized to an appropriate value,



Fig. 5. Corona current per unit length as a function of dEð%Þ. w∞ ¼ 20 m/s.

Fig. 3. Finite element mesh and a close-up view of the mesh near the wire. x and y axes are in [m].
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then we can solve problem (12) using the HDG method to obtain
the electric field Eðx; bÞ on the wire. We set
EmaxðbÞ ¼ maxx2Gwire

Eðx; bÞ. It is important to note that EmaxðbÞ is a
monotonically decreasing function of b. This allows us to solve the
equation EmaxðbÞ ¼ ð1þ dEÞEp for b by using the bisection algo-
rithm. First, we find bl such that EmaxðblÞ> ð1þ dEÞEp and bu such
that EmaxðbuÞ< ð1þ dEÞEp. Hence, b must reside in the interval
½bl;bu�. Next, we shrink the interval ½bl; bu� as follows: if
Emaxððbl þ buÞ=2Þ> ð1þ dEÞEp then we set bl ¼ ðbl þ buÞ=2 and
bu ¼ bu; but if Emaxððbl þ buÞ=2Þ< ð1þ dEÞEp thenwe set bl ¼ bl and
bu ¼ ðbl þ buÞ=2. We repeat this step until
Emaxððbl þ buÞ=2Þ ¼ ð1þ dEÞEp and return b ¼ ðbl þ buÞ=2.

6. Numerical results

The minimum ambient field for corona inception, Ei, is given by
the condition that the surface field be amplified to the Peek value.
For the setup in Fig. 2, and a< <h, this field is:
Fig. 4. Corona current per unit length as a function of w∞ for different val
EizEp
a
h
lnð2h=aÞ ¼ 21:6kV=m: (19)

The results presented in this section investigate the influence of
ues of E∞ . The error band in the Peek field was chosen as dE ¼ 0:25%.



Fig. 6. Electric field intensity on the wire for different values of ðw∞; E∞Þ. The uncertainty in the Peek value is dE ¼ 0:25%. The grey band indicates the region occupied by the corona.

Fig. 7. Influence of wind on ion density [mC=m3] near wire. E∞ ¼ 25 kV/m, dE ¼ 0:25%.
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E∞ > Ei, w∞, and the arbitrary choice of dE , on the emitted current
and the corona structure.

6.1. Corona current characteristics in wind and ambient field

The influence of wind and field on the corona current has been
evaluated for fixed uncertainty band in the Peek field, as shown in
Fig. 4. Many semi-empirical formulas have been reported in the
literature for the dependency of current with wind and field, very
often of the type [23,29]:



Fig. 8. Influence of wind on ion density [mC=m3] near wire. E∞ ¼ 40 kV/m, dE ¼ 0:25%.
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i ¼ Fv∞ionε0ðE∞ � EiÞ; (20)

where i is the current per unit length; v∞ion ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmE∞Þ2 þw2

∞

q
is the

ion velocity far from the wire; and F a non-dimensional constant, of
order one, which accounts for the geometrical configuration of the
electrical setup. For laboratory setups [23], cites differences of a
factor of 2e5 in F for point-to-plate or point between parallel plates
configurations.

The numerical results shown in Fig. 4 have been fitted to
equation (20) to find the parameter F. Fig. 4(d) shows that F de-
pends onwind and field, F ¼ Fðw∞; E∞Þ, and is of order one but not
a constant for intermediate wind speeds. For high wind and the
considered geometry F� 2.1. These dependencies are not surprising
since the electrical configuration is modified by the presence of the
space charge which depends on field and wind. Note that experi-
ments by Ref. [23] also show differences in the multiplying con-
stant (here F) when the wind is dominant, as compared to no wind.

For strong wind, i.e. w∞ > >mE∞, the current has a linear de-
pendency with both wind and field, and the wind dominates the
ion evacuation process. For low wind velocity, i.e. w∞ < <mE∞, the
corona current is almost independent of the wind and quadratic
with the field, and the ion evacuation is dominated by the electric
drift.

