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Optical Communication Link

photodetector
t

input current

t

output current

laser

photons

Transmitter (laser): emits photons at a (time-varying) rate which is

proportional to the amplitude of the input current.

Receiver (photodetector): detects the arrival times of photons.

Noise: two sources of noise in the laser,

� The laser generates photons according to a random process.

� Background noise: spontaneously emitted photons (\dark current").
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The Poisson Channel Model

(t)λ

0 T

Poisson
generator

T0 T0

(t)ν

Input Output

λ0rate
Poisson noise 

transmitted spikes

Input: waveform �(t), (non-negative).

Output: Poisson point process �(t) with intensity �(t) + �0.

Noise:

� Randomness in generating spikes from the input �(t).

� Random additive spikes: Poisson with intensity �0.
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The Poisson Channel (cont.)

Examples of input/output behavior:
0 T
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0 T
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Coding for the Poisson Channel

A code with parameters (M;T ) consists of:

1. An index set: f1,2, : : : , Mg.

2. Code waveforms: f�m(t)g
M

m=1, where �m(t) � 0, t 2 [0; T ].

3. A decoding function: D(�T0 ) = ^m 2 f1; 2; : : : ;Mg.

channel
Poissonencoder m ^decoder

T0

ν(t)λm(t){1,2,...,M}εm 

message
original decoded

message

m 

T0

code waveform received spikes
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Let's Make a Code!

Intuition: use very large pulses of very short duration.

� Discretize the code interval [0; T ] into segments of duration �.

� In each �, let the input take one of two values, 0 or A.

� In each �, let the receiver distinguish between only two events:

freceive exactly 1 spikeg =) output \1"

freceive zero or � 2 spikesg =) output \0"

receiver outputreceived spikesinput

∆1 ∆ ∆ ∆ ∆2 3 4 5 ∆1 ∆ ∆ ∆ ∆2 3 4 5∆1 ∆ ∆ ∆ ∆2 3 4 5

���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
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���
���

���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���A

0 T 0 T 0 T

 1   0   0   1   0

1       0       2       1       0
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Lower Bound on Capacity

By the previous assumptions, and by the memoryless property of

the Poisson process, each �-segment becomes a binary channel:

Pr(0  0)

Pr(1  0)

Pr(1  A)

Pr(0  A)

Pr(1  0) = λ  ∆o e
−λ  ∆o

Pr(1  A)
- (A+   )λ ∆o= (A+    )λo ∆ e

(no spike or
  > 1 spike)

A

0 "0"

"1" (1 spike)

This gives us a lower bound to capacity:

CPoisson � max
I(X�;Y�)

�

where the max. is over all input distributions p(X�) s.t. E[X�] � �A.

It turns out that as �! 0, this lower bound is exactly the capacity.



6
.
9
6
2
:

W

e
e
k

5

'&

$%

C
o
d
e
D
e
sig
n

R
eca
ll
th
a
t
w
e
h
a
v
e
m
a
d
e
th
e
fo
llo
w
in
g
sim
p
li�
ca
tio
n
s:

1
.
D
iscretize
tim
e
in
to
�
-seg
m
en
ts,
fo
r
so
m
e
�
.

2
.
C
o
n
stra
in
in
p
u
t
w
a
v
efo
rm
s
to
b
e
b
in
a
ry
f
0
;
A
g
in
ea
ch
�
.

W
e
w
a
n
t
to
d
esig
n
M

w
a
v
efo
rm
s
in
th
e
in
terv
a
l
[0
;T
]
w
h
ich
h
a
v
e

m
a
x
im
u
m

E
u
clid
ea
n
d
ista
n
ce
su
b
ject
to
th
e
p
rev
io
u
s
co
n
stra
in
ts.

W
y
n
er
a
n
d
L
a
n
d
a
u
`8
4
:

�
O
b
ta
in
ed
a
n
u
p
p
er
b
o
u
n
d
o
n
th
e
m
in
im
u
m

E
u
clid
ea
n
d
ista
n
ce
fo
r

a
n
y
set
o
f
w
a
v
efo
rm
s
sa
tisfy
in
g
th
e
p
rev
io
u
s
a
ssu
m
p
tio
n
s.

