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THE SPARSE CIRCULAR LAW, REVISITED

ASHWIN SAH, JULIAN SAHASRABUDHE, AND MEHTAAB SAWHNEY

ABSTRACT. Let A, be an nxn matrix with iid entries distributed as Bernoulli random variables

with parameter p = p,. Rudelson and Tikhomirov, in a beautiful and celebrated paper, show

—1/2

that the distribution of eigenvalues of A, - (pn) is approximately uniform on the unit disk

as n — oo as long as pn — oo, which is the natural necessary condition.

In this paper we give a much simpler proof of this result, in its full generality, using a
perspective we developed in our recent proof of the existence of the limiting spectral law when
pn is bounded. One feature of our proof is that it avoids the use of e-nets entirely and, instead,
proceeds by studying the evolution of the singular values of the shifted matrices A, — zI as we
incrementally expose the randomness in the matrix.

1. INTRODUCTION

For an n xn matrix M, we define the spectral distribution of M to be the probability measure
war that puts a point mass of equal weight on each eigenvalue of M:

UN = n~! Z Ox.

The study of the spectral distribution of random matrices M goes back to the seminal work
of Wigner [19] in the 1950s who showed that the spectral distribution of random symmetric
matrices (so called Wigner matrices) converges to the, so-called, semi-circular law in the large
n limit, after an appropriate rescaling.

Determining the limiting spectral distribution for matrices with #id entries proved to be
substantially more difficult and was only resolved by Tao and Vu [1§] after a long succession of
important papers going back to the 1960s [1,4,6L&,12,13L17]. They showed that the spectral
measure for such matrices, after appropriate rescaling, tends to the circular law as n — oo,
which is the probability measure that is uniform on the unit disc in C.

Theorem 1.1 (Tao and Vu). Let { be a complex random variable with mean 0 and variance 1.
For eachn, let A,, be a random matriz with iid entries distributed as &. If we put A} = Ap-n1/2
then the spectral measure pax converges to the circular law in probability.

Actually Tao and Vu also proved Theorem [I1] for the stronger notion of almost sure con-
vergence but we express their theorem in terms of convergence in probability as we will be
exclusively interested in this form of convergence. Indeed, we say a sequence of measures pi,
converges to the circular law in probability if for all s,t € R, we have

1 s t
lim i, ((—00,8) X (—00,t)) = ;/ / 124241 dyd.

n—oo

While Theorem [LT] gives us a very good understanding of the limiting spectral law of the
spectrum of “dense” matrices, it does not tell us anything about matrices where the non-zero
entries are sparse. Of particular interest are iid Bernoulli matrices where all entries are iid and
distributed aﬂ Ber(p) for p = p, — 0.

Sah was supported by the PD Soros Fellowship. Sah and Sawhney were supported by NSF Graduate Research
Fellowship Program DGE-2141064. Part of this work was conducted when Sawhney was visiting Cambridge with
support from the Churchill Scholarship.

Here Ber(p) denotes, as is standard, a {0, 1}-Bernoulli random variable taking 1 with probability p.
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This sparse setting was considered by Gétze and Tikhomirov [8], who proved that the limiting
spectral distribution is still the circular law when p > n~1/4*¢. Tao and Vu [I7] improved this
range to cover all p > n~1+¢
p > w(n~t(logn)?).

Then, in a difficult and celebrated paper, Rudelson and Tikhomirov [I5] proved that pn — oo

, and Basak and Rudelson further improved this to cover all

is sufficient for convergence to the circular law, which is also the natural necessary condition: if
pn is bounded it is easy to see that the limiting measure must have a large atom at zero.

In fact, they prove a more general result that allows for the non-zero entries to be replaced
with iid copies of a random variable £ of variance 1. Indeed let A,, ~ A, (p,§) indicate that A,
is a n x n random matrix where each entry is an iid copy of Ber(p) - £.

Theorem 1.2 (Rudelson and Tikhomirov). Let & be a real random variable with E£2 = 1, let
np — 0o and p — 0 and for each n, let A, ~ Ay (€,p). If we put AX = A, - (pn)~1/?
converges to the circular law in probability.

then piax

This long line of results leaves open the case of p = d/n, for constant d > 0, which has proven
to be the most difficult and subtle case. In our paper [16], we complete this program by proving
the existence of the limiting measure in this case.

Theorem 1.3. For d > 0 and each n, let A,, be an n X n matriz with iid entries distributed as
Ber(d/n). There exists a distribution g on C so that pa, converges to ug, in probability.

In this paper we give a new and considerably shorter proof of Theorem based on the
method which we used in [16] to prove Theorem [I.3]

The method and “philosophy” of our proof is considerably different from that of Rudelson
and Tikhomirov. We completely avoid any direct use of e-nets and, instead, favour of a more
“dynamic” approach, where we track the evolution of the point processes defined by the singular
values of the shifted matrices A —zI as we expose a new rows and columns. To pull this analysis
off we need only to rely on a few “quasi-randomness” conditions on the graph defined by the
non-zero entries.

One added advantage of our approach is that it allows us to effortlessly generalize Theorem [I.2]
of Rudelson and Tikhomirov to allow for complex random variables ¢ with unit variance. It
appears the work of Rudelson and Tikhomirov would not generalize to this complex case without
significant new ideas. Thus our main theorem here is the following.

Theorem 1.4. Let ¢ be a complex random variable with E|£|?> = 1, np — oo and p — 0 and for
each n, let A= A, ~ Ap(€,p). If we put AX = A - (pn)~/? then pax converges to the circular
law, in probability.

We now turn to sketch the proof of Theorem [I.4] and setup the remainder of the paper.

2. DESCRIPTION OF METHOD

To establish the convergence of the spectral law to the circular law it is enough to prove the
convergence of the logarithmic potential of the spectral law to the logarithmic potential of the
circular law. For us, we may use Girko’s “hermitization” method (see e.g. [2]) to express the
logarithmic potential of the spectral law as the (random) function

) Un(2) = =3 > log (0(42).

where we set d = pn, here and throughout the paper, and define

A=A — 20, =d V2 A — 20,
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Here we have also used the notation o1(M) > o9(M) > -+ > 0,(M), to denote the (right)
singular values of the n x m matrix M. Our main task is to prove that for all z € C\ {0} we
have

. . —log |2, if |2]
9 lim U,(2) =U°(2) =
(2) m Un(2) ) {(1— 12[%)/2, if|2]

with probability 1, where U° is the log potential of the circular law. Once we have proved this

?

1
1

N WV

)

we can simply appeal to the general theory of logarithmic potentials to conclude the convergence
in probability p, — u°.

