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Blind Deconvolution

Decovvolution is s signal processing operation that ideally unravels (he effects o
convolutdon, Specifically, the ohjective of deconvolution is to recover the input sig
nal applicd to a linear dme-invariant (possibly oocominimum phased system, given
the signal developed at the output of the system. As the name implies, "bllad decon.
volution” refers to the ability of an adaptive algorithm to perform deconvelution in 2
tlindfolded or self-recovered farkion, An adaptive filtering algorithm designed it
this way does not need an external source for supplying the desired response. Rather
the alperithrn makes up for it by using some form of nondireariry to cxtract uschi
information from the unknown system oufput, which is unprocessed by & cofven.
tional linear adaptive filter.

In this chapter, we study two important fmilics of blind deconvolution al
porithms:

1. Bussgang algorithms, which perform blind deconvolutlon in an feranlve fash
ion; they are so-called because the deconvolved sequence assumes Busagen,
gtatistics when the algorithm reaches convergence in the medn.

2, Polyspectra-bared algorithms, which use higher-order cumulanis or their dis
crete Fourier rransforms known a5 polyspectra; the property of polyspectoa i
preserve phase information makes them well suited for blind deconvolutlon.

We begin our siudy of blind deconvolubion by discussing its theoretical requlmnmnn
and practical importence, which we do in the next section.

20.1 THEORETICAL AND PRACTICAL CONSIDERATIONS .

Consider an wekdows linear time-invariant system & with inpat {x (7} as depicted | Ii
Fig. 20.1. The input consists of an wrobserved white data {information-bearing) 3
quence with known probability distribution. The protlem is to restore {xin]} ov
j
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equivalently, to identify the Dnverse ' of the sysiem I, glven the abserved se-
quence {u(nh} ar the systerr outpur

IF the system ¥ iy minimunt-phare (i.e., the transfer function of the system has
all of its poles and zeros confined fo the interior of the unit circle in the z-plane),
then ot only i3 the system IF stable bot so is the inverse gystem 57!, In (his case, we
may view the input sequence {(z(a]} a5 the “innovation™ of the system output {u{n}l,
and the inverse systemn 3" is just & whitening fileer, These observations followr From
the study of linear prediction presented in Chaprer 6.

In many practical situations, hawever, the system O may nor be minimum
phase. A system is said (o be monmindmast phase iF its transfer function has any of s
zeros located outslde the unit circle in the z-plane; exponential stability of the svstem
dictates that the poles be located inside the unit ciccle. Practical examples of a non-
minitum phase system include p telephone channel and a fading radio cheneel, In
this sitution, the restoration of the inpul sequence {[z (2]}, given the channe] cutpur,
15 & more difffieult prablem. In particular, we may make the fellowing importent ob-
secvatians [Benveniste et al., 1980k

1. For the estimation of a aonminimum-phese characterisiic to be feasible, and
thetefore for the inverse-filtering (i.e., deconvolution) problem to have a solu-
tion, the input sequence {r(x]} must be now-Gaussian,

2. Since the use of a minimum mean-squared error criterion resolts in & linear
fileer What i$ minimum phase, we must invoke the use of higher-arder statistics
(cumulants or moments) and therslore norlinear astimaion.

3. The inverse systern ¥" is urstable, because its teansfer function has poles out-
side the wnit circle in the z-plane. Hence, the on-fine restorotion of the inpus
sequence {x(x)} is impossible, However, we ey ftrumoate the impulse -
spanse of the inverse system ¥P~', thereby permitting the restocation of {x(n)}
to tike pace in real time, but with & constant and finite delay; this delay is of
no serious coneern in digital comtutnications.

It is thus appacent thet for the blind deconvolution problem to have a solution,
two requirements must be satisfied. First, the wnobserved data sequence {x(#]} must
be non-Caussian, Second, the processing of the observed output sequence {u{m)}
thust inelude some form of nonlinesr estimation. Practical applications of blind de-
convolution include adaptive equalization and selsmic deconvolution, rs discussed
next,

