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Omitted Proofs

Step 2, Proof of Theorem 1: A user’s payoff is concave if he is price taking. The condition that
a uniform market-clearing price must exist implies that for any fixed 6 > 0, the range of D(u,0)
must contain (0,00) as p varies in (0,00). Now suppose that for fixed 6 > 0, there exist pq, pz >0
with gy # po such that D(uy,0) = D(pe,0) = d, where d > 0. Let C = 2d and let R =2. Then for
0 = (0,0), there cannot exist a unique market-clearing price pp(0); so we conclude that D(-,6) is
monotonic, and strictly monotonic in the region where it is nonzero.

Let I C (0,00) be the set of > 0 such that D(u,#) is monotonically nondecreasing in . From the
preceding paragraph, we conclude that if 6 € (0,00) \ I, then D(u,0) is necessarily monotonically
nonincreasing in u. Further, if € I, then D(u,0) — 0o as p— oo, and D(u,0) — 0 as p— 0; on
the other hand, if 6 € (0,00) \ I, then D(u,0) — 0 as p— oo, and D(u,0) — oo as pr— 0.

Suppose I # (0,00) and I # (); then choose 6 € 91, the boundary of I. Choose a sequence 0,, € I
such that 6,, — 0; and choose another sequence 0, € (0,00) \ I such that 0, — 0. Fix b1, fo With
0 < gy < po, such that D(pq,60) >0 and D(u2,60) > 0. Then we have D(uq,6,) < D(us2,6,), and
D(p1,0,) > D(ps,0,,). Taking limits as n — oo, we get D(u1,0) < D(ps,0), and D(pq,0) > D(a,0),
so that D(uy,0) = D(us,0). But this is not possible, since D(-,6) must be strictly monotonic in the
region where it is nonzero. Thus I = (0,00) or I = ).

We will use Step 1 to show D(pu,6) is concave in 6 > 0 for fixed p > 0. Since D(u,6) is continuous,
it suffices to show that D(u,6) is concave for § > 0. Suppose not; fix § >0, § >0, and 6 € (0,1)

such that:
D(p, 00+ (1—6)0) <6D(p,0) + (1 —38)D(u, ). (EC.1)

Note this implies in particular that either D(u,0) >0 or D(u,6) > 0. We assume without loss of
generality that D(u,0) > 0. Let C® = RD(u,0), and let 8% =(8,...,0) € (RT)E. To emphasize the
dependence of the market-clearing price on the capacity, we will let pp(8;C) denote the market-

clearing price when the composite strategy vector is @ and the capacity is C. We will show that
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for any 6’ > 0, if u* =pp(077",0';CF), then u® — p as R — oo. First note that by definition, we

have D(uft,0") + (R—1)D(u®,0) = RD(u,0); or, rewriting, we have:

g0+ (1= 3) Dt 0) = Do) (BC2)

Now note that as R — oo, the right hand side remains constant. Suppose that p* — oo. Since
I=(0,00) or I =0, either D(u't,0"), D(u®,0) — 0, or D(u',0"), D(u®,0) — oo; in either case, the
equality (EC.2) is violated for large R. A similar conclusion holds if uff — 0 as R — co. Thus we
do not have u®® — 0 or uf — 0o as R — oco. Choose a convergent subsequence, such that u® — i,
where fi € (0,00). From (EC.2), we must have D(j1,0) = D(p,6). But as established above, since
D(-,0) is strictly monotonic in the region where it is nonzero, this is only possible if i = u. We

conclude that the following three limits hold:
Jim pp(0";C%) = pu;
Jim pp(077,0:C7) = p;
Rli_r)r;OpD(OR_l, 50+ (1—6)0;C%) = p.
The remainder of the proof is straightforward. From (EC.1), for R sufficiently large, we must
have:
D(pp(07,60 + (1 —6)0;CF), 50 + (1 —6)0)
<0D(pp(0";C"),0) + (1~ 8)D(pp (8", 8;C"),0).
This violates the conclusion of Step 1, so we conclude D(u,6) is concave in 6 >0 given p>0. A

similar argument shows that pD(u,0) is convex in 6, by using the fact that pp(0)D(pp(0),6,)

must be convex in 6, for nonzero #. Combining these results yields the desired conclusion.