Given the expression (I), there are traditionally two steps to establish (2). First, one shows
that the limit of the empirical distribution of the singular values o;(A;) is “what it should
be” by a (fairly standard) method of moments and truncation argument: this tells us that the
“bulk” of the sum in ({l) converges to what it is supposed to. Second, one shows that the small
singular values o,,0,_1,... don’t spoil the bulk convergence of this sum by getting too small
and dominating the sum (II). Since we have good tools for establishing the first step these days,
it is this second step that represents the core challenge and, in particular, one essentially needs
to prove bounds of the type

(3) P(0_1(A2) < exp(—en/k)) = o(1),

forany e >0 and all k =1,2,....

Now, heuristically we expect that typically o,_, = ©(kd/?n~1), and thus (@) may not ap-
pear to be a particularly difficult obstacle to overcome, as it represents an extremely abnormal
behaviour, heuristically. However, obtaining bounds of this type has recently represented the
significant challenge in this area. Indeed, bounds of this type represent one of the main achieve-
ments of the work Tao and Vu [I8] in their work on the circular law for dense matrices. For
sparse matrices, the challenge is greater still as there is less “randomness” to use. For their
sparse circular law, Rudelson and Tikhomirov [I5], develop a whole toolbox of sophisticated
techniques for constructing e-nets to prove singular value estimates of the typdi (3)).

In this paper, we take a more direct route to proving (2) that is substantially different and
considerably simpler. Instead of directly working with the singular values, we look to compare
U,, with a “truncated” version of the log potential of a principal minor of A*. To elaborate on
this, let e — 0 sufficiently slowly and set m = (1 — ¢)n. We will understand A7, . to be the top
left m x m principal minor of A%. The main objective of the proof will be to compare U,(z)

with the truncated sum
(1—e/4)m

Tn(z) = - Z log (05 (A;,..))-
j=1
The point here is that the sum 7T'(z) is much easier to deal with than the corresponding log
potential: the smallest em/4 singular values have been removed from the sum. Thus a simple
variant of the trace moment method is sufficient to establish

Tn(z) =U°(z) + o(1)

with high probability as n — oo. The core of the proof, therefore, lies in making the comparison
between U,, and T,,, and in particular showing U, (z) < T,,(z) + o(1), which we achieve dynam-
ically: we “build up” A7, , from A7, ., by alternately adding rows and columns. Simultaneously,
we build up U, from T;, by taking more singular values into our sum, when possible. For this,
we index time in half-integer steps t € [m,n| so that at each integer time ¢ we have that A} is

2In fact, both Tao and Vu [I8] well as Rudelson and Tikhomirov [I5] obtain better estimates on the least
singular value than required, but this is not relevant to our discussion here.
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a t X t matrix and at time t + 1/2, we define A:+1/2 to be the ¢ x (¢ + 1) matrix which is A},

with the bottom-most row deleted. Thus we build A}, , from A7, . as

* * * *
Am,z — Am+1/2,z — An71/2,z - An,z'

The point of this is that each row and column addition has the crucial property that it “pushes”
all the singular values up and thus we aim to take more singular values into our sum as these
values get “pushed” throughout the process. Let us define the sum

Tr,t(z) = _% Z log (Uj (A;fk,z) ) :
j=1

Our crucial lemma tells us that we can take on singular values rather often: if A;q satisfies
some quasi-randomness conditions and r < ¢ then

(4) P(Tr+17t+1/2(z) < Tr,t(z) + 5r+1) =1- 0d—>oo(1),

where the probability is only over the new row/column being added and 4, is a sequence with
the property that

(5) > G =o(1).

r=(l1—¢/4)m
However this is not the end of the story; every time we add a column to our matrix we “create”
a new singular value at 0 that needs to be taken under control in the following steps. Thus we
need to ensure that our random process has sufficient drift to ensure that we can take on all
new singular values by the end of the process.

To see this is the case, consider the random process r(t), which is defined as the number of
singular values that we have taken on by time ¢. It makes sense to consider the “height” of this
process defined by h(t) = ¢t — r(t), which represents the number of singular values we don’t have
in our possesion at time ¢. Thus the goal of our work can be phrased as showing that h(n) =0
with high probability. Note that at the start of this process, we have

h(m)=m—(1—¢/4)m =em/4

and at each step we have a downward drift of (1/2 — o(1)) with each row or column addition.
Since there are 2en row or column additions we expect the total drift to be en which is signifi-
cantly larger than en/4, and should give h(n) = 0 whp. Of course the wrinkle is that we need
to ensure that these quasi-randomness conditions, mentioned above, occur sufficiently often.

To prove (@) we are led to study the structure of the vector space spanned by the [t] — r
smallest singular vectors of M (left-singular vectors for integral ¢ and right-singular vectors for
half-integral t). In particular, we will need to show that if X is a new row or column of our
matrix and Py ps is the orthogonal projection onto the space spanned by the h smallest singular
vectors of the appropriate side then for “quasi-random” M we have

o Px (P X 2 < exp(=nd;)) = O(e + (log(y) d) 7).

While theorems of this type can be quite challenging, here we can get away with a very weak
notion of quasi-randomness, based on the number of rows that have a unique non-zero entry
in a set of columns. From this quasi-randomness condition, we can deduce the following basic
structural information about vectors v € C! that are near-singular vectors of M:

(7) [{i: v; = exp(—nd)n "2} > (n/(2d))log g d.
This in, in turn, allows us to deduce ({@]).

In Section Ml we define the notion of a “unique neighbourhood expansion” which our quasi-

randomness notion is based on. In Section[Blwe use this quasi-randomness property to derive (7).
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In Section [6] we prove that if the kernel has the property (7)) then we can deduce (6l). Then in
Section [7] we prove (), showing how the process evolves in a single step. In Section [§ we give
the simple analysis of this random walk. In Section [@ we show the convergence of T;, to U° and
complete the proof of Theorem [[4l

3. A FEW PRELIMINARIES

In what follows we fix £ to be a complex random variable with
Elf? = 1.

We regard £ as fixed throughout the paper and allow various quantities to depend on £. Given
such a random variable &, we define 5 = 5(£) < 1 to be such that

max P(J¢ — y| < §) <1- 5.

Note that either 5(£) > 0 or S(Ber(1/2)-&) > 0 and thus adjusting p and rescaling if necessary
we may assume that 5(£) > 0.

We define A, ,,,(p, ) to be the probability space of all nxm matrices of A where A4; ; = §; ;& ;,
all of the & ; and ¢; ; are independent, and J; ; ~ Ber(p) and &; ; is distributed as £&. We define
AL (& p) = Apn(&,p). We define Col,, (€, p) to be the random column vector X € R" where X;
are independent and distributed as Ber(p) - &. We define Row,, (£, p) similarly. For a matrix M
we also define | M||%q = > |M; ;.

We define for easy reference the quantities ¢, mentioned in the proof outline. We define

5 — n_l(log(n/(n -7+ 1)))2 for r < n(1-— d_1/4);
e Cn~t(logd)®(log(n/(n —r +1)))® for r > n(1 — d*1/4)_

As we required in () it is not hard to check that 2?1(1_6/4)n 0, = o(1). To save on clutter, it
also makes sense to define
Nr = exp(—nér).

