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Abstract. The PageRank algorithm is used by search engines to rank websites in
their search results. The algorithm outputs a probability distribution that a person
randomly clicking on links will arrive at any particular page. Intuitively, a node
in the center of the network should be visited with high probability even if it has
few edges, and an isolated node that has many (local) neighbours will be visited
with low probability. The idea of PageRank is to rank nodes according to a stable
state and not according to the previous local measurement of inner/outer edges
from a node that may be manipulated more easily than the corresponding entry
in the stable state.

In this paper we present a deterministic and completely parallelizable algorithm
for computing an ε-approximation to the PageRank of a graph of n nodes. Typi-
cal inputs consist of millions of pages, but the average number of links per page
is less than ten. Our algorithm takes advantage of this sparsity, assuming the
out-degree of each node at most s, and terminates in O(ns/ε2) time. Beyond
the input graph, which may be stored in read-only storage, our algorithm uses
only O(n) memory. This is the first algorithm whose complexity takes advan-
tage of sparsity. Real data exhibits an average out-degree of 7 while n is in the
millions, so the advantage is immense. Moreover, our algorithm is simple and
robust to floating point precision issues. Our sparse solution (core-set) is based
on reducing the PageRank problem to an `2 approximation of the Carathéodory
problem, which independently has many applications such as in machine learn-
ing and game theory. We hope that our approach will be useful for many other
applications for learning sparse data and graphs.
Algorithm, analysis, and open code with experimental results are provided.
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1 Introduction

Matrix notation. For an integer n ≥ 1, let [n] = {1, · · · , n}. We denote by Rn×n the
set of n × n real matrices. The jth column of G is denoted by G•j and the entry on its
ith row is Gij . The ith entry of a column vector v ∈ Rn is denoted by vj . We write 0n
for the n-dimensional zero vector, and In for the n × n identity matrix. Let ej denote
the jth column of In.

Stochastic matrix. A distribution vector z ∈ [0, 1]n is a non-negative vector whose
sum is 1. A column-stochastic matrix is a matrix such that every one of its columns is a
distribution vector. The input matrix G is called the transition matrix of a graph if it is
equal to the adjacency matrix but with each non-zero column scaled to have unit sum.
Every positive column-stochastic matrixA ∈ Rn×n (i.e. whose entries are positive) has
a distribution vector z∗ ∈ Rn such that Az∗ = z∗ by the Perron-Frobenius theorem.
This vector is called the stable state of A.

Problem setup. The input to the PageRank problem is a non-negative square matrix
G ∈ [0, 1]n×n that represents the scaled adjacency matrix of a graph, i.e. the entry Gij

represents the probability of moving from node i to node j, and each column of G is
scaled so that its sum is 1. For simplicity, we assume (only for the moment) that there
is no node with out-degree 0.

Hence, G is a column-stochastic matrix where each of its columns defines a dis-
tribution, i.e., a vector whose entries are non-negative and sum to 1. For example, its
second column G•2 defines the visited node after taking a single step (random walk)
from the second node to its random neighbour. For a given vector z ∈ [0, 1]n that de-
fines a distribution over the currently visited nodes, the multiplication y = Gz yields
the distribution y of the visited nodes after taking a single random step from the current
state. In this sense, G describes a Markov Chain. If Gz∗ = z∗ for some distribution
z∗, then z∗ is called a stable state of G. Hence, given an initial distribution z∗, the
distributed on the next visited node will not change.

Stable state and page’s rank. The stable state z∗ is important because it can be also be
proved roughly that the probability of stopping on the ith node after a sufficiently long
random walk (when the initial visited node has almost no influence), approaches z∗i .
Intuitively, a node in the center of the network should be visited with high probability
even if it has few edges, and an isolated node that has many (local) neighbours will be
visited with low probability.