�
C
o
n
stru
cted
a
set
o
f
w
a
v
efo
rm
s
w
h
ich
a
ch
iev
e
th
a
t
u
p
p
er
b
o
u
n
d
.



6.962: Week 5'
&

$
%

Wyner's Code

Construct the M code waveforms as follows:

1 2 3
M
k(  )

T∆ =
M
k(  )

A

...
. . .0 T

1λ
λ
λ
λ
λ

2

3

4

5

(t)
(t)
(t)
(t)
(t)

M
k(  )

M

code waveforms for  M = 5, k = 2

1 0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 1 0
0 0 1 0 0 1 0 1 0 1
0 0 0 1 0 0 1 0 1 1

1 1 1 1 0 0 0 0 0 0

� Let M = 2RT and let k = qM (for some q � �).

Notice that each �m(t) satis�es:
1

T

R
T

0

�m(t)dt =

k
M

A � �A.

� Let T !1: notice that �! 0.

Decoder: pick ^m such that � ^m(t) has the maximum number of

received spikes during its \on" periods (ML detection).



6
.
9
6
2
:

W

e
e
k

5

'&

$%

P
e
rfo
rm
a
n
c
e
A
n
a
ly
sis

T
h
e
p
ro
b
a
b
ility
o
f
erro
r
fo
r
th
is
co
d
e
is
b
o
u
n
d
ed
b
y
:

P
e
�
ex
p
f
�
T
(A
q
�
A
q
(
1
+
�
)
�
�
R
)g

M
in
im
izin
g
w
.r.t.
�
2
[0
;1
]
a
n
d
q
2
[0
;
�
]
y
ield
s
th
e
tig
h
test
b
o
u
n
d
.

T
h
is
g
iv
es
u
s
a
lo
w
er
b
o
u
n
d
o
n
th
e
o
p
tim
a
l
erro
r
ex
p
o
n
en
t:

E
�(R
)
�
A
q
�
A
q
(
1
+
�
)
�
�
R

(a
n
d
a
lso
a
lo
w
er
b
o
u
n
d
o
n
ca
p
a
city
).



6
.
9
6
2
:

W

e
e
k

5

'&

$%

U
p
p
e
r
B
o
u
n
d
o
n
th
e
E
rro
r
E
x
p
o
n
e
n
t

In
p
a
rt
II
o
f
h
is
tw
o
-p
a
rt
p
a
p
er,
W
y
n
er
d
eriv
es
a
n
u
p
p
er
b
o
u
n
d
o
n

th
e
erro
r
ex
p
o
n
en
t
w
h
ich
co
in
cid
es
w
ith
th
e
lo
w
er
b
o
u
n
d
.

T
h
erefo
re,
th
e
o
p
tim
a
l
p
ro
b
a
b
ility
o
f
erro
r
fo
r
th
is
ch
a
n
n
el
is:

P
�e

=
ex
p
f
�
T
(A
q
�
A
q
(
1
+
�
)
�
�
R
)
+
o
(T
)g

a
n
d
th
is
is
a
sy
m
p
to
tica
lly
a
ch
iev
ed
b
y
W
y
n
er's
co
d
e
a
s
T
!

1
.



6
.
9
6
2
:

W

e
e
k

5

'&

$%

C
a
p
a
c
ity

F
o
r
a
P
o
isso
n
ch
a
n
n
el
w
ith
a
p
ea
k
in
p
u
t
A
,
a
v
g
.
in
p
u
t
�
A
,
a
n
d

n
o
ise
in
ten
sity
�
0 ,
th
e
ca
p
a
city
is:
[K
a
b
a
n
o
v
/
D
a
v
is/
W
y
n
er]

C
=
A
[q
�(1
+
s
)
lo
g
(1
+
s
)
+
(1
�
q
�)s
lo
g
s
�
(q
�

+
s
)
lo
g
(q
�

+
s
)]

w
h
ere

s

=

�
0

A

q
�

=

m
in
(�
;
q
0 (s
))

q
0 (s
)

=

(1
+
s
)
(
1
+
s

)

s
s

e

�
s

�
W
h
en
s
=
�
0
=
0
:

C
=
A
q
�

lo
g
1q

�

,
w
h
ere
q
�

=
m
in
(�
;e
�

1).