Typleally, adaptive equalizers vsed in digital communlcations tequire sn initial
training period, during which & krown data sequence is transmitied. A replica of this
sequence i3 made available at the receiver in proper syachronlsm with the trangmit-
ter, therehy meking it possible for adjustments to be made to the equalizer
cocfficients in aecordance with the adaptive fAltering algorithm emploved in the
equalizer design. When the training iz completed, the equalizer is switched to its
dectsion- directed mode, and normal dats transmission may then commence, {These
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two modes of operation of an adaptive equalizer were discussed in Section 1.7.)
However, there are practical situations whert it would be highly desicable for a re-
ceiver to be able to achieve complets adaptation withoue the cooperaton of the trans-
mitter, For cxample, in 8 multtpoint date nervork involving & control wnit conneceed
to several darm rerminal equipmants (DTEx), we have & “master—alave™ situation in
that & DTE is permitied to transmit only when its modem is polled by (he modem of
the control unit, A problem peculiar to these networks is that of retraining the re-
ceiver of 2 DTE unable to recognize dats and polling messages, due to severe varia-
tions in chanpgl chamecteristics or simply because that particular Teceiver was nat
poweted-on during initial synchronizatien of the nerwork, Clearly, in a large or
heavily toaded mullipoint network, data throughput is increased aod the burden of
monitoring the netwark is cased if some form of bitnd egualization is built inta the
receiver design (Oodard, (980,

Anpother class of communication systems that may nesd blind equalization i3
high capacity line-of-sight digetal radfc, Most of the time, 3 line-of-sight microwave
radia livk behaves as a wide-band, low-ooise channel capable of providing highly re-
lisble, high-spesd data transtnission. The channsl, bowever, suffecs from anomalous
propagation condiflons thet arise from natural phenomena, which can cause the emor
performance of o digital cadio do be severcly degraded. Such snomalies manifest
therselves by causing the transmitted signal o propagate along several paths, each
of different electrical length. This phenomenon is celled multipath fading. Convén-
tional linear adaptive equalization wechniques {e_g., the LMS algorithm} perform sat-
isfacterily in a digital radio system, except during severs multipath fading that is the
main cause of outage in such systems. Blind squalization provides u possible mecha-
nist for degling with the severe multipath fading problem in digital mdio links
[Beneviste and Goursat (1984); Ross (1989)).

In refipction seismotogy, the traditional method of remaving the source wave-
frrm from a seisMOgram is to use lrear-prediceive deconvoltnion (386 Section 1.7
The method of predictive deconvolutdon is derived from four fundamental wssump-
tions (Cray, 1979k

1. The reflectivity serics is white. This assumption i3, however, often violated by
reflection selsmograms as (he reflectivitics result from a differendal process
applied t0 acoustic impedances. In many sedimentacy basins there are thin
beds that cause the reflectivity series to be correlated in sign.

1. The source signal [wavelel) is minimum phase, This assumption is valid for
several eaplosive sources {e.g., dynamils), bot it is enly approkimale for more
complicated sources such as those used in marine exploration.

3. The reflectivity series and noise are statistically independent and stationery in
time. The stationarity assumption, however, is violated because of spherical
divergence and attenuation of selsmic waves, To cope with monstationarity of
the data, we may wse adaptive deconvolution, but such & method often destroys
primary events of interest.

4, The rrinimes megn-squore eeror crirerion ia used Lo solve the linsar prediction
peobtem, This eriterion is appropeiate only when the prediction errars [the
reflectivity series and noise) have r Gaussian distribudon, Statistical tests pet-
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formed on reflectlvity saries, however, show that their kurtosis is much higher
than that expected from & Caussian distribution,

Assumptions | and 2 were explicitly mentioned in the pregentation of the method of
predicdve deconvolution in Chapter 1. Assumptions 3 and 4 are implicit in the ap-
Plication of Wiener filtering that is basic to the solution of the linear predietion prob-
lem, as presented in Chapter &, The main point of this discussion is that valuable
phase information contained in a reflection seismogram is ignored by the method of
predictive deconvolution, This limication i3 overcome by using &lind decomaofurion
(Godfrey and Rocea, 1981).

Blind equalization in digital communications and blind deconvolution in
reflection seismology are examples of o special kind of adaptive ioverse filtering that
operate without aceess to the source of the desired response (i.e., the (ransmiteed sig-
naly. Cmly the received signal and some edditional informarion in the form of &
probabilistic mode! are needed. In the case of equalization for digital communica-
tiona, the model describes the statistics of the cansmitted data sequence., In the case
of sejsmic deconvolution, the model describes the statistics of the carth's reflection
cocfficients.

Having clarified the framework within which the vse of blind deconvalution is
frasible, we are ready to undertake a detailed study of its operation, Specifically, we
consider the Bussgang family and the polyspectre-based family of blind deconvolu-
tion algarithms. The discuasion ia presented in that order, and in the context of Blind
equalization for digital commutications.