In addition to the fixing of £, we make a few more global assumptions throughout the paper.
We assume throughout n is sufficiently large and that Cn~! < p < 1/2, where C is a sufficiently
large constant depending only on £&. We assume t € %Z N [m,n] and m = (1 —e)n. Throughout,
for t € N, A; will be our ¢ x ¢ random matrix for time ¢ and Ay, /o will be a t x (t+ 1) random
matrix, obtained as submatrices of A. Throughout we will define A;, = A; — 2I, where I is
either a square identity or (¢t —1/2) x (t+ 1/2) identity matrix depending if we are at an integer
or half-integer time. As in the previous section, define Aj, = d=Y2A; — 2I. We also allow
ourselves the convention that d = pn and that z € C. All whp statements are meant with
respect to n — oo and therefore d — oo.

4. UNIQUE NEIGHBOURHOOD EXPANSIONS AND QUASI-RANDOMNESS PROPERTIES

The goal of this section is to define the quasi-randomness event &£, that will allow us to show
that we can take on the rth singular value into our sum, with high probability, assuming r < |¢].
We define this event &, in three parts

& (&, p) =U(E,p) N B(p) N Q(E,p) NR(E; p)-

Even before defining &, we state the main lemma of this section which is essentially the only
thing we need to carry forward in the paper.

Lemma 4.1. If r >t —n/d"/* then

P(A; € &) > 1 —exp(—d'/?([t] —r +1)).
5



We now define U,.. For this, let B be an m x ¢ matrix and let S C [/] be a set of columns of
B. We define U(S) C [m], a subset of the rows of B, in two parts. We first define
U(S)\S={ie[m]\S: B;; #0 for a unique j € S and |B; ;| > B}.
We then define
US)nS={ie[mlnS: B;; =0forall j €S}
We fix a(z) = (log(n/x))~2 and say B € U, if for all subsets of columns S with
(L] —r+1) <|S| < (n/(2d))log(2) d wehave |U(S)| = a(|S)|)d|S|,

where ¢* > 0 is the absolute constant appearing in the statement of Lemma (It is not
heuristically important what this parameter is precisely, only the scale of the lower limit on

15].)
Lemma 4.2. If r >t —n/d"/* then
P(Ay € Uy,) > 1 —exp(—2d"?([t] —r + 1)).

Now define A; € B if for all subsets S C [|¢]] of the rows, we have

ZZ% O(d + log(n/|9))),

ZESJ 1
and analogously for the columns.
Furthermore, define A; € Q if there are at most

2dn/H? 4 (logn)?* entries of A; which are > 8H /S in magnitude

for each H € [1,n%], and additionally the maximum value of A; is at most n3.

Finally define A; € R if for all £ > 1, if we put L = (dn/(8¢))® then

ZIAMJ|>L/5}| (£)de/4

and similarly for columns.

Lemma 4.3. We have
P(A; € BNQANR)>1—-n"3

The proof of all of these lemmas are entirely standard union bound computations and are
deferred to Appendix [Al

5. SPREADNESS OF NEAR-KERNEL VECTORS FROM GRAPH QUASI-RANDOMNESS

The goal of this section is to prove the following lemma, which says that if A; € &, and
v is “close” to the small right-singular vectors of A;. then it has (n/(2d))logpd > n/d

coordinates that are bounded away from zero by n,n /2.

The point here is that each new
row and column has random support of size d, on average. So, crucially, the intersection of
these supports is typically > 1. For this lemma we define the notation, for v € C" and x > 0

Alv; @) = [{i: |vi = }].
Lemma 5.1. Fort >r >n(l—d /%), let Ay € & and 1 < |2| < d. Put k= c*([t] —r+1),
where c* is as in Section[4), and let v € Cltl satisfy

[ Asvlla < dY2n, and  A(v; kK*n=%/2) > k.

Then
Mo; gpd 212y > (n/(2d))log g d.
6



We prove this lemma by using the unique neighbourhood expansions. This link starts to
become apparent with the following simple observation.

For this we define a few uses of notation. For v € C" and S C [n], we let vg € C" be
the vector with (vg); = v; for i € S and 0 otherwise. It is also useful to define, for a vector
v = (v1,...,0p), the vector v* = (v],...,v}) where the entries of v* are the |v;|, but have been
permuted so that v} > --- > v}.

Observation 5.2. For { < t, let v € CI!l and let S be the set of the ¢ largest coordinates of v
in absolute value. If |z| > 1 then |(A¢.vs)i| = vy B for all i € U(S).

Proof. We consider two cases. If i € U(S) \ S there is unique j € S with (A .);; # 0. For this
J, we additionally have [; ;| > 8. Thus the observation is easily proved in this case.
For i € U(S) NS we have (A¢.);; =0 for all j € S with j #i. So
|(Arzvs)il = [(Arz)iivil = [(A = 2D)iqvi] = |2[|vi] = v B,
which proves the observation. O

Recall that above we defined the function a(x) = (log(n/z))~2. Here we define the function
do(x)x
8 =
® )~ | o oy |
where C’ is a sufficiently large constant. (It is chosen based on the O(:) in the definition of the

event B.)
We prove Lemma [5.1] by iterating the following lemma. This lemma says that if the mass of

v is clustered on fewer than (n/(2d))log y) d coordinates then At .v has many large coordinates
and is therefore is not close to the small singular vectors.

Lemma 5.3. Forr <t let Ay € & and let c*([t] —r +1) < € < (n/(2d))log o) d, where c* is
as in Section[f If v € Cltl satisfies

. (B
Vergey SV \ g |
and 1 < |z| < d then

9) MAzv; Bup/2) = a(l)dl.

Proof. Let S be the set of the ¢ largest coordinates of v in absolute value. Write v = x + y,
where z = vg and y = vge and note that by Observation we have

|(An7zx)i| 2 |(An,z$)i| - |(An,zy)@'| 2 Uz,ﬁ — |(An7zy)i|,
for all i € U(S). Since A; € &, we have that |U(S)| > a(f)d¢ and thus it suffices to prove
(10) [{i € U(S): |(An )il > B /2}] < a(0)de/2.

To prove ([I0)), let B be the set in (I0) and define S* O S to be the set of indices of the +¢g(¢)—1
largest coordinates of v in magnitude. If ¢ € B then either row ¢ has unusually large magnitude
or row i has a non-zero entry in S*\ S. More precisely, define

[t]
Bl = {’L Z |6i,j£i,j| 2 L/,B} and B2 = {’L Z 52‘,]‘ > 0},
7j=1

jesH\S
where we have set L = (dn/(B¢))°. We now claim that B C By U By. To see this, assume
i ¢ By U By and observe that

(A 29)il 01005605 — 21y=illogl = Y 181565 — 21=illvg],
igs igs*
7



since i ¢ By. Using that |v;| < vjL™1(8¢/(dn))? for j & S*, we see the above is at most
BEY® v AR . *
<% A G ;g 16i,5&i.5] | < R (d+B87"L) < B /2,
] *

where we have used that |z| < d, £ <n, and i ¢ By. Thus B C B; U Bs.
To conclude ({0, we just need to show |Bj|,|Bs| < a(f)d¢/4. Since A; € &,, the definition
of event B tells us

[Bal < ) D 6iy < O(g(6)(d +1log(n/g(0)))) < al€)de/4.

