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Note: this exam include d a 6-page formula sheet, which can be downlo aded
separ ately.

Problem 1 (10 poin ts, no partial credit)

A t a lo cation where the acceleration due to gravit y is 10 m/s 2, a 2 kg ball
is dropp ed from rest in vacuum at t = 0. On the scale below, indicate the
vertical position of the ball at one second in terv als after the ball is released
(i.e., at t = 1s, 2s, 3s, : : : ) until it falls o� of the scale.

s = 1
2 gt2 = 5m (t=s)2

t s

1 s 5 m

2 s 20 m

3 s 45 m

4 s 80 m
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Problem 2 (10 poin ts)

You are walking on a horizon ta l road. A t some instan t of time you accel-
erate forw ard. Your acceleration has magnitude a. Your mass is M .

a) In words, state what forces are acting on you and whic h force causes the
acceleration.

b) What is the magnitude of that force?

Solution:

a) The for ces ar e that of gravity acting downwar d, the normal for ce of
the road acting upwar d, and the for ce of friction acting forwar d. It is
the for ce of friction that causes the acceler ation.

b) Sinc e ~F = M~a, the magnitude of the frictional for ce must be

�
�
�~F friction

�
�
� = M a :
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Problem 3 (10 poin ts)

The diagram shows a Ven-
turi meter installed in a wa-
ter main. The pip e has
a circular cross section at
all poin ts, with diameter D1

in the �rst segment and D2

in the second segment, with
D2 < D1. The mass den-
sit y of the water is � , and
the acceleration of gravit y is
g (g > 0). If the water in
the pip e is 
o wing at volume

o w rate R (measured, for
example, in m3/s), what is:

a) the speed of 
o w v1 in the �rst section of pip e (of diameter D1), and the
speed of 
o w v2 in the second section of pip e (of diameter D 2)?

b) the di�erence in the water level � h in the two tub es?

Solution:

a) The volume 
ow rate R is constant thr oughout the pip e and is given
by the pr oduct of the cr oss sectional ar ea A of the pip e and the speed
of the 
ow v. Henc e

v1 =
R
A1

=
4R

� D 2
1

; v2 =
4R

� D 2
2

:

b) First, we use Bernoul li's equation to relate the pr essur es P1 and P2 at
the center of the pip e in the regions of lar ge and smal l cr oss sections
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P1 +
1
2

�v 2
1 = P2 +

1
2

�v 2
2 =) P1 � P2 =

1
2

�
�
v2

2 � v2
1

�
:

We have de�ne d the vertic al y-coor dinate to be zero at the center of the
pip e. Now we use Pasc al's law to relate the pr essur es P1 and P2 to the
pr essur e PA at the heights y1 and y2 of the water levels in the two tubes.
Sinc e the two tubes ar e in contact with the surr ounding air, the pr essur e
at the top of either column of liquid is just the ambient air pr essur e PA .
We �nd

P1 = PA + �g y1; P2 = PA + �g y2 =)

� h = y1 � y2 =
P1 � P2

�g
=

v2
2 � v2

1

2g
=

8R2

� 2g

�
1

D 4
2

�
1

D 4
1

�
:

Note on subtle point: In this problem one has to be careful about where
to apply Bernoulli's equation, and where to use Pascal's law. The correct
solution uses Bernoulli's equation to �nd the pressure di�erences along the

o w line through the center of the pip e, but Pascal's law must be used to
�nd how the pressure varies with heigh t.

Along the y-axis, for example, Pascal's law says that the pressure should
vary according to

P(y) = P2 � �g y ;

where � is the densit y of water and g is the acceleration of gravit y. Note
that Bernoulli's equation would giv e a di�eren t result, since it would imply
that

P(y) +
1
2

�v 2(y) + �g y =
(If Bernoulli's eq

were valid)

P2 +
1
2

�v 2
2 :

The two equations agree when v(y) = v2, a relation whic h holds inside the
horizon tal pip e but not in the vertical pip es (where v � 0).