Note that by ignoring the near-wall physics (the active region), a
possible effect of wind on the threshold external field for corona
initiation, Ei, cannot be captured.

As a sanity check, the influence of the uncertainty in the Peek
value, dE , on the current characteristics has been evaluated, see
Fig. 5. For a variation in the uncertainty of the Peek field between
0:05%-4%, the corona current per unit length is practically unaf-
fected by choice of this value.
6.2. Ion cloud in wind and ambient field

More interestingly, the simulations show the effect of wind on
the ion distribution near the wire, Figs. 7 and 8. The electric field on
the electrode surface, is shown in Fig. 6.

The first observation is that, regardless of the extension of the
corona surface, the electric field on the wire remains close to the
Peek value. For the parameter range considered, the azimuthal
variation in the electric field is below 3%, and the maximum devi-
ation is encountered for maximum injected charge (maximum



Fig. 9. Electric field intensity distribution on the wire for different ðE∞; dEÞ. w∞ ¼ 20 m/s. The grey band indicates the region occupied by the corona.
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wind and field), Fig. 6(b). For the considered geometry, this
approximately uniform field on the wire surface, even for an ion
density that is not, has also been reported by Ref. [27]. The extent of
the corona surface is in fact dependent on both field and wind.

For an ambient field that is close to the corona inception
threshold e.g. E∞ ¼ 25 kV/m, Figs. 6(a) and (7), a small amount of
charge flux injection is sufficient to satisfy the Peek condition. For
the no-wind scenario, as soon as that charge is injected from the
region of maximum field on the wire (q ¼ p=2), it shields all the
wire below the Peek threshold, and so a partial corona is sufficient
to satisfy the generalized Kaptzov condition of section 3. The situ-
ation is qualitatively similar in the presence of wind, thus the
extension of the corona surface is similar to the no-wind case
although the center of the ion distribution shifts upstream of the
flow.

The ion density near the wire for the case E∞ ¼ 25 kV/m is
plotted in Fig. 7. Superimposed to the numerical results (in light
blue) are the analytical ion streamlines when substituting the
contribution of the space charge and the wire charge by that of a
charged wire that satisfies Kaptzov on its surface:

J ¼ mEpaqþw∞



r � a2

r

�
sinq� mE∞



r � a2

r

�
cosq: (21)

The streamfunction that goes through the stagnation point, Js,
is:

Js ¼ mEpaqs; qs ¼ tan�1


mE∞
w∞

�
; (22)

and is indicated by the white dashed line. This separatrix separates
the region occupied by the ion cloud from the no-charge region,
and closely follows the numerical results that account for the actual
space and wire charge.
For a stronger ambient field, that amplifies the electric field on

the wire significantly beyond the Peek threshold, the charge flux
injected needs to be larger (e.g. for E∞ ¼ 40 kV/m, the field on the
wire ignoring the space charge is

��E$n��z1:85Ep). Thus, for the no-
wind case, the full wire surface is occupied by the corona, Figs. 6(b)
and 8, to ensure Kaptzov is met everywhere. The situation differs in
the presence of wind, the corona region becomes smaller as the
wind becomes stronger, and the localized charge injection is suf-
ficient to shield the rest of the wire surface. The center of the ion
distribution is at qzp, and the appearance of the ion distribution
near the wire can again be explained by the ideal streamlines when
substituting the effect of the ion cloud and the wire charge by a
charged wire that satisfies Kaptzov, Fig. 8. In this case the
discrepancy is larger since the distortion of the laplacian electric
field will be stronger as a consequence of the higher ion densities
encountered.

The influence of the wind far from the wire is the development
of a positive ion plume in the direction tanqzmE∞=w∞ that acts to
reduce the electric field between plume and ground plane, Fig. 11,
due to an induced field in the downwards direction.