The idea of PageRank is to rank nodes according to this stable state z∗ and not
according to the previous local measurement of inner/outer edges from a node, since
these may be manipulated more easily than the corresponding entry in the stable state.
Intuitively, this is because the stable state measures a global property that depends on
all the nodes in the graph (connecting a single edge in one side of the graph changes the
rank of a node even of the other side of the graph). Unfortunately, this is also why the
problem of computing the stable state of G is hard. In fact, this vector is not unique.
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Damping Factor. To solve this issue, the PageRank algorithm uses a given a parameter
d ∈ (0, 1) which is called the damping factor. A common value is d = 0.15. Let 1
denote the n × n matrix whose all entries are 1, and let A = (1 − d)G + d

n · 1. For
example, suppose that in Gji = Gki = 1/2 for the transitions i → j and i → k.
In the matrix A, the probability of moving to any other node increases from 0 to d/n,
and the probability 1/2 of moving from i to j or k is changed to 1−d

2 + d
n . The new

sum of probabilities is still 1, so A is now a positive column-stochastic matrix. In the
context of surfing the internet, if each column ofG represents links in a web-page, inA,
with probability d we will visit a new random page that is not linked from our current
web-page.

More generally, in the v-Personalized PageRank we get an additional input distri-
bution vector v ∈ (0, 1)n whose entries are strictly positive and sum to one, and define
A = (1−d)G+d ·v ·(1, · · · , 1). In this case, v defines a distribution over the webpages
to visit in case that no web-link is chosen in the existing page. For the uniform distribu-
tion v = (1/n, · · · , 1/n)> the v-Personalized PageRank is the same as PageRank.

Unlike G, which is a non-negative matrix, A is a positive column-stochastic matrix.
By this fact and the Perron-Frobenius theorem, A has a unique stable state distribu-
tion z∗ such that Az∗ = z∗. Hence, the PageRank problem reduced to the problem
of computing this vector. A common way to compute the largest eigenvector of such
a matrix A is to use the power method. This iterative technique computes z(0) =
A · (1/n, · · · , 1/n)T , and z(i) = Az(i−1) for every i ≥ 1. It can be proven that
the approximation error

∥∥Az(i) − z(i)∥∥
2
≤ ε after O(log(n)/ε) iterations. Recall that

‖Az∗ − z∗‖2 = 0 since Az∗ = z∗.

Our result. In this paper we suggest a deterministic algorithm for computing a provable
ε-approximation z to the PageRank z∗ of a graph with n nodes. The exact running time
and memory depends on the sparsity s of each column ofG, i.e. the maximal number of
neighbours or, more precisely the out-degree, of each node in G. This number is small
in social or web networks, where most of the nodes have few related links to neighbor
nodes, compared to the total number n of nodes in the network. In fact, real datasets
show s ≈ 7 and n > 106 [8], making the improvement from O(n2) to O(ns) quite
drastic.

Formally, we present an algorithm that computes a distribution vector z such that
‖Az − z‖2 ≤ ε, compared to the optimal solution where ‖Az∗ − z∗‖ = 0. The algo-
rithm runs in O(ns/ε2) time and requires only O(n) read-write memory in addition to
reading the input graph (which is sparsely represented using O(ns) memory).

Our output z is a sparse vector with O(1/ε2) non-zero entries. Intuitively, the non-
zero entries of z are the “heavy hitters” or important nodes, while small ranks are
rounded to 0. Our algorithm is iterative, and the user can stop it after finding the top
desired ranks, or after observing that the last returned rank is already small.

Our Techniques. We show that the PageRank problem can be reduced to the Approxi-
mated Carathéodory, which was recently used in applications such as machine learning,
and game theory [5]. In this problem we wish to approximate a point in the convex hull
of n points by a convex combination of a small subset of these points.
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The problem of computing z∗ such thatAz∗ = z∗ is the same as computing z∗ such
that (A − In)z∗ = 0. We define B = A − In and seek a distribution vector z such
that ‖Bz‖2 ≤ ε. Viewing the columns of B as points in Rd, the problem is reduced
to finding a convex combination of points close to the origin. We instantiate the Frank-
Wolfe algorithm to iteratively add columns of B until we arrive sufficiently close to the
origin. At most O(1/ε2) columns are needed before we arrive at a sufficient solution.