�
W
h
en
�
=
1
a
n
d
s
=
�
0
=
0
:

C
=
A
e
�

1.



6.962: Week 5'
&

$
%

Discussion of Wyner's Results

The optimal input waveforms look like a sequence of spikes.

Intuition: this makes the received waveforms as distinct as possible.

Near-optimal waveformsSub-optimal waveforms

λ
1
(t) λ (t)

2 λ (t)
3

T0 T0T0

λ
1
(t) λ (t)

2
λ (t)

3

T0 T0T0

T0 T0 T0 T0 T0T0
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The Multi-access Model

Poisson
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Multi-access Coding and Decoding

The K encoders independently encode their messages.

The decoder tries to decode all messages simultaneously.

Poisson 
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λm1(t)

λm2(t)

decoder

ν (t)

m1

2m

mK

m1
^

2m̂ mK
^{            ...       }

encoder 1

encoder 2

encoder K
λmK(t)

. . .

. . .. . .



6
.
9
6
2
:

W

e
e
k

5

'&

$%

C
o
d
in
g
a
n
d
D
e
c
o
d
in
g

C
o
n
sid
er
th
e
2
-u
ser
ca
se:

A
(M
1 ;M
2 ;T
)
co
d
e
co
n
sists
o
f:

1
.
T
w
o
in
d
ex
sets:
f
1
;
:
:
:
;
M
1 g
a
n
d
f
1
;
:
:
:
;
M
2 g
.

2
.
T
w
o
sets
o
f
co
d
ew
o
rd
s
f
�
(
1
)

m

(t)g
M

1

m

=
1

a
n
d
f
�
(
2
)

m

(t)g
M

2

m

=
1 ,
fo
r
t
2
[0
;
T
].

3
.
A
d
eco
d
in
g
fu
n
ctio
n
:

D
(�
T0
)
=
(
^m
1
;
^m
2 )
2
f
1
;
:
:
:
;
M
1 g
�
f
1
;
:
:
:
;
M
2 g
.

T
h
e
p
ro
b
a
b
ility
o
f
erro
r
is:

P
e

=

1

M
1
M
2

M

1

Xm

1
=
1

M

2

Xm

2
=
1
P
r
f
D
(�
T0
)
6=
(m
1
;
m
2
)
j
(�
(
1
)

m

1

;
�
(
2
)

m

2

)g



6
.
9
6
2
:

W

e
e
k

5

'&

$%

C
a
p
a
c
ity
R
e
g
io
n

A
ra
te
p
a
ir
(R
1 ;R
2 )
is
sa
id
to
b
e
a
c
h
ie
v
a
b
le
if
8
�
>
0
,
th
ere
ex
ists
a

(M
1 ;M
2 ;T
)
co
d
e
w
ith
su
Æ
cien
tly
la
rg
e
T
a
n
d
M
i
�
2
R
i
T
,
i
=
1
;2

su
ch
th
a
t
P
e
�
�.

T
h
e
ca
p
a
c
ity
reg
io
n
is
d
e�
n
ed
to
b
e
th
e
clo
su
re
o
f
th
e
set
o
f
a
ll

a
ch
iev
a
b
le
(R
1 ;R
2 )
ra
te
p
a
irs.