To understand whic h equation is valid, we need to examine the behavior
of the water where its velocit y v changes, at the in terface of the horizon t al
and vertical pip es. While the actual 
o w of water at such an in terface can
be complicated, for our purp oses we can appro ximate the change in the
water velocit y as happ ening discon tin uously along a horizon tal line:
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Recall that the deriv ation of Bernoulli's equation showed that the Bernoulli
quan tit y is constan t along 
o w lines. Since there are no 
o w lines that cross
the dotted line along the velocit y discon tin uit y, we can see that there is no
reason to believ e that the Bernoulli quan tit y has the same value on both
sides. Pascal's equation, on the other hand, was deriv ed by examining the
forces on the water in the vertical direction. Since the vertical acceleratio n
of the water is zero both above and below the dotted line, the deriv ation
of Pascal's equation remains valid. The pressure varies contin uously across
the dotted line, while the velocit y and the Bernoulli quan tit y undergo a
jump at the dotted line.

Note, however, that Bernoulli's equation does describ e the pressure varia-
tion along the 
o w lines of a pip e, even when those 
o w lines are vertical.
In that case the deriv ation of Pascal's equation can break down, since the
vertically 
o wing liquid can undergo acceleration in the vertical direction,
if the pip e changes diameter.
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Problem 4 (10 poin ts)

A monatomic ideal gas, originally at a pressure P , volume V and temp era-
ture T , is compressed to one half of its initial volume.

A) If the compression is isothermal (i.e., at constan t temp erature)

a) The �nal pressure is:

i) P ii) 2P iii) 3P iv) 4P v) 5P

vi) P=2 vii) P=3 viii) P=4 ix) P=5

b) The work done by the gas during the compression is:

i) � PV ln 2 ii) PV ln 2 iii) � P
V ln 2 iv) P

V ln 2 v) � 2PV

vi) 2PV vii) � 2P V
T viii) 2P V

T ix) � P V
2T

ix) P V
2T

B) If the compression is isobaric (i.e., at constan t pressure)

a) The �nal temp erature is:

i) T=2 ii) 2T iii) T=4 iv) 4T v) T ln 2

vi) T=ln 2 vii) T ln 4 viii) T=ln 4

b) The amoun t of heat supplied to the gas during the compression is:

i) � 1
4PV ii) 1

4 PV iii) � 1
2 PV iv) 1

2 PV v) � 3
4 PV

vi) 3
4 PV vii) � 5

4PV viii) 5
4 PV ix) � 11

4 PV

ix) 11
4 PV

Solution:

A) a) Sinc e PV = N kT , constant temp eratur e implies that P / 1=V. So if

V is halved, P is double d. The corr ect answer is (ii) 2P .

b) Sinc e the pr essur e is changing, we must inte grate to �nd the total
work done:

W =
Z

P dV :
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Sinc e P / 1=V, we can write P = P0(V0=V), wher e P0 and V0 denote
the original pr essur e and volume. So

W = P0V0

Z 1
2 V0

V0

dV
V

= P0V0

�
ln

�
1
2

V0

�
� ln V0

�
= � P0V0 ln 2 :

Sinc e the pr oblem cal led the initial values of pr essur e and volume
P and V , respectively, the right answer is (i) � PV ln 2.

B) a) For isobaric expansion (constant pr essur e), PV = N kT implies that
T / V . So, if the volume is halved, then the temp eratur e must be
halved, and the corr ect answer is (i) T=2.

b) First we must calculate the work done by the gas. Sinc e the pr es-
sur e is constant, this is simply

W = P � V = �
1
2

PV :

Next we must calculate the change in the internal ener gy of the
gas. For a monatomic ideal gas, the internal ener gy is given by

U = N
�

1
2

mv2
�

=
3
2

N kT =
3
2

PV :

During the compr ession the temp eratur e fal ls by a factor of 2, so
the internal ener gy also fal ls by a factor of 2, and ther efor e

� U = �
3
4

N kT = �
3
4

PV :

By conservation of ener gy,

� U = Q � W ;

so the heat Q supplie d to the gas is given by

Q = � U + W = �
5
4

PV :

The corr ect answer is ther efor e (vii) � 5
4PV .
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Problem 5 (10 poin ts)

Tw o cars collide at an in tersection. They remain lo cked together after the
collision and tra vel a distance s, at an angle � to car 1's original direction.
Car 1 has mass M 1 and car 2 has mass M 2. The acciden t happ ened in
conditions when the coe�cien t of kinetic friction between rubb er and the
road is � k . What were the speeds of the two cars immediately before the
collision?