1€S*\S J

Recall that in the definition of g, C’ is chosen sufficiently large. Additionally, the definition of
event R tells us |By| < a(f)dl/4. This completes the proof. O

We now iterate Lemma [5.3] to obtain Lemma 51l To understand how many times we need
to iterate Lemma [5.3] we need the following basic numerical fact. For this, we think of k as in
Lemma 5.1l and we define the sequence (k¢)¢=0, by setting kg = k and then defining

ki = ki1 + g(ki-1),
for all 7 > 1.
Fact 5.4. Let 7 be the minimum value for which k; > (n/(2d))logy d. Then T = O((log(n/k))%).

We prove this fact in Appendix [Al and now jump to the proof of Lemma 5.1

Proof of Lemma 51l We let k; and 7 be as above. We claim that for all i € [7] we have
(11) U, = Vf,_, 0,

where § = (8k/(dn))7. For a contradiction assume i € [7] is the smallest failure of this inequality.
We will then apply Lemma [5.3] to show that this contradicts the assumption that v is close to
the small singular vectors.

Indeed, the failure of (1] allows us to apply Lemma [5.3] to v to learn

(12) )\(At,zv; szi,l/Q) alki—1)dki—1 > (log(n/k))
Since ¢ is the minimum such value for which (II]) fails, we have
(13) vzt_l > 57(1‘—1)?};;0 > 57(i_1)k2n_5/2,
where the last inequality holds by the given lower bound on vy = v;. Now (I2) and (I3) taken
together imply
1A,20[13 > k(log(n/k)) =2 - B26M 0~ Dktn =2 /4 > 6140,

Since i < 7 < O((log(n/k))*), we see that this contradicts the assumption

14¢,203 < n?d < exp(~C(log(n/k))* (log d)°),

where we have used that k = ¢*([t] —7+1) and k < n/d'/*. So in fact ([I)) holds for all i € [7],
as claimed.
Now iterating (1) we obtain the desired result, using that we have 7 = O((log(n/k))?*) and

8



6. PROJECTION ANTI-CONCENTRATION

As discussed in Section Bl our ability to “take on” the singular value o, depends on the
magnitude of the projection of our new row or column onto the space spanned by the vectors
Up, - - - , Uy, corresponding to the smallest singular directions oy, ..., 0, (on the appropriate side).
Here we prove that it is unlikely for this projection to be small assuming A; € &, (or AI €&).
Recall that for a t x ¢t or (t—1/2) x (t+1/2) matrix M, we let P, »; be the orthogonal projection
onto the [t] — r 4+ 1 smallest right-singular directions of M.

Lemma 6.1. For t —2en < r < [t], let Ay € &, let 1 < |z2| < d, and put M = A;,. If
X ~ Rowy(§,p) and o (M) < d"/?n, then for all w € C*1,

Px (| Prar(X +w)t|l2 < d?n,) = O(e + (10g 2 )12,

The remainder of this section is devoted to a proof of this lemma. The proof is broken into
different regimes, when the co-dimension is large, meaning h = [t|—r+1 > nd~Y*, and when it
is small, meaning h < nd~/4. We warm up by proving the large h case, since this is significantly
easier and does not need A; € £.. When h is small we will have to appeal to the results that
we proved in the previous section about matrices A; € &,.

6.1. Proof of the large h case. We take care of the case of large h with the following.
Lemma 6.2. For h > nd Y4, let X ~ Rowry (&,p) and let P be an orthogonal projection onto
an h-dimensional subspace. Then for all kK > 0 and w € C™ we have

Px (|P(X +w)f|2 < k- dY21*?n73/2) = O(k + d~V/4).

The following lemma of Litvak, Lytova, Tikhomirov, Tomczak-Jaegermann, and Youssef [11,
Lemma 4.3] gives a decent basis for this space.

Lemma 6.3. Let V' C C" be a k-dimensional C-vector space. There exists an orthonormal
basis B of V so that for all v € B, we have v}, > kY201 where ¢t > 0 is an absolute
constant.

We also need the following anti-concentration inequality, which is a straightforward conse-
quence of the classical inequality due to Lévy—Kolmogorov—Rogozin [10}14].

Lemma 6.4. Let X ~ Col,(§,p), and let v € C" satisfy vi, > p. Then
Cs r

I;?g P(’<X7U> - y’ < T) < (kp)1/2 p’

for all r > ﬁp/\/i Here we can take Cg = O(ﬁ_?’/z).

We include the simple deduction of this lemma in Appendix[Al We are now prepared to prove
Lemma [6.2], which takes care of Lemma for large h.

Proof of Lemma 6.2 Let V be the image of P. By Lemmal[6.3]there exists an orthonormal basis
B of V so that v, > c*hl/2n~! for each v € B. Write |P(X +w)t|3 = 3 ,cp (v, X + w)|?
and note that

2
LIPX +w)lll < r-d W07 < 25 110, X +w)l < 26 d'2hn ™50,

vEB
since if || P(X +w)t||2 < x-d"/2h3/2n=3/2 then at most h/2 inner products on the right-hand-side
are > 2 - d'/2hn3/2. Taking expectations gives

2
PP +w)flls < - d032n %) < 2 37 B(\{o, X + )| < 26 a2 hn%2) = O +d74),

veEB
9



where we applied Lemma to each term in the sum with k& = ¢*h, p = ¢*h'/?n~! and
r = max{2x - d/2hn=3/2,8p/\/2}. Indeed, if = Bp/v/2 we may apply Lemma to obtain
the upper bound of O((kp)~/?) = O(d—%/%). On the other hand, if r = 2k - d*/?hn=3/? then we
can apply the lemma and obtain an upper bound of O(k). U

6.2. Proof of the small h case. The proof of Lemma [6.1]is similar to the proof of Lemma [6.2]
but we will additionally need to appeal to our results that tell us the small singular vectors are
unstructured.