6
.
9
6
2
:

W

e
e
k

5

'&

$%

B
in
a
ry
In
p
u
ts
a
re
O
p
tim
a
l

In
ex
ten
d
in
g
W
y
n
er's
resu
lts
fro
m
th
e
sin
g
le-u
ser
ch
a
n
n
el,

L
a
p
id
o
th
a
n
d
S
h
a
m
a
i
sh
o
w
ed
th
a
t
b
in
a
ry
P
A
M
-lik
e
in
p
u
ts
d
o
n
o
t

red
u
ce
th
e
ca
p
a
city
reg
io
n
.

A
n
a
lo
g
o
u
s
to
th
e
sin
g
le-u
ser
ca
se,
th
e
P
o
isso
n
M
A
C
ca
n
b
e

sim
p
li�
ed
to
a
b
in
a
ry
-in
p
u
t,
b
in
a
ry
-o
u
tp
u
t
m
em
o
ry
less
M
A
C
.



6
.
9
6
2
:

W

e
e
k

5

'&

$%

C
a
p
a
c
ity
R
e
g
io
n
fo
r
2
U
se
rs

.



6
.
9
6
2
:

W

e
e
k

5

'&

$%

M
a
x
im
u
m

T
o
ta
l
T
h
ro
u
g
h
p
u
t

M
a
x
im
u
m

to
ta
l
th
ro
u
g
h
p
u
t
fo
r
2
u
sers:

R
P

=

m
a
x

(
R
1
;R
2
)
2
C
(R
1
+
R
2 )

T
h
is
ca
n
b
e
a
ch
iev
ed
u
sin
g
sy
m
m
etric
ra
tes
o
f
th
e
fo
rm

(R
�

;
R
�

).

F
o
r
th
e
g
en
era
l
ca
se
o
f
K

u
sers,
th
e
m
a
x
im
u
m

to
ta
l
th
ro
u
g
h
p
u
t
is

�
a
ch
iev
ed
w
ith
sy
m
m
etric
ra
tes.

�
m
o
n
o
to
n
ica
lly
in
crea
sin
g
in
K
.

�
b
o
u
n
d
e
d

a
b
o
v
e

b
y
th
e
p
ea
k
a
m
p
litu
d
e
A
.

W
h
y
d
o
es
th
e
to
ta
l
th
ro
u
g
h
p
u
t
s
a
t
u
r
a
t
e
?



6
.
9
6
2
:

W

e
e
k

5

'&

$%

T
o
ta
l
T
h
ro
u
g
h
p
u
t
(c
o
n
t.)

C
o
m
p
a
re
th
is
w
ith
th
e
G
a
u
ssia
n
M
A
C
:
m
a
x
im
u
m

to
ta
l
th
ro
u
g
h
p
u
t

in
crea
ses
a
s
th
e
lo
g
o
f
th
e
n
u
m
b
er
o
f
u
sers.

In
tu
itio
n
:
lo
o
k
a
t
th
e
o
u
tp
u
ts
o
f
th
e
tw
o
ch
a
n
n
els.

�
G
a
u
ssia
n
M
A
C
:
th
e
o
u
tp
u
t
is
a
su
m
o
f
K

in
d
ep
.
G
a
u
ssia
n
s.
A
s

th
e
n
u
m
b
er
o
f
u
sers
K

in
crea
ses,
th
e
v
a
ria
n
ce
o
f
th
e
o
u
tp
u
t

in
crea
ses,
h
en
ce
th
e
o
u
tp
u
t
en
tro
p
y
in
crea
ses.

�
P
o
isso
n
M
A
C
:
th
e
o
u
tp
u
t
is
a
su
m
o
f
K

in
d
ep
.
P
o
isso
n

p
ro
cesses.
A
s
K

in
crea
ses,
th
e
sp
a
cin
g
b
etw
een
o
u
tp
u
t
sp
ik
es

d
ecrea
ses,
a
n
d
th
is
d
ec
rea
se
s
th
e
en
tro
p
y
ra
te.
S
o
a
d
d
in
g
m
o
re

in
p
u
ts
sa
tu
ra
tes
th
e
o
u
tp
u
t
en
tro
p
y.