You may assume that the acceleration due to gravit y is g, and that the
force of the collision causes the wheels of the cars to immediately lo ck, so
that the rotation of wheels can be ignored.

Solution: We tr eat the sequenc e of events as an instantane ous col lision
fol lowed by a perio d of skidding. During the skidding phase, the only
horizontal for ce acting is that of kinetic friction, which has a magnitude
Ff = � k (M 1 + M 2)g. This for ce dir ectly opposes the motion, so the work

done by friction is W = ~F �~r = � � k (M 1+ M 2)gs. By the work-ener gy theor em
this must equal the change in the kinetic ener gy of the wr eckage. Sinc e
the �nal kinetic ener gy is zero, the kinetic ener gy at the start of the
skidding phase must be Ek = � k (M 1 + M 2)gs. Thus the speed at the start
of the skidding phase is given by

1
2

(M 1 + M 2)v2
s = � k (M 1 + M 2)gs =) vs =

p
2� k gs :

This is the speed of the wr eckage just after the col lision.

The col lision is inelastic, sinc e the cars stick together, so kinetic ener gy
is not conserve d. Momentum is conserve d, however, as long as ther e ar e
no external for ces. (Note that the downwar d for ce of gravity is canceled
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by the upwar d normal for ce, but the for ce of friction can act horizon-
tal ly during the col lision. We use the appr oximation, however, that the
col lision happens during a very short length of time, so the change in
momentum due to friction during the col lision is negligible.) If we adopt
a coor dinate system as shown above, conservation of momentum can be
written as

M 1v1 = (M 1 + M 2)vs cos� (x-comp onent )

M 2v2 = (M 1 + M 2)vs sin � (y-comp onent) ;

wher e v1 and v2 ar e the speeds of the two cars, respectively, befor e the
col lision. Thus

v1 =
M 1 + M 2

M 1

p
2� k gs cos� ;

and

v2 =
M 1 + M 2

M 2

p
2� k gs sin � :
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Problem 6 (10 poin ts)

A uniform plank of wood with mass M and length ` rests against the top
of a free standing wall whic h has heigh t h and a frictionless top. The plank
mak es an angle � with the horizon tal.

a) On the picture on the righ t, draw a free body diagram for the plank.

b) In the boxes below, write a complete set of indep endent equations whic h
when solved giv e the minim um value of � for whic h the plank will not
slip, in terms of only M , ` , h, g, and � s, the coe�cien t of static friction
between the plank and the 
o or. Do not solve the equations.

Fx : Ff � Nwall sin � = 0

Fy : N 
o or � M g + Nwall cos� = 0

(ab out contact with 
o or): � M g
`
2

cos� +
Nwall h
sin �

= 0

Ab out to slip: Ff = � sN 
o or

Note: The number of equations you write could depend on how you have
de�ned your variables, so some correct answers will not �ll all boxes.

A lternatively, you could have calculate d the tor que about di�er ent
points:

A bout center of plank: � N 
o or
`
2

cos� + Ff
`
2

sin � + Nwall

�
h

sin �
�

`
2

�
= 0
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A bout contact with wal l: Ff h �
N f h
tan �

+ M g
�

h
tan �

�
`
2

cos�
�

= 0

Extension of solution: You were not asked to solve these equations,
but now that the exam is over you migh t be in terested in trying. After
the unkno wns Nwall , N 
o or , and Ff are eliminated, one is left with one
equation to determine � :

sin � cos� (sin � + � s cos� ) =
2� sh

`
:

If one solves this equation numerically , one �nds that, depending on � s

and the ratio h=`, it migh t have zero, one, or two solutions in the allo wed
range, where the allo wed range extends from the case where the tip of
the plank mak es contact with the wall ( � = sin� 1(h=`)) to the case where
the plank is vertical ( � = � =2). You migh t want to think about how the
number of solutions is related to the description of the circumstances
under whic h the plank will or will not slip.
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Problem 7 (10 poin ts)

A ball is placed on a vertical massless spring whic h obeys Ho oke's Law and
whic h initially has its natural uncompressed length. It is observ ed that at
�rst the ball mak es vertical simple harmonic oscillations with perio d T .

After a very large number of oscillations the ball comes to rest because of
air resistance and losses in the spring. What is the �nal compression of the
spring in terms of only T and g.

