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Wave Equation

* Wave equation:

%D (x,t) 1 9°D(z,t) Couples variation in

Ox? T2 g2 time and space

¢ Speed of propagation: v =) f
e How can we derive a wave equation from
Maxwells equations?
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Back to Maxwell’s equation

* Wave equation is differential equation
e M.E. (so far) describe integrals of fields

~ ( 1L Cl A
B.di = Yed
Aclosed €
S 1P
f E.ar = -Zr _
Letosed dt \ Transform into
}{ B.-dAi = 0 differential equ’s
Aclosed
ddy
f B-dl = polene + o foTtb
Leiosea )
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Reminder on waves

At a moment in time:

DY) Wavelength Amplitude

I \/ > Position x

At a point in space:

Period T = 1/f

D(t) -— Amplitude
\/ > Time't
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Wave properties

¢ What do we want to know about waves:
— Speed of propagation?
— Transverse or longitudinal oscillation?
— What is oscillating?
— What are typical frequencies/wavelengths?
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Gauss Theorem

Flux/Unit Volume

/ V. Fdv = fﬁ-di:@
V() A
i 5 @ OF,  OF,  OF.
v¥D|vergence—> v. i 0 O

oz dy 0z
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Stokes Theorem

Loop Integral/Unit Area of Loop

LOF, OF, . dF. 9F, -

)+ k

3 0P o, 0P,
' dy 0z )+l or 0z ( ox dy

)
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Differential Form of M.E.

Flux/Unit Volume

\ Charge Density
— — P /
V-EFE = —
€0
V-B = 0
. OB
VxE = ———
8 ot
6 X é = [y f+ %%—f
\ ) : :

Loop Integral/Unit Area
P gral/ Current Density

Apr 29 2005 web.mit.edu/8.02x/www

Differential Form of M.E.

¢ Q: Do we need p andj to understand E.M.
waves?

¢ A: No! Light travels from sun to earth, i.e. in
vacuum (no charge, no current)!

¢ There's no ‘medium’ involved!?
— unlike waves on water or sound waves
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Differential Form of M.E.

f Fodd = Qenel
Actosed €
S o ddp
?iwaql/ = =
f B-dA = 0
Actosed
]{ Bedl = ol + o fo&
Letosea dt
Gauss, Stokes
v-E =2
€p
V-B =0
.. oB
VXxE = ——/
ot

1OE
2 Ot
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VxB = pj+

Differential Form of M.E.

¢ Q: Do we need p and j to understand E.M.
waves?
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Maxwell’s Equations in Vacuum

¢ Look at Maxwell’s Equations without charges,
currents

= = 0B Now completely symmetric!
V X E = ——
ot
D 1 0E
V X B = ——
¢z ot



Maxwell’s Equations in Vacuum Illustration

= = Solve for a simple geomet 2-D wave:
I V . E - 0 p g ry XIZID(XIZIt)
II. V-B = 0 o _,
mvxg - 28 Oz
ot
.o 1 0E
VI. B = ———
VX c? Ot
9
Allow variations only in z-direction: Bax
a—y - 0 Roger Ramjet/www.surfcam.com

Maxwell’s Equations in Vacuum Electromagnetic Waves

I. V-E =0 Solve for a simple geometry * Note: (E,, B,) and (E,, B,) independent:
. V-B = 0 . 9B, _ 105,
o . Oé 0z 2 ot
II.LVXE = —— oB, 1 0B,
0t_. ERarY
- - 1 0F E , B E. B
VIL.VXxB = EW yr —x oF, - _(()B!, xr Py
dz ot
= 0B, _ 0B,
Allow variations only in z-direction: 6836 9z ot
— =0
y
Electromagnetic Waves Electromagnetic Waves
¢ We found wave equations: * Note: (E,, B,) and (E,, B,) independent:
B, 1B, v £Ha, _ L10H,
02~ 2 or same for E,, B 005 cz_a(;E
0B, 10, X e
2 T 2 g2 % S
0z ¢z Ot Eyl Bx EX, By
\ 0B, 0B,
dz ot
vV=cC N % o ()Br S
i ELB

E and B are oscillating!
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Plane waves

e Example solution: Plane waves

E, = FEycos(kz — wt)
B, = Byjcos(kz — wt)
. 27 .
with & = Tvu =2rfand fA=c.

» We can express other functions as linear
combinations of sin,cos
— 'White’ light is combination of waves of different

frequency
- Demo...
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Plane waves
e Example solution: Plane waves 0B,  10E,
9z & ot
E, = FEycos(kz — wt) 0B, _ 10E,
B, = Byjcos(kz — wt) 0z ¢ ot
o
with & = %w =2xfand fA=c 0E, 0B,
9z ot
/ J0E, 0B,
0z ot
0B, B l(’?zB,,
02?2 2 ot?
02Ell iOQEy
022 2 O
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E.M. Wave Summary

EJ_I? and perpendicular to direction of
propagation

e Transverse waves

e Speed of propagationv =c =\ f
* |E[/IB] =c

e E.M. waves travel without medium
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Plane waves

e Example solution: Plane waves

E, = FEycos(kz — wt)
B, = Byjcos(kz — wt)
2
with & = Tvu =2rfand fA=c.
/ Check
B, l(’?zB,,
022 2 or
PE, lozEy
022 2 0
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Plane waves
e Example solution: Plane waves 0B,  10E,
9z & ot
E, = FEycos(kz — wt) oB, 7l0E.r
B, = Byjcos(kz — wt) 0z ¢ ot
o0
with & = %w =2xfand fA=c 0E, _(’)B”
0z ot
/ J0E, 0B,
/ 0z ot
o’B,  1&B,
922 2 or ; ~
- -kEysin(kz — wt) = wBysin(kz — wt)
2 2
aaiy - i-zoi),fy = Bl _ k _ c
z ¢ 1By =5°
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