While the input G is has sparse columns, the matrix B is not sparse because of the
damping factor d and distribution vector v. In fact,B has no zeros. We show a technique
to cache previous computations and extract the relevant information from G, d, and v
without every actually computing B.

For simplicity, we prove the main claim for the PageRank application, but the proof
is written in more general notation that we hope will be used by other researchers for
other functions, such as estimators that are robust to outliers as the m-estimators, that
usually have the required smoothness condition.

Related work. A frequently explored technique for solving PageRank involves some
variant of random walks, appearing in results such as [12,2,6,16,17] A sampling based
approach is suggest in [1]. Multipass streaming algorithms for approximating the rank
(i.e. value in the stable state) of a single node have been explored [15]. Under some
assumptions, it is also possible to return a list of the top-k ranked nodes [3].

In the distributed setting, [17] present a O( logn
d )-round algorithm that approxi-

mates each entry of the stable state up to a multiplicative factor of (1 + ε). However,
they treat computation time as an unlimited resource and the runtime is not explicitly
bounded.

Extensions of PageRank where the stable state may fluctuate in time have been
explored [13,4,14,18]. When considering location-based networks, an algorithm was
presented by [9].

Classical techniques include the power method (iterating until the stable state is
approached asymptotically) and explicit computation (involving finding a matrix in-
verse). These classical techniques are deterministic but require ω(n2) time. All prior
O(n2) time algorithms require randomization, making ours the first fast algorithm to
be entirely deterministic. Moreover, we take advantage of sparsity and therefore run in
optimal O(n) time on real datasets whose average out-degree is around 7 [8].

2 Preliminaries

The network of n pages is represented by an n×n matrix G. The ith column represents
the links on the ith page. If a page contains no links, its column is filled with zeros.
Otherwise, the column’s entries sum to 1 where the jth entry represents the probability
that a user who clicks on a link from page i will follow a link to page j.

Definition 1 (Unprocessed PageRank Matrix). The input to the PageRank problem is
a non-negative n× n matrix G where each column represents the links from a page. If
the page is a sink node with no links to other pages, the column is all zeros. Otherwise,
the column represents the transition probabilities to other pages and has unit `1 norm.
We call such a matrix the unprocessed PageRank matrix.
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With probability d ∈ (0, 1), a user may jump to page without clicking a link from
the current page. The distribution vector v represents the probabilities that a user will
randomly jump to a particular page. The matrix Ψ , introduced in the next definition,
accounts for this possibility of jumping without following any link. The entry Ψij is the
probability that a user on page j will move to page i.

Definition 2 (Approximate PageRank). Let G ∈ Rn×n be an unprocessed PageRank
matrix. Given a damping factor d ∈ (0, 1) and a positive distribution vector v, the
processed PageRank matrix Ψ(G, d, v) is defined column-by-column as:

Ψ(G, d, v)•i =

{
v if G•i = 0
dG•i + (1− d)v if ‖G•i‖1 = 1

Note that Ψ(G, d, v) is a positive column-stochastic matrix, so there exists a unique
distribution vector z∗ such that Ψ(G, d, v)z∗ = z∗. A distribution vector x is called an
ε-approximation if ‖(Ψ(G, d, v)− In)x‖2 ≤ ε.

We relate PageRank to a well-studied geometric problem called the Carathéodory prob-
lem. In what follows, 0d denotes the origin in Rd, and C(P ) denotes the convex hull of
a point-set P .

Definition 3. Let P be a set of n points in Rd such that 0d ∈ C(P ). An ε-approximation
to the `2-Carathéodory Problem is a multiset Q of T points from P such that:∥∥∥∥∥∥ 1T

∑
q∈Q

q

∥∥∥∥∥∥
2

≤ ε

In the previous definition, the unweighted average is taken over Q. However, Q is a
multiset meaning that it may contain points with multiplicity. One can consider a point
with multiplicity m to have weight m

T . As a simple example, let P ⊂ R2 be three
points whose convex hull contains the origin. Depending on the location of the origin,
an arbitrarily large Q is required for sufficiently small ε despite the fact that P contains
only three distinct points.