Solution: The �rst step is to relate the perio d T to the spring constant k.
Let y equal the vertic al coor dinate of the wal l, with y = 0 the position for
which the spring is at its unc ompr essed length. Then

M
d2y
dt2 = � ky � M g ;

wher e M is the mass of the bal l. The equilibrium point is wher e the for ce
vanishes, so

� kyeq � M g = 0 =) yeq = �
M g
k

:

The di�er ential equation simpli�es if we de-
�ne a new coor dinate ~y which measur es the
vertic al displac ement relative to the equilib-
rium point:

~y � y � yeq :

Sinc e yeq is indep endent of time,

d2~y
dt2 =

d2y
dt2 ;
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so

M
d2~y
dt2 = � k~y :

This equation can be cast into the standar d simple-harmonic-motion form
by writing

d2~y
dt2 = � ! 2~y ;

wher e ! =
p

k=M . A solution to this di�er ential equation can be written
as

~y(t) = A sin ! t ;

wher e A is a constant. The perio d T is the time it takes for the ar gument
of the sine function to change by 2� , so

T =
2�
!

= 2�

r
M
k

:

The amount of compr ession � h is equal to � yeq, so

� h =
M g
k

= g
�

T
2�

� 2

:
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Problem 8 (10 poin ts)

You have been giv en a nugget whic h you are told is a mixture of gold and
zinc. You want to �nd out how much gold you have been giv en. Being an
MIT studen t you mak e the follo wing observations:

1. You put a cup partly full of water on an electronic (w eight) scale and
observ e that it reads M 1, meaning that the force on the scale is equiv alent
to the gravitational force of a mass M 1.

2. You attac h the nugget to a very thin sti� piece of wire and hold the
nugget in the water fully submerged but not touc hing the bottom of the
cup. The water does not over
o w. You observ e that the scale now reads
M 2.

3. You remove the wire and drop the nugget in to the cup. No water is
spilled. The scale now reads M 3.

4. In a reference book you �nd that gold has a densit y � Au , zinc � Zn , and
water � H2 O .

Using these observations determine

a) the volume of the nugget

b) the mass of the nugget

c) the mass of the gold in the nugget.

Solution:

a) the volume of the nugget: This can be determine d by comp aring the
results of observations 1 and 2. From observation 1, we know that the
mass of the beaker plus the water in it is M 1. When observation 2 is
made, the for ces acting on the beaker-plus-water system ar e:

1) The for ce of gravity M 1g downwar d.

2) The bouyant for ce Fb downwar d that the nugget exerts on the water.
By Newton 's 3r d law this is equal in magnitude to the bouyant for ce
that the water exerts on the nugget, which by A rchime des' law is
equal to � H2 OVg, wher e V is the volume of the nugget.

3) The normal for ce of the scale acting upwar d on the beaker. Sinc e
the scale reads M 2, this normal for ce is M 2g.

Sinc e the system is in equilibrium the total for ce must be zero, so

� M 1g � � H2 OVg + M 2g = 0 =) V =
M 2 � M 1

� H2 O
:
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b) the mass of the nugget: This can be determine d by comp aring the
results of observations 3 and 1. The extr a mass when the nugget is
added to the scale is just the mass of the nugget, so

M nugget = M 3 � M 1 :

c) the mass of the gold in the nugget: By knowing the mass and volume of
the nugget, and the relevant densities, the mass of gold can be found.
We need to assume that when metals ar e mixe d the resulting volume is
equal to the sum of the original volumes, which is certainly an accur ate
assumption. If we let M Au and M Zn denote the mass of gold and zinc
in the nugget, respectively, then

M Au + M Zn = M nugget = M 3 � M 1 :

The volume of gold and zinc ar e then given by M Au =� Au and M Zn =� Zn ,
respectively, so we can write

M Au

� Au
+

M Zn

� Zn
= V =

(M 2 � M 1)
� H2 O

:

The two equations above can then be solved for the two unknowns ( M Au

and M Zn ). After some algebr a, one �nds

M Au =
� Au � Zn

� Au � � Zn

�
(M 3 � M 1)

� Zn
�

(M 2 � M 1)
� H2 O

�
:
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Problem 9 (10 poin ts)

A uniform disk of mass M 1 and radius R is piv oted on a frictionless hori-
zontal axle through its center.

a) A small mass M 2 is attac hed to the disk
at radius R=2, at the same heigh t as the
axle. If this system is released from rest:

i) What is the angular acceleration of the disk immediately after it is
released?

ii) What will be the magnitude of the maxim um angular velocit y that
the disk will reach?

b) Now consider the situation if the mass
M 2 is a disk of radius R=2 lo cated with
its center at the same place where M 2

is lo cated in part (a). For this case,
�nd the angular acceleration immedi-
ately after the system is released from
rest. (Y ou may assume that the two
disks are fused together to mak e one
rigid body.)