Proof of Lemmal6.1l After applying Lemma and using h < 2en, we may assume 1 < h <
nd=/* here. We let V be the subspace spanned by the h smallest right-singular directions of
M. As before, we apply Lemma to find an orthonormal basis B of V' so that

(14) vl = h 2
for each v € B. Again write ||Pa,» X |3 = > ,cp (v, X)|* and again note we have
2
(15) P(|[Pras Xl < med'?) < 73 P([(0, X)| < 200(d/R)'1).
veEB

Now fix v € B and express v = 2?21 c;w; where u; are unit vectors associated with the least
right-singular directions of M and Z?Zl lci|? = 1. We use o1 —ht1(Atz) = 0r(Arz) < d'?n, to
see

h h h
(16) 1A 20]13 = (0, AL Aszv) = D0 eici(ui, Al Arug) = feiPody iy < di?,
=1 j:l =1

where we have used that u; are orthogonal eigenvectors of ALzAt,z’ by definition. Due to (I4])
and (I6) we may apply Lemma 5] to see

vp = ned?hY? where €= (n/(2d)) log ) d.

Thus the expected intersection of the support of X with the coordinates of v with |v;| >
nrdY?h=12 is pl = (1/2) log gy d — oo. In particular, we can use Lemma [6.4] to see

) (10, X)| < 1r(d/1)!7%) = O(ogs d) ).
with the choice of r = p = n,d"/2h~/2. Applying ([T) to each term in (5] concludes the proof
of Lemma o

7. A STEP IN THE PROCESS

The following crucial lemma tells us that each row or column addition allows us to bring a
new singular value under our control, with probability 1 — 04_,c0(1).

Lemma 7.1. Fort —2en < r < [t], let AI € &1 if t is integral and let Ay € E.q1 if t is
half-integral, and d=Y/? < |z| < dY/?. Then

P(Tri1412(2) < Tra(2) + 0rp1) = 1 — O(e + (loggy d)~1/?),
where the probability is over the new row or column.

To prove this we will have to track how the singular values evolve when we add a row
or column to A;. In particular we use the following basic linear-algebraic lemma along with

Lemma [6.1] the main lemma from the previous section.
10



Lemma 7.2. Let M be an n X m matriz and let M’ be an (n 4+ 1) x m obtained by adding the
row X to M. For r <m, we have

r+1 r
[To:) = |PXT|ly - [ os (),
i=1 =1

where P is the orthogonal projection onto the span of the m — r smallest right-singular vector
of M.

Proof. Let @ be any (r+1) x (n-+1) matrix such that QQT = I,,1. By Courant-Fischer applied
to M'M'T, we have that s,(QM'M"TQT) < o1, (M')? for all k and therefore

r—+1
det(QM'M"' Q) < T ou (M),

i=1
We now choose @ such that det(QM'M'TQT) is exactly the RHS of the claimed inequality. Let
Q' be an r X n matrix with rows corresponding to biggest r unit left-singular vectors of M.
Q is obtained by adding an extra row and column to (' which are all zeros, except for the
bottom right entry which is 1. It is trivial to verify using orthogonality of singular vectors that
QQT = Ir+1-

Note that @M’ is an (r + 1) X m matrix. The first r rows of QM’ are exactly the first r
right-singular vectors of M’ with the i-th largest singular vector scaled by o;(M’); this is most
easily seen by using the singular value decomposition of M’. The final row of QM’ is exactly
X. Therefore using the base times height formula for determinants, we have that

det(QM' M Q) = dist(X, spanc ({e:Q' M hser))* [ [ 0(00)* = [|PXT|5 - [ ou(01)?,
i=1 i=1

which completes the proof. O
We also require Cauchy interlacing (for singular values).

Fact 7.3. Let M be an n x m matriz and let M' be M with a row added. Then
om(M) < on(M') < 01 (M) < 01 (M) < --- < 01 (M) < a1 (M),
We now prove Lemma [7.1]

Proof of Lemma 7.1l We only need to put the pieces together that we have already built up.
Note that A}, = d12A — 2l = dV?(A - 2d"/?1) = d_l/ZAwdl/z. If or41(Af.) = nr41 then

we have
r+1 r+1

1o 0.0 = T 0i(A45) = neia [ [ oi(A7 L),
i=1 i=1 i=1

where the first inequality holds by interlacing. Thus we are done in this case.

Otherwise Jr+1(A;z) < Mpa1, in which case we use that A; € &.41. Let us focus on the
situation where ¢ is half-integral and we are adding a row. The integral case is similar except
we apply the relevant argument to AI, so we omit it. By Lemma [T.2]

r+1 r

[1oi(45110.) 2 I1P1a; (@7 72X +w)ilfo - [ (A L),

i=1 =1

where X ~ Rowy (&,p) is the new row added and w is all 0 except perhaps a nonzero element

corresponding to —z on the diagonal (when ¢ is half-integral). We may now apply Lemma
11



with r replaced by r 4+ 1 to see
P (||Prra; (472X +w)la < ihrsr) = P (|1 Prrra, o (X +dV2w)l|2 < d20,00)
= O(e + (log() ) ~'/?)
as desired. O

8. ANALYSIS OF THE PROCESS

Recall that we index time in half-integer steps from the interval [m, n] so that at each integer
time ¢ we have that Ay is a t x¢ matrix and at time ¢+1/2, A, /5 is the ¢ x (t+1) matrix which is
Ai41 with the bottom-most row deleted. Recall r(t) can be defined by setting r(m) = (1—¢/4)m
and

t)+1 if 7, < T, J ;
r(t+1/2) = r(t) + if Tty 41,041/2(2) r(),t(2) + 0rt) 11
r(t) otherwise.
In what follows, if M is an n x m matrix, we define o,(M) = 0 if r > m. We track the evolution
of the random variable h(t) =t — r(t). The main goal of this section is to show that, whp, we
have taken all singular values into our sum by the end of the process.

Lemma 8.1. For all z € C\ {0}, we have
P(h(n) =0) =1 —o(1).

We shall also see that this immediately implies the following result, which is the “hard”
direction of our two-sided comparison of T},(z) and Up,(z).

Lemma 8.2. For all z € C\ {0}, we have Uy(z) < T,,(z) + o(1) with probability 1 — o(1).

To prove these lemmas we study how h(t) evolves. For convenience when analyzing cases
h(t) = 0, however, we define the slightly modified function

B (t) = h(t) if h(t) # 1/2;
Clo i h() =1/2

At the start of the process we have

h*(m) <m— (1 —¢/4)m =em/4 < en/4,
by definition. For all t < n, we have

B+ 1/2) < () +1/2 + (1/2) Lie 0,

and finally, if AI € &r(t)41 for t integral or Ay € &.(;y41 for ¢ half-integral, we know from
Lemma [TT] that
P(h*(t + 1/2) < h*(t) - (1/2)]1h*(t)>0) =1- 0d~>000(1)'
E—>

Of course, for this to be useful, we need to guarantee the required event sufficiently often. One
difficulty here is that our bounds on the failure of &, are not sufficiently strong to ensure that
our matrix always satisfies the appropriate condition. To get around this we use a simple idea:
if at time ¢ we have h*(t) < |(n —t)/8] then we don’t worry about certifying that new singular
values are taken into our sum, as we are already “over-achieving” at such a time. Thus we only
need to union bound over all pairs (¢,7) where r < t— |(n—t)/8]. Thus, for all times in (1/2)Z,
we define

0 {ﬂi_tl(n_t)/SJ {A; € &} if t half-integral;
t =

ﬂtjl(nft)/gJ {Al € &) if t integral;

T

and then set ét = ﬂ Oy,
<t
12



where the latter intersection is over all ¢ € (1/2)Z N [m,t]. Of course the key point here is that
Q holds with high probability.