6.3. Distributed versus spot mode coronae: influence of uncertainty
band in peek's threshold

The uncertainty band in the Peek threshold was an artifact
introduced in the solution methodology proposed in section 3. It
was shown that the choice of dE had little effect on the global
properties of the corona and, in particular, on the current charac-
teristics, Fig. 5. However, the uncertainty in the Peek value has a
strong influence on the ion distribution close to the wire as is
shown in Figs. 9 and 10.

Fig. 9 shows the impact of the choice of dE on the electric field on



Fig. 10. Ion distribution [mC=m3] near wire for different dE . w∞ ¼ 20 m/s, E∞ ¼ 30 kV/m.

Fig. 11. Effect of dE on the electric field amplitude [kV=m]. w∞ ¼ 20 m/s, E∞ ¼ 30 kV/m.
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thewire, for awind speed ofw∞ ¼ 20m/s and several ambient field
values. In all cases, the observed azimuthal variation of the electric
field on the wire is below 2%. Thus, for dE below this value, a spot or
localized corona is observed, whereas for dE � 2% the corona is a
distributed corona that occupies all the wire surface. The extension
of the corona surface increases with dE .
Fig. 10 shows, for different dE , the ion distribution near the wire.

The ion streamlines, as well as the center of the ion distribution, are
pretty much unaffected by the choice of dE , however, the extent of
the corona surface is dependent on dE . For lower dE, the corona



Fig. 12. Electric potential (kV) (left) and ion density (mC/m3) (right) for the second test case.

Fig. 13. Electric potential along the line from the discharge electrode to the collecting
electrode for our numerical simulation: compare to Fig. 8 in Ref. [7] which shows
numerical simulations by Ref. [7] and experimental measurements by Ref. [46].
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region is more localized, but the ion densities are higher. For higher
dE , the corona occupies a larger region, but the ion densities are
smaller. So, even though the ion distribution differs on the wire
region, the charge flux being injected remains pretty much the
same.

From a practical perspective, the little dependency of the in-
jection law on the global response, i.e. the current characteristics
(Fig. 5) and the far field solution (Fig. 11), is an important result
since there is no consensus in the literature on this aspect
[27,36e39]. If the near electrode solution is not required, the choice
of injection law does not significantly affect the results.

From a physics perspective, the threshold Peek field will also
vary azimuthally on the wire, since local roughness of the surface,
as well as local heating, can affect its value. Also, a variation of the
Peek value is expected due to the non-symmetric distribution of
the space charge and field (note that equation (4) is derived
assuming a 1D cylindrical Laplacian field). Thus, accounting for a
finite variation in Ep also helps visualize the natural variations in
the corona threshold. It is interesting to note that the expected
current and the solution far from the wire are similar whether the
corona is a spot mode or a distributed mode corona.
7. Conclusions

We have presented a methodology to solve the problem of a DC
glow corona in the presence of strong asymmetries using the usual
approach of collapsing the active region to the electrode surface. In
this work, the asymmetry was introduced by a strong cross wind,
but a similar approach can be used to deal with complex electrode
configurations. The generalized Kaptzov model proposed allows to
solve for the corona surface over the wire, while still satisfying the
Peek field condition on the wire surface within an uncertain Peek
threshold. Future investigations will need to determine how to
select the band in the Peek field to define the real ion distribution
on the surface.

Numerical results of a corona in wind are presented for the case
of a grounded wire in ambient field and potential flow wind. The
current-field and current-wind characteristics computed show the
expected dependencies. For w∞ > >mE∞, the wind dominates the
ion evacuation process; whereas forw∞ < <mE∞, the electrical drift
is dominant.

Aside from significantly increasing the corona current, the effect
of the wind is to localize the corona (reduce the extent of the wire
surface occupied by the discharge) and to shift the center of the ion
distribution on the wire upstream of the flow. A simplified model
that substitutes the space and wire charge by a charged wire that
satisfies Kaptzov was used to explain the localization of the ion
cloud inside a separatrix surface.