Step 5, Proof of Theorem 1: B is an invertible, differentiable, strictly increasing, and concave

function on (0,00). Note from (10) that:

B(pp(0)) = ="=—. (EC.3)
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We immediately see that B must be invertible on (0, 00); it is clearly onto, as the right hand side of
(EC.3) can take any value in (0,00). Furthermore, if B(p;) = B(p2) = for some prices p;,ps > 0,
then choosing @ such that S 6,/C =, we find that py(8) is not uniquely defined. Thus B is
one-to-one as well, and hence invertible. Finally, note that since D is differentiable, B must be
differentiable as well.

We let @ denote the differentiable inverse of B. We will show that & is strictly increasing and

convex. We first note that for nonzero @ we have:

o Lt
pp(0) =@ (C) .

Let

6

s=1"798

,(0) = po(6)D(pp(6),60,) = @ (ng (’S) (Z,fr C) - (EC.4)

By Step 1, w,.(@) is convex in 6, > 0. By considering strategy vectors @ for which 6_,. = 0, it follows
that @ is convex.

It remains to be shown that ® is strictly increasing. Since @ is invertible, it must be mono-
tonic; and thus ® is either strictly increasing or strictly decreasing. To simplify the argument,
we assume that @ is twice differentiable.’® We twice differentiate w,(0), given in (EC.4). Letting

p=S""0,/C, we have for nonzero 6:

0w,

002

17 07“ 2 Zs;ér 05

(1@ (1) = D (1)) - (EC.5)

Consider some nonzero 6_,, and take the limit as 6, — 0. The limit of the left-hand side in (EC.5)
is nonnegative, by the convexity of w, (@) in 6, > 0. The limit of the first term in the right-hand
side of (EC.5) is zero. Since ®(u) > 0, it follows that ®'(u) > 0, so that ® is strictly increasing.

This establishes the desired facts regarding B.

10 While the most direct argument uses twice differentiability of ®, it is possible to make a similar argument even if
® is only once differentiable, by arguing only in terms of increments of ®.
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Step 6, Proof of Theorem 1: Let (C, R, U) be a utility system. A vector @ >0 is a Nash equilibrium
if and only if at least two components of @ are nonzero, and there exists a nonzero vector d >0

and a scalar pp >0 such that 0, = ud, for all r, Zfil d, =C, and the following conditions hold:

i) (1- )=o) (1- %) + 0 (G ) a0
U'(0) < ®(n), if dy =0,

In this case d. = D(pp(0),0,), p= Zle 0,./C, and ®(u) = pp(0@). Suppose that 0 is a Nash
equilibrium. Since @,.(6,;0_,) = —oo if 8§ =0, (from (7)), we must have 8 # 0. Suppose then that

only one component of @ is nonzero; say 6, >0, and 8_, =0. Then the payoff to user r is:
U.(C)—® O C
T C M

But now observe that by infinitesimally reducing 6,., user r can strictly improve his payoff (since ®
is strictly increasing). Thus € could not have been a Nash equilibrium; we conclude that at least
two components of 8 are nonzero. In this case, from (7), and the expressions in (11) and (EC.4),
the payoff Q,(0,;0_,) to user r is differentiable. When two components of @ are nonzero, we may

write the payoff @, to user r as follows, using (11) and (EC.4):

‘ B 0, B Zf:1 0 0
Qr(erv 0—?“) =U, (Zf—l 95 C) ¢ ( C ) (Zf—l 95 C) .

Differentiating the previous expression with respect to 0,., we conclude that if 8 is a Nash equilib-

rium then the following optimality conditions hold for each r:

F.(6)=0 if6, >0; (EC.6)

F(0)<0 if6, =0, (EC.7)

where

s=1"7$

Frw):U;( - O) — —@’(Zf=195>< - )
Zs:les 2‘9;198 (ZR (9) ¢ Zs:les
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_(p(zf_leS) c  4C
c >0, (= 9)2

s=1"78

These conditions are equivalent to (14)-(15), if we make the substitutions p = Zlees /C, and

d, = D(pp(0),0,). Furthermore, in this case we have d >0, u >0, 6, = ud,, X7 d, = C, and

On the other hand, suppose that we have found 6, d, and p such that the conditions of Step 6
are satisfied. In this case we simply reverse the argument above; since Q,.(,;0_,) is concave in
0, (Condition 2 in Definition 4), if at least two components of @ are nonzero then the conditions
(EC.6)-(EC.7) are necessary and sufficient for € to be a Nash equilibrium. Furthermore, if
d>0, p>0, 0, = pd,, and Zf’zl d, = C, then it follows that p = Zf':l 0,/C, ®(n) = pp(0), and

d, = D(pp(0),0,). Thus the conditions (EC.6)-(EC.7) become equivalent to (14)-(15), as required.

Step 7, Proof of Theorem 1: Let (C,R,U) be a utility system. Then there ezists a unique Nash
equilibrium. Our approach will be to demonstrate existence of a Nash equilibrium by finding a
solution x>0 and d >0 to (14)-(15), such that 27{11 d, = C. If we find such a solution, then
at least two components of d must be nonzero; otherwise, (14) cannot hold for the user r with
d, = C. Tf we define @ = ud, then u=S""0,/C, so pp(8) = ®(n); and from (11), we have d, =
D(pp(0),6,). Thus if >0 and d > 0 satisfy (14)-(15), then 8 = ud is a Nash equilibrium by Step
6. Consequently, it suffices to find a solution x>0 and d >0 to (14)-(15).

We first show that for a fixed value of > 0, the equality in (14) has at most one solution d,..

To see this, rewrite (14) as:

i) (1- G ) - ) - 20 (5 ) =200

Since @ is convex and strictly increasing with ®(u) — 0 as u— 0, we have pu®’(u) — () > 0. Thus
the left hand side is strictly decreasing in d, (since U, is strictly increasing and concave), from

U/(0) at d, =0 to () — u®’(p) <0 when d, = C. This implies a unique solution d,. € [0,C] exists
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for the equality in (14) as long as U/ (0) > ®(u); we denote this solution d,.(u). If ®(u) > U/(0),
then we let d,.(u) =0. Observe that as p — 0, we must have d,.(u) — C, since otherwise we can
show that (14) fails to hold for sufficiently small p.

Next we show that d,.(u) is continuous. Since we defined d,. () =0 if ®(p) > U/(0), and d,. (1) =0
if ®(p) =U/(0) from (14), it suffices to show that d,.(¢) is continuous for p such that ®(pn) < U/.(0).
But in this case continuity of d, can be shown using (14), together with the fact that U/, ®, and
®’ are all continuous (the latter because ® is concave and differentiable, and hence continuously
differentiable). Indeed, suppose that pu, — p where ®(u) < U/(0), and assume without loss of
generality that d,.(u,) — d, (since d,(u,) takes values in the compact set [0,C]). Then since pu,
and d,.(u,) satisfy the equality in (14) for sufficiently large n, by taking limits we see that p and
d, satisfy the equality in (14) as well. Thus we must have d, = d,(u), so we conclude d,.(u) is
continuous.

We now show that d,.(u) is nonincreasing in u. To see this, choose py, 1o > 0 such that py < po.
Suppose that d,.(p1) < d,(pz2). Then, in particular, d,(us2) > 0, so (14) holds with equality for d,.(12)
and pz. Now note that as we move from d,.(u2) to d,.(u1), the left hand side of (14) strictly increases
(since U, is concave). On the other hand, since ® is convex and strictly increasing with ®(u) — 0
as i — 0, we have the inequalities po®'(po) — ®(p2) > p1 P’ (1) — P(p1) > 0. From this it follows
that the right hand side of (14) strictly decreases as we move from d,(u2) to d,.(p1) and from ps
to 1. Thus neither (14) nor (15) can hold at d,(u1) and pq; so we conclude that for all r, we must
have d,.(p1) > d,(u2).

Thus for each 7, d,.(u) is a nonincreasing continuous function such that d,.(u) — C as p— 0, and
d. (1) — 0 as 1 — oo. We conclude there exists at least one >0 such that Y7 d,(u) = C; and in
this case d(u) satisfies (14)-(15), so by the discussion at the beginning of this step, we know that
0 = ud(p) is a Nash equilibrium.

Finally, we show that the Nash equilibrium is unique. Suppose that there exist two solutions
d' > 0,4, >0,and d® >0, 15 > 0 to (14)-(15), such that 3.7, d’ = C for i = 1,2. Of course, we must

have d’ = d(p;), i = 1,2. We assume without loss of generality that p; < ji; our goal is to show
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that f1; = pio. Since d,.(-) is nonincreasing, we know d,(11,) > d,(u2) for all . Since Y7 di =C
for i = 1,2, we conclude that d,(u1) = d,.(u2) for every r. Let r be such that d,(u1) = d,.(u2) > 0.
Observe that ®(u) and pu®’(p) are both strictly increasing in p > 0, since  is strictly increasing and
convex. Thus for fixed d, > 0, the equality in (14) has a unique solution y, so d,(p1) =d,(u2) >0
implies p; = pio. Thus (14)-(15) have a unique solution d > 0, p > 0, such that Zf:l d,.=C. From

Step 6, this ensures the Nash equilibrium 6 = ud is unique as well.