6
.
9
6
2
:

W

e
e
k

5

'&

$%

O
u
t
lin
e

I.
In
tro
d
u
ctio
n

II.
S
in
g
le-U
ser
P
o
isso
n
C
h
a
n
n
el

III.
M
u
lti-a
ccess
P
o
isso
n
C
h
a
n
n
el

IV
.
O
th
e
r
A
p
p
lic
a
tio
n
s



6
.
9
6
2
:

W

e
e
k

5

'&

$%

B
io
lo
g
ic
a
l
N
e
u
ro
sc
ie
n
c
e

O
u
r
b
o
d
y
tra
n
sm
its
in
fo
rm
a
tio
n
th
ro
u
g
h
a
n
etw
o
rk
o
f
n
eu
ro
n
s.

T
h
e
sig
n
a
ls
lo
o
k
lik
e
a
tra
in
o
f
sp
ik
e
s
(a
ctio
n
p
o
ten
tia
ls).

N
eu
ro
scien
tists
b
eliev
e
th
a
t
in
fo
rm
a
tio
n
is
ca
rried
in
th
e
t
im

in
g
o
f
th
ese

sp
ik
es,
n
o
t
in
th
eir
a
m
p
litu
d
e
o
r
sh
a
p
e.

Q
u
estio
n
s:

�
H
o
w
d
o
es
th
e
b
o
d
y
\
en
co
d
e"
in
fo
rm
a
tio
n
in
to
th
ese
sp
ik
es?

�
W
h
y
d
o
es
it
u
se
sp
ik
es?



6
.
9
6
2
:

W

e
e
k

5

'&

$%

A
n
E
n
g
in
e
e
rin
g
A
p
p
ro
a
ch

T
ry
to
m
o
d
el
th
e
n
eu
ra
l
sy
stem
a
s
a
n
o
isy
co
m
m
u
n
ica
tio
n
ch
a
n
n
el

a
n
d
a
sk
,
\
H
o
w
w
o
u
ld
a
n
en
g
in
eer
b
u
ild
a
sy
stem
fo
r
it?
"

�
L
o
o
k
fo
r
a
so
u
rce
o
f
n
o
ise
in
h
eren
t
in
th
e
n
eu
ra
l
sy
stem
.

�
M
o
d
el
th
e
n
o
ise
a
n
d
a
p
p
ly
In
fo
rm
a
tio
n
T
h
eo
ry.

�
C
o
m
p
a
re
th
e
th
eo
ry
w
ith
rea
lity.



6.962: Week 5'
&

$
%

Basic Model of a Synapse

i   (t)Cav (t)i

individual vesicle 
release process

aggregate vesicle 
release process

opening of
Ca channels

...

1

2

3

N

...

...

...

t

t

t

t

t
tt

presynaptic potential calcium current

Input: presynaptic potential, Vi(t).

Output: release times of neurotransmitter vesicles, �(t).

Assumptions:

� Each vesicle is released according to a Poisson process with

time-varying intensity proportional to the input potential Vi(t).

� No refractory period for vesicles (fast replenishment).

� No input bandwidth constraints (fast Ca2+ dynamics).



6
.
9
6
2
:

W

e
e
k

5

'&

$%

D
isc
u
ssio
n

�
W
y
n
er's
resu
lt
tells
u
s
th
a
t
th
e
b
est
w
a
y
to
sen
d
in
fo
rm
a
tio
n

th
ro
u
g
h
su
ch
a
n
o
isy
ch
a
n
n
el
is
to
u
se
sp
ik
e
-lik
e
in
p
u
ts.

�
In
rea
lity,
w
e
k
n
o
w
th
a
t
th
e
b
o
d
y
u
ses
sp
ik
e-lik
e
sig
n
a
ls.

Is
th
is
a
co
in
cid
en
ce?

M
a
y
b
e
th
is
is
h
o
w
th
e
b
o
d
y
h
a
s
ev
o
lv
ed
to
co
u
n
tera
ct
n
o
ise
in
a
sy
n
a
p
se?