Lemma 8.3. P(Q,) = 1 — o(1).
Proof. We apply Lemma [4.1] to bound P(éc) above by
t—[(n—1)/8]

Z Z P(A; € &) Zexp —d"2([t] = r+1)) Z2exp kd'/*),
t r=1

t,r k>1
which tends to zero as d tends to infinity. O
To avoid the property 9, running interference with the independence in the row/column

revelation process, we couple h*(t) to a simpler process. For this let F; be the o-algebra
corresponding to the matrix A;. Now define the random variables X; = h*(¢)1 5, This definition

is crafted so that on én, if X,, = 0 then h*(n) = 0. We now prove the following simple
probabilistic lemma which shows that X; has sufficient downward drift to ensure P(X,, = 0) with
high probability. Such lemmas originate in the work of Costello, Tao, and Vu [3] on singularity
of symmetric random matrices, and have been used more recently to study singularity and rank
in sparse random matrices [517].

Lemma 8.4. Let (F5)I_, be a filtration and let (Ys)I_, be a sequence of random variables for
which Yy is Fs-measurable, Ys € (1/2)Z>o, Yo < T/8, Ysy1 < Ys + 1, and such that

P(Yop1 < Ys — (1/2)1y,50 |Fs) 21 —q,
whenever Ys > |(T' — s)/16]. Then
(18) P(Yr = 0) > 1 — 4¢"/%.
Proof. We proceed by considering an appropriate exponential moment: define the random vari-
ables Zg = ¢T=9)/164=Y5/2 and note
P(Yp > 1/2) = P(Zr > ¢ /%) < ¢M* - EZyp.

We now show that EZ7 < 4 by bounding how much the expectation moves in each step. Indeed,
for each s <T — 1 we claim we have

(19) E[Zs1 | Fs] < 1+ 2482,
To see this, first consider the case Yy < [(T'—s)/16]. Here Y11 < [(T' —s)/16] +1/2 and thus
Zoi1 < g T—s~D/16-1/2U(T=9)/16]-1/4
Otherwise we have Y; > | (T — s)/16] and we calculate
E[Zy1 | Fs] < g7 1)/16( —1/20%=(1/29)1y,50) 4 ¢ g 1/2(YS+1)) <1+2¢32..
This establishes (I9). We now iteratively apply (1)) to see
E[ZT] <14+ 2q1/8 + (2q1/8)2 4t (2q1/8)T71 + (2q1/8)TE[Z0] <2+ (2q1/8)T < 4.
For the inequality we used the fact we may assume ¢ < 1/2'¢, otherwise the conclusion at (1))

is trivial. O

Proof of Lemma 81 All that remains is to check the pieces fit together. Note that X; is Fi-
measurable, by definition. Let Ys = X,,, 14/ for s € [0,2(n —m)|]NZ. We have T' = 2en for our
process and our starting point Yy = X, satisfies Yy < m/4 < en/4 = T/8, by definition. We
now claim that

(20) P(Xir1/o < Xe— (1/2)1x,50 | Ft) 21— 0400(1),
13



whenever X; > |(n —t)/8]. We check this inequality pointwise. If A; € Qf then (20]) holds, by
definition, since then X; 1/ = X; = 0. On the other hand, if A; € Q; then we apply Lemma[Z.1]
to see that

P(Xit12 < Xe = (1/2)1x,50 | Qi) = P(R7(t+1/2) < I (t) = (1/2)1p >0 | Q1) = 1= 0as00(1).

E—00

Thus X; is a random process that satisfies the hypothesis of Lemma [B4. We apply Lemma R3]
and then Lemma [8.4] to see that

P(h*(n) > 0) = P(h*(n) > 0N Q,) + o(1) < P(X, > 0) +o(1) = o(1).

Using that h*(n) = 0 implies h(n) = 0 (since n is integral), we are done. O

We now deduce the important consequence of Lemma BRIl Lemma [B2] which says that
Un(2) < T,(2) + o(1), for all z # 0.

Proof of Lemma[82 Assume h(n) = 0. Thus for each (1 —¢/4)m < r < n, there exists
t(r) € [m,n] N 4Z so that

T 1) (2) < Ty g(ry—1/2(2) + 0r

and such that ¢(-) is a strictly increasing function. Additionally, by Fact [[3] we have T}.4(z) <

Tr,tfl/Q(Z)'

Chaining these inequalities together gives

n

Un(2) = Ton(2) <+ < Toprmeyan(2) + > 6, = T(2) + (1),
r=(1—e/4)m

and we’re done. O

9. COMPLETION OF THE PROOF

With the main difficulty of the proof behind us, we no longer need to consider A;, and now
simply think of n — oo. It is convenient to modify T;,(z) to be a function of (4}, .) instead of

(A7, 2); define

(1—e/4)m

TG = 3 los(oi(45,)

i=1

(1—¢/4)m — (1 —3¢)n

(1—¢)
1 * *
T1§2) (Z) = _E Z log(o-i(An,z)) - log(Um(1,€/4) (Am,z))

A n
1=2en
We now relate Uy, (z), T,(2), Trgl)(z), and T,(L2)(z).
Fact 9.1. We have
(1—e/4)m
To(z) = —— 1 (A% ) < TP
n(Z) n ZZ:; Og (UZ( m,z)) n (Z)
(1—e/4)m (1)
1 Tn'(2)
n(z2) 2 ————= 1 (A ) = .

14



Proof. The second inequality follows from o1(A}, ,) > 02(A}, ) = --+ > on(4}, ). For the first
inequality, note that

(1—e/4)m
- Z log (Ui(Amz))
=1
m—3en
1 N 1—-¢/4)m —(1—-3¢)n .
< _E Z log (UZ(Am,z)) - ( / ) n ( ) log(0(1—6/4)m("4m,z))
i=1
<TP(2)
where the final inequality follows from iterating Fact [[3] a total of 2en times. U

Next we will require control on the Hilbert—Schmidt norm of A7 ..

Fact 9.2. With high probability,
147 2l < 4(12* + L)n
Proof. Note that
E A Llfs = Elld™2 A, — 21allfs < 2(E[ld™2 Anllfis + 12LnlEs) = 2(1 + [2*)n.

Viewing the square of the Hilbert—Schmidt norm as the entry-wise sum of the squares, the result
follows by Chernoff and the strong law of large numbers. (]

Finally we require convergence of the truncated log potential; this is a fairly standard proof
which we defer to the end of the section.