Solution:

a) i) Sinc e the axle goes thr ough the center of mass of the disk of mass
M 1, the gravitational for ce on this disk does not result in any tor que
about the axle. But ther e is a tor que caused by the gravitational
for ce on M 2, given by

= � R? F = �
1
2

M 2gR :

The moment of inertia of the combine d system about the axle is
that of the disk M 1 plus the mass M 2, so

I =
1
2

M 1R2 + M 2

�
R
2

� 2

=
1
4

(2M 1 + M 2)R2 ;
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wher e the moment of inertia of the disk is taken dir ectly fr om the
table in the formula sheets. The angular acceler ation imme diately
after release is ther efor e

� =
I

= �
2M 2g

(2M 1 + M 2)R
:

ii) The maximum angular velocity wil l be attaine d when M 2 is at the
bottom of its motion. The value of the angular velocity can be de-
termine d by using the conservation of ener gy. The potential ener gy
of the disk M 1 does not change, sinc e its center of mass does not
move, so the only potential ener gy that needs to be consider ed is
that of M 2. This potential ener gy can be written U = M 2gy, wher e
y is the vertic al coor dinate, measur ed fr om an arbitr ary origin. I
wil l take that origin as the height of the axle. Thus Uinitial = 0, and
U�nal (at the bottom of the motion) is � M 2gR=2. Then

E initial = 0

E �nal =
1
2

I ! 2
f �

1
2

M 2gR

E �nal = E initial =) ! f =

r
M 2gR

I
=

s
4M 2g

(2M 1 + M 2)R
:

b) The only di�er ence between this case and the pr evious one is the mo-
ment of inertia of the disk of mass M 2. Accor ding to the table, the
moment of inertia of this disk about its own center is 1

2 M 2(R=2)2. But
we need the moment of inertia about the center of the lar ger disk, for
which we have to use the par al lel axis theor em:

I k = I cm + M d2 =
1
2

M 2

�
R
2

� 2

+ M 2

�
R
2

� 2

=
3
8

M 2R2 :

So,

I =
1
2

M 1R2 +
3
8

M 2R2 =
1
8

(8M 1 + 3M 2)R2 :

The tor que is the same as in part (a)(i), sinc e the tor que due to the
gravitational for ce on M 2 can be calculate d as if the entir e for ce acted
on the center of mass. Thus,

� =
I

= �
4M 2g

(8M 1 + 3M 2)R
:
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Problem 10 (10 poin ts)

A satellite follo ws an elliptical orbit. Its closest approac h to the earth is
R1, at whic h poin t it has speed v1, and the furthest poin t is R2, at whic h
poin t it has speed v2. Both distances are measured from the center of the
earth. A t the surface of the earth the acceleration due to gravit y is g and
the earth's radius is R.

What is the magnitude of v1 in terms of only R1, R2, R and g?

Solution: By conservation of angular momentum about the center of the
earth,

j~r � ~pj1 = j~r � ~pj2 ;

or
mv1R1 = mv2R2 ;

wher e m is the mass of the satel lite. Similarly, conservation of ener gy
implies that

1
2

mv2
1 �

GM m
R1

=
1
2

mv2
2 �

GM m
R2

;

wher e M is the mass of the earth. These two equations can be solved for
v1, giving

v1 =

s
2GM R2

R1(R1 + R2)
:

We ar e not given G or M , so this is not the �nal answer. However, we
ar e al lowed to use g in our answer, wher e g is the acceler ation caused by
gravity at the surfac e of the earth. Considering the gravitational for ce
on an object of mass ~m at the surfac e of the earth, we can write

~mg =
GM ~m

R2 ;

wher e R is the radius of the earth. So

GM = R2g ;

and

v1 =

s
2R2R2g

R1(R1 + R2)
:


