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Equations introduced in Chapter 1:

-
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tl tl
: F(tl):F0+/ vdt; G(tl):§0+/ adt .
For constant acceleration a, if r = ¥y and v = vg at time ¢ = 0, then
v(t) = vo + at
o o R 1.,
r(t) =ro + vot + iat )
For one-dimensional motion with constant acceleration a:

v? = v3 + 2a(x — x0) .

For circular motion at constant speed v:

where r is the radius of the circle, and the acceleration is directed towards the center
of the circle.

If an object has position T and velocity v, its position and velocity relative to
an observer with position ¥o and velocity v are given respectively by

- o - o
r=r—rg, vV =Vv—vg.

Average velocity and acceleration are given by

o Ar o Av
Vaverage = At Aaverage — At
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Equations introduced in Chapter 2:

F =ma (Newton’s second law);

- GMm .

F=—-——u—7 (the gravitational force between two particles);

r

- 1

F = @f' (the electrostatic force between two particles);
4meq 12

F = —kx% (Hooke’s law);

d%z 9 (for a particle near a point of stable equilibrium;

— = —wx : . . .

dt? equation leads to simple harmonic motion);

(a solution to the above equation; any solution can be
written this way if we choose ¢t = 0 when x = 0);

w=2rf (relation between angular frequency and frequency);

= — (period of an oscillator).
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(Multiple Choice problems; 5 points each part, no partial credit.) If your answer is
“none of these”, please state which other answer is the closest to being correct. Also
explain why it is not correct.

a) A car of mass m is traveling on a horizontal road with constant velocity. The
magnitude of this velocity is a. Assuming the local acceleration of gravity is g, the
magnitude of the net force on the car is:

i) mg ii) ma iii) mg + ma iv) ma —mg V) mg — ma
vi) w vii) 0 viii) none of these
Solution:

(No explanation was necessary for the multiple choice questions, but for pedagogi-
cal purposes these solutions will include explanations.) We are told that the car is
traveling with a constant velocity. If the velocity is constant there is no accelera-

tion, and hence no net force acting. Therefore | (vii) | is the correct answer.

b) An astronaut of mass m is a member of the crew of a space shuttle orbiting the
earth at an altitude h. If the radius of the earth is R and g is the acceleration due
to gravity at the surface of the earth, the magnitude of the gravitational force on
the astronaut is:

i) R i) (R+h) ) R? ) (R+ h)?
11 mgiR—Fh 111) mg —n v mgi(R—Fh)Q v mgiR2

vi) none of these

i) mg

Solution:

The gravitational force on a point mass m at a radius v from the center of the
spherical body of mass M 1is given by

GMm _

r,

F=- 2
where T is a unit vector pointing radially outward from the spherical body. Thus,
for the astronaut,

—

. GMEm
= 774124

: (1)

where Mp is the mass of the Earth, m is the mass of the astronaut (well-
approzimated as a point mass), and ra is the distance of the astronaut from the
center of the Farth. If we knew the values of G and Mg we could evaluate Eq. (1)
directly, but the problem gives us only choices written in terms of other variables.
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When the astronaut is on the ground, at radius R, the gravitational force acting
on him has magnitude mg. Thus, Eq. (1) implies

GMEm
R2

—mg . (2)

Combining Fqs. (1) and (2), the magnitude of the gravitational force on the as-
tronaut at any radius is given by

- (8

We are asked for the gravitational force at an altitude h, which means a distance
ra = R+ h from the center of the Earth. For this case Eq. (3) is identical to

answer | (), | which is the answer.

The answer above is the one that we wanted, but it ignores one subtlety: the surface
of the Earth is not exactly an inertial frame. g is defined as the acceleration relative
to the surface of the FEarth that is experienced by a freely falling body, and mg is
then called the weight of the body. In a mon-inertial frame mg is not equal to the
gravitational force, and therefore Eq. (2) is not exactly true. Thus, a more precise
answer would be to check (vi), “none of these,” and to explain this subtlety.

c) Two springs are connected as shown below:

kK
———prsond | JI——

Both obey Hooke’s Law. One has spring constant k1 and the other k3. The spring
constant of the combined system is:

k1 ko
k1 + ko

k1 + ko V) k1 + ko
k1 ko 2

iv)

i) k1 + ko ii) k1 ko iii)
vi) 2(k1 + k2) vii) none of these

Solution:

Suppose that the springs are stretched, with spring 1 stretched by a distance Al
beyond its natural length, and spring 2 by a distance Al beyond its natural length.
(The natural length of a spring is the length at which it exerts no force.) If we
introduce an x-axis that runs along the springs, with positive x to the right, then
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Hooke’s law implies that spring 2 exerts a force on the object at its right end given

by
FCEQ’R) = —ko AEQ s

and spring 1 exerts a force on the object at its left end given by
Fagl’L) = kl Agl .

Note that although the above formula has no minus sign, it corresponds to the
restoring force with which we are familiar—the left end of the stretched spring
pulls to the right. It’s just a little unfamiliar to write equations to describe the left
end of the spring.

Now consider the right end of spring 1 and the left end of spring 2, both of which
are attached to the same small piece of metal that joins the two springs. According
to Hooke’s law, the forces that each spring exerts on this small piece of metal are:

F{M = —ky ALy
F2D = ky ALy |

But in equilibrium the net force on this piece of metal must be zero, so
k1 Aly = ko Al .

Since k1 Aly and ko Als are equal, we can use the symbol F to represent either
one of them.

Now we want to think of the two springs as one combined system of length

C=101+ 45,
which exerts a force
Flf=-F
at its right end and
FE=F

T

at its left end. Note that the change in length of the combined system from its
natural length is
Al = Al + Als .

The effective spring constant for the combined system is then

F F _F k1 ko

1
Al Al +AL BB L Lkt ky

k=

So the correct answer is | (iii).
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d) A block of mass m slides down a frictionless slope inclined at an angle 6 to the

horizontal.
m a 5
4
\ SEN l
0

The magnitude of the acceleration of the block is observed to be a. From this
observation you can conclude that the magnitude of the local acceleration due to
gravity is:

. . .. ...y a . ma .
i) masiné ii) macos 6 iii) — iv) v) asin6
sin 0 cos 6
. .. a a .
vi) acosf vii) — viii) ix) none of these
sin 0 cos 6
Solution:

Inclined planes are treated most easily with a coordinate system which s inclined
at the same angle. The forces acting on the block are gravity, of magnitude mg
and downward, and also the normal force of the slope on the block, which is per-
pendicular to the plane and has whatever magnitude is needed to prevent the block
from penetrating the surface. We call its magnitude N. Drawing a force diagram,

one can resolve the forces acting to find
F, =mgsinf
Fy, =N —mgcos? .

The normal force N adjusts itself so that there is no acceleration in the y-direction,
so N =mgcos6. The acceleration down the slope is in the x-direction, with

Fy

ay = — = gsinf .
m

We are given a, and asked to find g, so

Qg ) y
= The correct answer is | (vii).

g:

sin 6
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e) A large mass m, at the end of a rope, is pulled on level ice. The mass of the rope
and the friction between the mass and the ice are negligible. The rope makes an
angle 6 to the horizontal. If the mass has an acceleration a and the acceleration
due to gravity is g, the tension T in the rope is:

l :
>

VN A A e A A e

By

\

0

\
\
]
i
I
i

ma ma
i) p—"" ii) g iii) macos 6 iv) masin 0 v) mgsiné
vi) mgcos @ vil) —— 4 mgsin@ viii) none of these
cos 0
Solution:

Defining a coordinate system in which the x-axis is horizontal, the acceleration is
entirely in the x-direction: a = [a,0,0]. Both gravity and the normal force are
strictly in the y (vertical) direction, so they do not contribute. The tension force
must be resolved, so

F,=Tcosf =ma .

We are asked for T, so

T — ma

= The correct answer is | ().

cos b
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2. (25 points)

The figure below illustrates a stretch of a horizontal road. The markers (H) indi-
cate distance along the road separated by 10 m. At A a car enters the stretch of road.
It accelerates uniformly up to point C', and then continues moving at constant speed.
The dots show the position of the car at one second intervals. Using the coordinate

system shown, write down expressions for the velocity and acceleration of the car at
points B, D, and E.

A B

C D
B S R

Cor

Solution:

In uniform acceleration the velocity changes linearly with time, so the average
velocity over any time interval is precisely equal to the instantaneous velocity at the
midpoint of the time interval. So the velocity at B is same as the average velocity
between A and C', which are one second earlier and later than B, respectively. The
distance between A and C is 6 markers, or 60 m, so the average speed during this
interval is

—302
S S

The direction s along the x-axis, so

Vs = [30,0,0] = .
S

To find the acceleration, we can determine the velocity at 0.5 s before and after B.
The wvelocity at 0.5 s before B is equal to the average velocity between A and B, so

V(t=tp —0.5 s) = [20,0,0] — |,
S
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and

V(t =t +0.5 s) = [40,0,0] 2 .
S

The acceleration, which is uniform from A to C, is then

- Av B ([40,0,0] — [20,0,0])%
as = At 1s

m
=| [20,0,0)5 .

From C' onward the speed is constant, so we can find it by using the 1 s interval
between C and D, which is 5 markers or 50 m long. So the speed is 50 m/s. At
D the velocity is to the right, and unchanging. Since the speed and direction are
unchanging at D, the acceleration is zero:

Vo =[50,0,002,  &p=0.

S

At E we have uniform speed with circular motion. The acceleration has magnitude

The wvelocity is at 45° downward and to the right. The acceleration is toward
the center of the circle, which is 45° downward and to the left. Using sin45° =
cos45° = 1/\/5 , one has

[50,—50,0]1= , &g = —=[—50,-50,0]= .
S S

Sl -

1
V2

Vg =
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3. (25 points)

A mass m is stationary, supported from two identical massless springs as shown. Each
spring obeys Hooke’s Law and has unstretched length ¢y and constant k. Suddenly
the left spring breaks. Immediately after the spring breaks, the mass accelerates with
acceleration a.

a) On the diagram show the direction of a. Explain in words, or by calculations, what
is the direction of a and how you established it.

Solution:

In equilibrium before the spring breaks, the force that the left spring exerts on the
mass is exactly canceled by the combined force of the other spring and gravity.
Once the spring breaks the mass feels only the combined force of gravity and the
right spring, but this force must still be equal in magnitude but opposite in direction
to the force that the left spring exerted before it broke. The left spring was stretched
and therefore exerted a force along its length upward and to the left, so the force of
gravity and the right spring must sum to a force that points along the left spring,
but in the direction downward and to the right.

b) Write an expression for the magnitude of a.

Solution:

By the previous argument, the magnitude of the net force acting after the spring
breaks is the same as the magnitude of the force that the left spring exerted before
it broke. By Hooke’s law, this magnitude is just

]ﬁ:kAEzk(M%+d2—%).

The acceleration s then

L [F| K
N Y/ -y I
| o ot 0




8.01 Exam 1 Solutions, Fall 2000, p. 12

There is another possible answer to this problem, since the information given was
really more than is necessary to solve the problem. qEven if the spring constant k
were not given, one could find the magnitude T = |F| of the force exerted by each
spring from the following force diagram:

< Lo > 12 >
~ ____T____ - 7
~ /o | o\ -
\\ Id //
| )
T T
x

mg

Although 0 is not given, one can see from the diagram (using the Pythagorean

theorem) that
d o

sin = —— cosf) = —— .
VG A+ d? VG A+ d?
Before the spring breaks, in equilibrium, there is no force in the vertical direction,

S0
F,=2Tsinf —mg=20,
S0
_ mg _mg 03+ d?
© 2¢inf 2 d ’

Thus, the magnitude of the acceleration can be written

. T VOB + d?
laj=—=g+———.
m 2d
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4. (25 points)

A toy train moves due north at a constant speed V along a straight track which is
parallel to the wall of a room. The wall is to the east of the track at a distance d.
There is a toy dart gun on the train with its barrel fixed in a plane perpendicular to
the motion of the train. The gun points at an angle 6 to the horizontal. There is a
vertical line drawn on the wall, stretching from floor to ceiling, and the dart gun is
fired at the instant when the line is due east of the gun. If the dart leaves the gun at
speed W relative to the gun, derive an expression for the distance by which the dart
misses the vertical line. That is, find how far north or south of the vertical line is the
point at which the dart hits the wall. Assume that the dart hits the wall without first
bouncing off the floor or ceiling.

Solution:

To describe the trajectory, it is useful to adopt a coordinate system. As shown
in the diagram, we let the train tracks run along the y axis with the positive y-
direction as north, with the x-axis pointing to the east. The wall lies at x = d, and
the vertical line lies at (z,y) = (d,0). The z-azis points up.

Y

- - — — » — ~§<— Vertical line

The dart is then fired from the origin, with initial velocities in the x- and z-
directions given by resolving the dart gun velocity W :

Vo, = Wcosf , vo,, = Wsin# .

But the dart gun is moving with the train, so the dart has an initial velocity in the
y-direction
Vo,y = V.

There is no acceleration in either the x- or y-directions, so the trajectory of the
dart obeys
T =vg,t = Wtcost

y=1vgyt =Vt.
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The motion in the z-direction is irrelevant to this problem, as long as we are told
that the dart does not hit the ceiling or floor. The dart hits the wall when x = d,

which occurs at time

d
Wt 0=d =— t= .
cos W cos 8

Thus, the y-coordinate when the dart hits the wall is

v
W cos6

y=Vt=d

The dart therefore hits the wall to the north of the vertical line by this amount.