Lemma 9.3. For pn — oo and p — 0, let A, ~ A, (&,p) and let ¢ — 0 sufficiently slowly.
Then Trgl)(z) and T,(f’(z) converge to U°(z) in probability.

To finish the proof we state a simple criterion that allows us to jump from point-wise conver-
gence of Up,(z), plus a simple tightness condition, to the convergence of the spectral measures.
The following lemma is a simple reworking of Theorem 2.1 in [I8], which gives the following
“abstract” criterion for convergence to a circular law.

Proposition 9.4. For each n, let A, be a random n x n matriz and let p, = piz-1/24, be the
scaled spectral law of A,,. IfE|d=2A,||lus = O(n'/?) and for almost all z € C we have Uy, (2)
converges to U°(z) in probability, then p, — pu° in probability.

We now prove Thoerem given Lemma
Proof of Theorem [1.4} By combining the first item of Fact [0.I] Lemma[8.2] and Lemma[9.3] we

have
P(U,(2) <U°(z) +0o(1)) =1—0(1).
Combining the second item of Fact and Lemma [0.3] we have
P(U,(z) 2 U°(z) —o(1)) =1 —o(1).

Therefore, Fact allows us to invoke Proposition [0.4] which completes the proof. O
We now prove Lemma Define v, , to be the empirical measure of all of the singular

values of the shifted matrix A7, .. Since Tr(ll)(z) and Tr(l2)(z) cut out the smallest singular values,
arguments based on just convergence of distribution can control these sums.
Define G,, to be an iid n X n random matrix with entries distributed as variance 1 complex

Gaussians: %(Zl + Zsi), with Z1,Zy ~ N(0,1) iid. Let Vﬁz be the empirical measure of the

singular values of the shifted matrix G, , = n~ 112G, — zI,. Tt is well known that yﬁ ., converges

in probability to a limit ©&, which satisfies the following properties.
15



Fact 9.5. There exists an absolute constant C' > 0 such that the following holds. For all z € C,
v& is a measure on [0, |z| + C] with v.([0,t)) < Ct for all t, and

—/logthZG =U°(2).

Next we establish convergence in distribution for the measures v, .; this is by now standard
and we include a short sketch for completeness.

Fact 9.6. For pn — oo and p — 0, let A, ~ Ap(&,p). For all bounded continuous functions
¢: R = R, we have

[oydn.— [ow s

in probability.
Proof sketch. Fix M > 1, let 51(71].) = &jlie 1< 52(3) = fi,j]1|§i,j|>M, and note that & ; =
{Sj) + ffj). Let A% have entries 51‘,3‘5@(7];) for k € {1,2}. By the Chernoff and the strong law of
large numbers, with probability 1 — o(1) we have
2

1AP 1%s < 2pn® - Bl
Furthermore, since the entries of AS) are bounded by M, by a standard trace method argument
we have that the empirical measure of the singular values of the matrix

(pE|eV12) 724D —EAD) - 21,

converges to v& in probability. Here we have used that the entries of AS) —EAS) are distributed
as 5i,j£z‘(,lj) - pEfi(’lj) which has mean zero and variance pIE|£Z(71j») 2 — p2(|E£i(’1j) )2. Therefore by the
Hoffman-Wielandt inequality [9, Theorem 1] to bound deviations introduced by adding A,(f),
using that EAS) is a rank 1 matrix, and finally taking M — oo, the desired result follows. [J

We are now in a position to easily prove Lemma [0.3] which will conclude the proof.

Proof of Lemmal9.3. By the convergence in distribution established in Fact as well as
Fact (applied with n replaced by m and z by (1 — &)~ /22) we have that Om—em/a(An 2) S

m,z) ~
|z| +1 and 0y, oy a(A}, 2) 2 € whp. Given this, establishing that T,gl)(z) and T,§2)(z) each con-
verge in probability to U°(z) boil down to essentially identical arguments; we prove convergence
for Trgl)(z) explicitly.

Let ¢’ = 5¢/4 — £2 /4 and note that

(1-€")n
1 *
106 =3 3 logloi(47.) + olt)
1=
whp, where the error term arises due to rounding the top index and can be absorbed using
Fact [.5] and convergence in distribution of o;(A}, ).
Let 7.(¢’) denote the unique real number such that Py, ,¢[X < 7:(¢')] = ¢’ and Py _,¢[X <

7.(e")] < €. Define V&€ by letting X ~ v, then outputting X conditional on X > 7,(¢')
with probability (1—¢')""Px _,¢[X > 7.(¢')] and 7 (¢') with probability (1—¢')"'(Px.,¢[X <
7.(")] — €’). By convergence in distribution (Fact [0.6) and some manipulation, we have that
{0i(An2) hi<i<(1—e")n converges in distribution to VZG’EI.
Let ¢: R — R be a smooth nonnegative 1-bounded function which is 1 between &'/(2C) and
|z] + C + &~ and which is 0 outside ¢’/(4C) and |z| + C + 2¢~1, where C' as in Fact
16



By Fact and Fact @5, whp o(_.),(4;,.) > €/(2C). Furthermore, since v (t)log(t) is a
bounded continuous function, Fact yields
| (1=)n
> oAy, og(oi(43,2) = — [ wle)logt O +o(1)

n -
=1

whp. Next note that log(|z| + 1)1y < < Z. Thus for &' sufficiently small and using Fact [0.2]

M-
whp
(1—e")n (1—e")n
1 X 1 *
n Z (1/}(0-1("4 )) log(oi (4, )) - log(gl(An,z))>' < n Z ]10,'(1421’2)26’*1 log(ai(An,z))
i=1 i=1

8/ - e 2 /2
E Zlgz E”An,zHHS e,
1=

supposing that ¢ is sufficiently small in terms of z (which occurs for large n).
Finally, since v is supported only on [0, |z| + C] and v ([0,¢]) < Ct by Fact [.5]

z +/1,Z)(t) log t dyzG’a/ —/logt dl/zG+/logt dyzG’a/ < /|10gt|]1t<5//c dVZG < /2

and we are finished upon combining the four centered equations. O

APPENDIX A. OMMITTED PROOFS

Proof of Lemma[f.2. Assume t — 1/2 is integral so that A; is a ¢’ x (¢ + 1) matrix where
t' = t—1/2. The other case is strictly simpler so we omit it. We fix a set S C [t 4 1] of columns
of size k. We note that

U(S)] = > 1(i € U(S)),
i€[t’]
where the sum is over the rows and thus is a sum of independent random variables. Thus we
compute the expectation and then control the deviations. For i € [t'] we have

(21) PGEeU(S)=0—-ptrifieSandP(iecU(S)) =P =B)1—pripkifigs.