Definition 4 (Smoothness). A continuously differentiable function f : Rd → R is said
to be β-smooth with respect to norm ‖·‖ on domain D ⊂ Rd if:

‖∇f(x)−∇f(y)‖ ≤ β ‖x− y‖

for every x, y ∈ D.

For p ≥ 1 we write ‖x‖p to denote the `p-norm of x which is (xp1+ . . .+x
p
d)

1
p . Observe

that the function ‖x‖pp is convex and continuously differentiable.

Lemma 1. The function f(x) = ‖x‖22 is 2-smooth with respect to any norm on Rd.
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Proof.
∇(‖x‖22) = ∇(x

2
1 + . . .+ x2d)

= (2x1 . . . 2xd)
>

= 2x

Therefore ‖∇f(x)−∇f(y)‖ = 2 ‖x− y‖ where we have pulled out the 2 by the
scalability property of a norm.

Outline of Presentation. In the next section, we present the well-known Frank-Wolfe
algorithm (Algorithm 1 and Theorem 1). We show that Frank-Wolfe can be used to
solve the Carathéodory problem (Corollary 1). We will transform the PageRank prob-
lem so it can be solved by Frank-Wolfe, presenting a simple deterministic algorithm
(Algorithm 2 and Lemma 3). Finally, we make modifications to the algorithm so that it
takes advantage of the sparsity of the input (Algorithm 3 and Theorem 2).

3 Algorithm

The following algorithm was first presented by Frank and Wolfe in 1956 [7]. As writ-
ten, it loops infinitely. In practice, we terminate the loop after a sufficient number of
iterations given by gaurantees such as in Theorem 1.

We begin by setting x to be an arbitrary point of P . In each iteration, we select a
point y which is a vertex of the convex hull of P . We then redefine x as a weighted
average of itself and y, where each iteration gives less weight to the new y.

Algorithm 1 Input: continuously differentiable function f : Rd → R and point set
P = {p1, . . . , pn} ⊂ Rd

1: x(0) ← p1
2: t← 1
3: while true do
4: η(t) ← 1/t
5: y(t) ← argminy∈P y

>∇f(x(t−1))
6: x(t) ← (1− η(t))x(t−1) + η(t)y(t)

7: t← t+ 1

The first observation is that the {x(t)} are simply averages of the {y(t)}.

Lemma 2. x(t) = 1
t (y

(1) + . . .+ y(t)) for every t ≥ 1.

Proof. Observe directly from Line 6 that x(1) = y(1). Now assume inductively that
x(t−1) = 1

t−1 (y
(1) + . . .+ y(t−1)). η(t) = 1

t and so:

x(t) =

(
1− 1

t

)
x(t−1) +

1

t
y(t)
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=

(
t− 1

t

)(
1

t− 1

)
(y(1) + . . .+ y(t−1)) +

1

t
y(t)

=
1

t
(y(1) + . . .+ y(t))

The following theorem governs the behavior of the Frank-Wolfe algorithm, and was
presented in the original paper.

Theorem 1 ([7]). Fix a norm ‖·‖. If Algorithm 1 is run for T iterations on input (f ,P )
where maxp∈P ‖p‖ ≤ R and f is a β-smooth convex function with respect to ‖·‖ on
C(P ), then:

f(xT )− min
x∈C(P )

f(x) ≤ 2βR2

T + 1

We arrive at the following corollary by applying the previous theorem with basic
manipulations. In this form, it is apparent how the Carathéodory problem may be solved
using Frank-Wolfe.

Corollary 1. Let f(x) = ‖x‖22 and T = d 8
ε2 −1e. If Algorithm 1 is run for T iterations

on input (f ,P ) where maxp∈P ‖p‖2 ≤
√
2 and 0 ∈ C(P ), then:∥∥∥x(T )
∥∥∥
2
≤ ε

We now show that Algorithm 1 provides an algorithm for PageRank, forging a con-
nection between the two problems. Observe that when we form a d×nmatrixB whose
columns are the points of P , then C(P ) is the union of Bz over all distribution vectors
z ∈ Rn.

Algorithm 2 outputs an ε-approximation for Personalized PageRank. When adapt-
ing Algorithm 1, we have set f(x) = ‖x‖22 and so ∇f(x(t−1)) is simply 2x(t−1). We
also introduce a new vector z which will be the approximate stable state.

Lemma 3. Algorithm 2 outputs a distribution vector z that satisfies ‖Bz‖2 ≤ ε.

Proof. It is clear that z is a distribution vector since Line 10 is executed T times so z is
non-negative and ‖z‖1 = 1. It remains to show the bound ‖Bz‖2 ≤ ε.

Given the positive column-stochastic matrix B = Ψ(G, d, v)− In, we wish to find
a vector z such that ‖z‖1 = 1 and ‖Bz‖2 ≤ ε. Let P ⊂ Rn be the columns of B. By
the Perron-Frobenius theorem, there exists a unique stable state z∗ such that Bz∗ = 0.
This implies that the convex hull of P contains the origin, since the values of z∗ define
weightings of a convex combination of the columns of B. The reader can verify that
‖A•i‖1 = 1 implies ‖B•i‖2 ≤

√
2. Therefore by Corollary 1, Algorithm 1 will satisfy

that
∥∥x(T )

∥∥
2
≤ ε since we have set T = d 8

ε2 − 1e on Line 4.
It now suffices to show that Bz = x(T ). Observe that Bei = B•i. Let j(t) be the

value set on Line 8 during the tth iteration of the while-loop. y(t) = B•j(t) = Bej(t) .
By Line 10, z = 1

T

∑
t≤T ej(t) when the algorithm terminates. Therefore:

Bz =
1

T

∑
t≤T

Bej(t)
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=
1

T

∑
t≤T

y(t)

= x(T )

where the last line follows from Lemma 2.

Algorithm 2 Input: an unprocessed n × n PageRank matrix G, damping factor d ∈
(0, 1), positive distribution vector v ∈ (0, 1)n, approximation factor ε > 0

1: B ← Ψ(G, d, v)− In
2: x(0) ← B•1
3: t← 1
4: T ← d 8

ε2 − 1e
5: z ← 0n
6: while t ≤ T do
7: η(t) ← 1/t
8: j ← argmini∈[n]B

>
•ix

(t−1)

9: y(t) ← B•j
10: zj ← zj +

1
T

11: x(t) ← (1− η(t))x(t−1) + η(t)y(t)

12: t← t+ 1

13: Output z

Theorem 3 gaurantees an ε-approximation, but the matrix B = Ψ(G, d, v) − In is
not sparse. In fact, B does not have any zero entries. As written, Algorithm 2 runs in
O(n2/ε2) time. In the next section, we will improve the runtime by taking advantage
of the fact that althoughB is not sparse, it can be represented as a function of the sparse
matrix G.

4 Sparse Runtime

Each column of G has at most s non-zero entries. We can leverage this in the computa-
tion to improve the O(n2/ε2) runtime of Algorithm 2 to the vastly improved O(ns/ε2)
time. Recall that the average out-degree of a page is around 7 while the total number of
pages is at least in the millions, so this causes a drastic improvement.

To take advantage of the sparsity, we assume that the columns of G are stored in
memory with an s-sparse representation which means a list of at most s index-value
pairs. In contrast, by a standard representation we mean a list of n values including the
zeros such that the value for any index can be retrieved in O(1) time.

Fact 1. Let u and w be two vectors in Rn. If u has an s-sparse representation, then
u>w can be computed in O(s) time and O(1) space if w has either an s-sparse repre-
sentation or a standard representation.
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The proof of Fact 1 is clear. When u is represented as a list of s index-value pairs,
we need not even bother to read the values of any entries of v that are not in the list of
u. Since these entries are zero in u, their value in v is irrelevant.