An observation from this numerical study was the practical in-
dependence of the emitted current, and of the solution far from the
wire, with the specific injection law used. This indicates that for the
geometry considered (isolated wire in field and wind) the distant
space charge drives the magnitude of the current. This has the
practical implication that the predicted current will not be greatly
influenced by the injection law used, which is important since there
is no consensus in the literature. In terms of physical implications,
local effects of roughness or heating on the wire surface will act to
localize the corona to a specific region on the wire (spot versus
distributed modes) but the expected effect on the global properties
is small.

This manuscript has presented numerical validation of our
methods, see Appendix A. Future work will extend these studies to
account for transients, more complex geometries, detailed flow
effects, as well as incorporate the necessary physics to allow pre-
diction of the glow-to-streamer corona transition.
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Appendix A. Numerical verification and validation

The numerical models and methods presented in this manu-
script have been verified and validated, to the extent possible,
through comparison with available analytical, numerical and
experimental results. In particular, good correspondence is found
with: (1) the analytical solution to a cylindrical electrostatic pre-
cipitator reported in Ref. [7] (section A.1); (2) numerical results by
Ref. [7] and experimental measurements by Ref. [46] for a wire-
plate electrostatic precipitator (section A.2); (3) numerical results
by Ref. [27] and experimental results by Ref. [47] for a DC high
voltage line to plane geometry (no wind); (4) numerical results by
Refs. [27,36] for a DC high voltage line to plane geometry in the
presence of wind. For brevity, only cases (1) and (2) are summa-
rized in what follows.

A.1. Analytical solution

This problem taken from Ref. [7] serves to verify the HDG
method since it has an exact solution. A cylindrical electrostatic
precipitator consists of a circular wire as the discharge electrode
and an earthed coaxial cylinder (pipe) as the collecting electrode.
The geometry of the electrostatic precipitator is defined by the radii
of thewire and pipe, a and b, respectively. For zero ion diffusion, the
problem has the following analytical solution

fðrÞ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d,b2þc2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d,r2þc2

p
þcln

�r
b

�
þcln

 
cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d,b2þc2

p
cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d,r2þc2

p !
;

rðrÞ¼ ε0,dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d
�
r2�a2

�þa2,E2p
q ;

(23)

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, d ¼ J0

2pε0m
and c ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2p � d

q
. J0 is the current

per unit length. We choose J0 ¼ 2p, a ¼ 1, b ¼ 10, m ¼ 1, ε0 ¼ 1, and
Ep ¼

ffiffiffi
2

p
, so that we have c ¼ d ¼ 1. We use a mesh of 392 trian-

gular elements and polynomials of degree p ¼ 4 to represent the
numerical solution. The absolute error in both f and r is less than
10�5 in all the solution domain, proving the accuracy of the
method.

A.2. Corona discharge of wires between two collecting plates

The row of wires (discharge electrodes) between two plates
(collecting electrodes) is a typical configuration of a wire-plate
electrostatic precipitator. The geometry parameters are defined
by a ¼ 0:152 mm, b ¼ 114:3 mm, c ¼ 52:4 mm, where 2a is the
diameter of the wires, 2b is the distance between the two plates,
and 2c is the distance between two consecutive wires. The ion
diffusivity is zero, while the ion mobility m ¼ 2� 10�4 m2/V/s. The
electric potential on the wire surface is set to 25 kV. The ion density
on the wire surface is calculated from the condition

��E$n�� ¼ Ep
using Ep ¼ 10:092 MV/m. On the collecting plate, we have zero
electric potential and zero ion density flux. We refer to [7,46] for a
more detailed description of the problem.

We solve the problem on a computational domain that includes
a single wire by exploiting the symmetry of the problem. We dis-
cretize the computational domain into 4344 triangular elements
and polynomials of degree p ¼ 2 are used to represent the nu-
merical solution. Fig. 12 shows contours of the electric potential f
and ion density r. Fig. 13 displays the electric potential along the
line from the discharge electrode (wire) to the collecting electrode
(plate), to be compared to Fig. 8 in Ref. [7] (which shows numerical
simulations by Ref. [7] and experimental measurements by
Ref. [46]). Our simulation results are in good agreement with nu-
merical results of [7], and experimental results of [46].
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