If k is such that n/(2d) <k < (n/(2d)) log sy d we can just consider the contribution of i ¢ S
and then use Chernoff. Indeed, picking up from (2I]) we have

pk(1—p)*~" = (1/3)(1 — p)M/ P losa ¢ > <1/3> exp(—logz) d) > (logd) /2,
where we have used that d is large and that 1 —z > e > for < 1/2. Thus
E|U(S)| = (' — k)(log d)~>/? > 2(log(n/k)) " 2dk = 2a(k)dk
and so by Chernoff, we have
(220 P(U(S)| < a(k)dk) < P(US)| < (1/2E[U(S)]) < exp(—en/(log d)*/2).

We finish this range of k£ by simply union bounding over all subsets of size k: the probability
there is a set S of size k with |U(S)| < a(k)dk in this range of k is at most

e—cn(logd)_3/2 (Z) < exp ( _ cn/(log d)3/2 + (n/(2d))(log d) log(2) d) < €_d2/3k,

where the last inequality follows since k < (n/(2d))log () d and d is sufficiently large.

We now turn to the trickier range ¢*(t — r + 1) < k < n/(2d). For this, define T' = a(k)dk
and write
(23) P35, 18] =k, [U(S)| <T) < (Z)P(IU(S) NS <T)-PUS)\ S| < T).
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For the sake of notation we also set v = P(|¢| > ) and then define

¢ = (1 —p)* and g2 = (1 — p)*~Ipk.

Note that 1 —¢; < pk and 1 —¢q2 < 1—~kp/4. Let k' = |SN[t'][; note that ¥’ € {k—1,k}. Now
|U(S) N S| is distributed as binomial random variable B(k’,q;) and |U(S) \ S| is distributed as
B(t' — K, q2). Therefore ([23) is at most

> <1:L/> (lj> (1—q)F " (t/ ; k/> (1—qo)' %

i,j<T

T
where we used that k' + T < n/3 and bounds on ¢1,g2. We bound this by

k' T
en / ’_ en n
<@+ () Fwn T (F) -

2en2\ T
(depnd)* (,m—"T) e/S < (1ed?)* (1 /K)T exp(—vkd/3)

< (2€pn)ke5dk/log(n/k) eXp(—’ykd/S) < e,d2/3k;
the desired result follows after summing over all k > ¢*(t —r + 1). 0

Proof of Lemma [{.3 We first address B. Note that for a given i € [|¢]], we have

L]
]P’(Z 0ij > 2d+ x> < exp(—c(d + x))

Jj=1

by Chernoff. By Chernoff again, for every k& we see

[t]
#{z' e (Lt Y 6y > mogm/k)} < n(le/n)? + (log n)?

Jj=1

with probability at least 1 — n ™

. Additionally, every such sum is bounded by d + O(logn)
with probability at least 1 — n™%. We can now see B holds with sufficiently good probability
by considering for each possible size of S the sum of the largest rows (and similarly for the
columns).

For Q, note that E|¢ ;1 < 1+ 872 < 2872, so we have P([§; ;| > 8H/B) < 1/(32H?),
and hence P(6;;|¢ ;| > 8H/B) < p/(32H?). By the Chernoff bound, there are at most
2pn?/(32H?) + (logn)? entries of A; which are greater than 8H/f3 in magnitude with prob-
ability at least 1 — exp(—(logn)?). Now we take a union bound over a dyadically separated set
of H € [1,n%] and appropriately adjust constants to obtain P(Q) < 1 — 1/(3n?).

For R, note that we may assume ¢ < n/2 (else the bound is vacuous) and thus L/5 >
d®375 > d’E|¢|. Furthermore note that

E(6;,j1¢i ;1) = pEI&i ;| < pB~" and Var[s; ;16 ;1] < E[67 ;1€ < p(1+87%) < 2pB~2.

Thus we have by Chebyshev’s inequality

) — pnE[& 5[])

The desired result then follows by Chernoff applied to each row and considering a union bound

[t] 2})71,872 B B ,
P(jzl|(14t)i,j| > L/@ﬁ)) < T8 _ < 2pnf2 - (L)(48)) 2 = 32dL2.

over values of ¢ along an exponential sequence, for £ > n'/9. (When ¢ is sufficiently small we

can use Q instead.) O
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Proof of Fact[5.4) If k > (n/(2d))log s d then the result is trivial, so we assume the opposite.
Now we consider how many steps it takes us to double the value of k; in two different ranges.
When ¢ < nexp(—d) we see d < log(n/¢) hence

9(€) = (cdt/2)(log(n/0))~>
The right side is increasing in ¢, thus it takes at most O((log(n/f))3) steps for this recurrence

to go from £ to a value which is at least size 2/.
When nexp(—d) < £ < (n/(2d))logg) d we have d > log(n/{) so

g(£) = (ct/2)(log(n/t))~*
Thus it takes at most O((log(n/f))?) steps to go from £ to at least 2¢. Putting these two
observations together we have

r < 0 X (tog(n/ (2 k))* ) = Of(tox(n/0)"),
a=0
as desired. O
We now prove the required anti-concentration inequality Lemmal6.4L for the sake of simplicity
we define for a (real or complex) random variable I,

L(T,t) =supP(]I' — 2| < t).
z2€C

We require the following anti-concentration inequality due to Lévy—Kolmogorov—Rogozin [10,
14].

Lemma A.1. Let &1, ...,&, be independent real-valued random variables. For any real numbers
r1,...,7n > 0 and any real r > maxjcicn i, we have

Cr
<Z£“> VI (1 - L)

for an absolute constant C > 0.

We will also require the following basic observation regarding the distribution of certain
complex random variables.

Lemma A.2. If L(,,5) < 1—p and z € C\ {0}. We have either
L(Re(2€),Bl21/V2) 1= /2 or L(m(26),5]2|/v2) <1-5/2.
Proof. Suppose not. Then there exist x,y € R such that
[Re(z€) —al <Blzl/V2  [Im(=6) - y] < Bla]/v2
with probability greater than 1 — 8. This implies that
|26 — 2 —yil < Blz]

with probability greater than 1 — ; dividing by z we obtain a contradiction. O
We now prove Lemma

Proof of Lemma[6.4 Without loss of generality, let |v1]| > |va| = -+ = |vy,| so that |vg| > p and
let o' = Bp/v/2. By Lemma[A2] at least k/2 coordinates j € [k:] one of

L(Re(0j6),p) < 1= §/2 or L(Im(v;€), o) <1— §/2.
By multiplying £ by +/—1 if necessary, we may assume the first case holds, and let the set of
such coordinates be S C [k]. This immediately implies that

L(Re(vjd;&;),p) <1 - Bp/2
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for all 7 € S. By Lemma [AT] for appropriately chosen C' we have

ﬁ(ZUj(sjgj,T> < E(Zi@@@ﬁ) < ﬁ(ZRe(Ujéjfj%r)
j=1

JjES jes

< Cr < Cr _ QC,B_?’/ZT

b (2 Sies(1 = L(Re(vidi&), o)) S o (kpB)/2)2 — (kp)2p

where we have used r > Bp/\/i = /. -
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