We begin with a lemma on how to compute the dot product efficiently between
columns of B. This is important because we must compute (see Line 8 of Algorithm 2)
the value of i that minimizes the dot product B>•ix

(t−1). Recall from Lemma 2 that
x(t−1) = 1

t−1 (y
(1) + . . .+ y(t−1)). From Line 9, each y(i) is a column of B. Therefore

we may distribute and write this dot product as a sum of dot products between columns
of B.

Lemma 4. Assume that the value v>v is known. For any 1 ≤ i, j ≤ n, the value
B>•iB•j can be computed in O(s) time and O(1) memory.

Proof. We break into three cases about the two columns G•i and G•j : (1) both are
zero-columns, (2) only G•j is a zero-column, (3) neither are zero-columns. Note that
Case (2) has no loss of generality since if onlyG•i is a zero-column then we can simply
swap i and j before proceeding.

In what follows, we assume that i 6= j. If i = j we simply add 1 due to the term
e>i ej . Otherwise e>i ej = 0.

Case 1:

B>•iB•j = (v − ei)>(v − ej)
= v>v − vi − vj

Case 2:

B>•iB•j = (dG•i + (1− d)v − ei)>(v − ej)
= dG>•iv + (1− d)v>v − vi − dGji + (1− d)vj

Case 3:

B>•iB•j = (dG•i + (1− d)v − ei)>(dG•j + (1− d)v − ej)
= d2G>•iG•j + d(1− d)(G>•iv +G>•jv)

− d(Gij +Gji)− (1− d)(vi + vj)

+ (1− d)2v>v

Given the input tuplet (G, d, v,X, i, j) where X = v>v, the time and space com-
plexities are proven as follows. Case 1 is simple since we returnX along with entries for
v (retrievable in O(1) time from the standard representation). For Case 2, we must also
use Fact 1 to address the G>•iv term. For the Gji term, this can be found in O(s) time
(not necessarily O(1) time since G•i has an s-sparse representation). Case 3 follows
using the same principles.

We write DOT(G, d, v,X, i, j) to denote the O(s) time procedure from Lemma 4
which computes B>•iB•j given that X = v>v. We use this procedure in Algorithm 3
which is an efficient implementation of Algorithm 2.
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Algorithm 3 Input: an unprocessed n × n PageRank matrix G, damping factor d ∈
(0, 1), positive distribution vector v ∈ (0, 1)n, approximation factor ε > 0

1: T ← d 8
ε2 − 1e

2: X ← v>v
3: j ← 1
4: CACHE← 0n
5: z ← 0n
6: for t ∈ [T ] do
7: j ← argmini∈[n] CACHEi + DOT(G, d, v,X, i, j)
8: zj ← zj +

1
T

9: for i ∈ [n] do
10: CACHEi ← CACHEi + DOT(G, d, v,X, i, j)

11: Output z

The vectors x(t) and y(t), which were central to Algorithms 1 and 2, are only implic-
itly present in Algorithm 3. At the end of the tth iteration of the while-loop, y(t) = B•j
and xt = T

t Bz.
The vector CACHE stores previous computations of B>•ix

(t) so we can simply com-
pute B>•iy

(t+1) in O(s) time instead of re-computing this entire quantity in O(ts) time.
Without caching the computation, we would have an overall runtime of O(ns/ε4).

Lemma 5. In Algorithm 3, CACHEi = tB>•ix
(t) after the tth iteration of the while-loop.

Here x(t) is the value from Algorithm 2.

Proof. Let CACHE(t) denote the value of CACHE after the tth iteration of the while-
loop. Then CACHE(0) = 0n. By Lemma 2, tx(t) = y(1) + . . . + y(t). By induction, it
suffices to show that CACHE(t)

i = CACHE(t−1)
i +B>•iy

(t).
After Line 7 of the tth iteration, j is such that y(t) = B•j . Lemma 4 establishes that

DOT(G, d, v,X, i, j) = B>•iB•j . Combining these statements shows that Line 10 sets
CACHE(t)

i = CACHE(t−1)
i +B>•iy

(t) as desired.

We now present our main theoretical result. Algorithm 3 is simple, deterministic,
parallelizable, and takes advantage of the sparsity of the input.

Theorem 2. Algorithm 3 is deterministic, terminates in O(ns/ε2) time, requires O(n)
memory in addition to the read-only input, and returns an ε-approximation for Person-
alized PageRank of an input (G, d, v). Moreover, the algorithm is parallelizable with
P ≤ n processors with runtime O(( n

P + logP )s/ε2) and the same memory require-
ment.

Proof. It is clear that the algorithm is deterministic. Correctness follows from equiva-
lence to Algorithm 2 which is straightforward to verify.

For runtime, Line 2 takes O(n) time. On Line 7, there are n invocations of DOT,
each of which takes O(s) time by Lemma 4. Therefore this line takes O(ns) time. The
loop has O( 1

ε2 ) iterations, resulting in the runtime of O(ns/ε2).
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For space, besides constant-size variables, only two vectors CACHE and z are stored
in memory. It has been established in Lemma 4 that the DOT procedure requires O(1)
memory, so P ≤ n processors could compute Lines 2 and 7 in parallel in O(n/P +
logP ) time. The only other line of code requiring ω(1) time is Line 10, which can
clearly be parallelized to O(n/P ) time.

5 Results
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Fig. 1: Evaluation of the relative error ‖Bx∗‖2 = ‖(Ψ(G, d, v)− In)x∗‖2 of the sparse, ap-
proximate distribution vector x∗.

In this section, we evaluate the practical effectiveness of our scalable and sparse
PageRank algorithm on real world, benchmark data sets [11]. In particular, we evaluated
our algorithm on the following data sets:

1. Youtube Social Network and Ground Truth Communities (youtube) — network rep-
resentation of the Youtube social network. Contains 1,134,890 nodes and 2,987,624
edges.

2. California Road Network (roadNet-CA) — A road network of California consisting
of 1,965,206 nodes and 2,766,607 edges.

3. Wikipedia Talk Network (wiki-Talk) — representation of the activity and discus-
sions (edges) between the users (nodes) on the Wikipedia page. A directed edge
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(u, v) between two users u and v exists if user u edited a page of user v. The graph
contains 2,394,385 nodes and 5,021,410 edges.

4. Google Web Graph (web-Google) — Network composed of 875,713 nodes and
5,105,039 edges denoting web pages and the hyperlinks between them, respec-
tively.

We compared the performance of our Frank-Wolfe-based approach in generating a
sparse solution x that minimizes ‖Bx‖2 to that of constructing an x via uniform sam-
pling for various values of sparsity (i.e., sample size). All algorithms were implemented
in Python using the Sparse package of the SciPy library [10] and simulations were con-
ducted on a computer with a 2.60 GHz Intel i9-7980XE processor (18 cores total) and
128 GB RAM.

Experimental Setup For each data set represented by the scaled adjacency matrix G ∈
Rn×n, we constructed a set of k = 10 geometrically-spaced subsample sizes S =
{S1, . . . , Sm} ⊆ [log n,

√
n]k and for each sample size m ∈ S, we invoked each al-

gorithm to construct an approximate distribution vector x with sparsity m. The results
were averaged across 100 trials for each subsample size. More specifically, for each
m ∈ S, we ran our algorithm for m iterations to construct an m-sparse vector x. The
uniform sampling procedure was implemented in a similar iterative manner, where at
each iteration a random index j ∈ [n] was selected and the vector x (initially all zeros)
was modified to be

xj ← xj +
1

T
.

Empirical Results Evaluations of our algorithm and comparisons to uniform sampling
on the 4 benchmark networks are shown in Figure 1. Our empirical results reaffirm the
favorable theoretical properties of our algorithm and show that it can efficiently and
judiciously generate a sparse distribution vector with significantly smaller error than
that constructed by uniform sampling.
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