2.2 BUSSOANG ALOORITHM FOR BLIND NQUALIZATION
OF REAL BASEBAND CHANNELS

Consider the basetand mode! of a digital communicatlon system, depicted in Fig.
20,2, The model consists of the caseade connection of a dnear communlestion chan-
nel and & biing egualizer.

The channel includes the combined offects of a transmit flter, a transmission
medium, and a receive filter. It is characterized by an impulse response (4.} that is
rifrown, it may be time varying, albeil slowly. The nature of the impulse response
{hn} {i.2., whether it i3 rea] or complex valued) is determined by the type of modula-
ton employed. To simplify the discussion, we assume that the impulse response i3
real, which corresponds to the use of muttleve! puite-amplitude modulation (M-ary
PAMY); the case of a complex impulse response is considered in the neat section, We
may thus describe the input-output reladon of the channel by the convolition siem

uimd =2 hexlm— &),  n=0, =1, *2,.., (20.1)
]
Linabemryed ’ Facawm
“ﬂ“:- Channal b, anw w:nl'- Bilnd - = Iin1 Flpee .2 Cpscede comnesiion of an
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where {x(a)} is the date (message) sequence applied to the channel input, and {u(a)}
is the reaulting chanme! cifpel. We assume that

-

j%‘, At=1 (20.2)

Equation (20.2) implies the use of awlomatic gain controf (AGC) that keeps the vari-
ance of the channel cutput «in} constant, We further assume that the chaonel is non-
niinimum phase (i-=.1 noncansal], which means that

bW 0, farm < O {21.3}

[n the mathematical model of Eq. (20.1), we have ignored the effect of re-
celver naise. W are justified to do so, because the degradation in the performance
of data transmisslon {over & voice-grade telephone cheone], say] 15 usually dominated
by intersymbol interference due to channel dispersion,

The problem we wish to solve is the followling:

Civen the received signal {u{r)}, reconstroct the criginal date saquence {x(n)} applisd
ta the channel juput,

Equivaleatly, we may restate the problem as follows:

Design & blind equelizer thay is the inverse of the unkoown channel, with the channal
inpur beitg upobsenable,

Tao solve this blind equalization problem, we need to prescribe a probebifistc
model for the data sequence {z ()}, For the problem &t hand, we assume the follow-
ing (Bellini, 1986, 1388

1. The data sequence {<(#]] is white; that is, the data symbols x(#) are indepen-
deer, identically distributed {iid) ramdom variables, with 2ero mean and wpit
variance, 85 shown by

Elx ()] = 0 20,4}
and

1, E=u

D, [ 20.5)

Elxirlxik}] = [

where £ i3 the expectation operatar,
2. The probability density function of the data symbol x(#) 18 syremeiric and uni-
form, that is (see Fig. 20.31,

“'{lﬁﬁ, -1 =3 €V {20.6)
A 0 otherwise

This distribetion has the merit of being independent of the number A of ampli-
tude Jevels employed in the modulation process. -

Mote that Eq. (20.4) and the first ling of Eq. (20,5} follow from (20.6),
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-".-'E a k| * Figure 0.3  Undfocm distribulion,

With the distribution of the datumt £(#) assumed (© be gyrunettic, a3 in Fig.
20.3, we find that the whole data sequence {—x{n)} has the same law as {x{n}}.
Hence, we cannot distinguish the desired inverse filter 7 (corresponding to {x{n)}
from the opposite one —%~' {corcesponding to {—x{n)l). We may overcome chis
sign ambiguisy problem by inittafiting the deconvolution algotithm such that there is
& Single nonzero tap weight with the desired algebraic sign (Banveniste et al., 1930).

Harstive Daconvolution: Tha Objesoilve

Lzt {w} denate the impulse response of the ideal Jreverse filter, which is related w
the itnpulse response {4} of the channel as follows:

> ok, = (20.7)
where & i3 the Kronecker delia;
1, (=0
5 = [D. [#0 (20.8)

An ioverse filter defined in this way is “ideal™ in the sense that it reconstructs the
transmitted date secuence {x(g]} correctdy. To demonstrate this, we first write

E. wieln — ) = ¥, $ whexin = i = k} (20.5Y

Let
k=t

Making this change of indices in Eq. {20.9}, and intecchanging (he order of summa-
tlon, we gat

¥ owuln — = X xin — 0 & whi- (20. 10}
Henee, using Bgq. (20.T) ia (20,10} and then applying the defimtion of Eq. {20.6),
weg E-l:.'t

gwrr..r[r: = f} = g-ﬁ.;{n - i

20.
i 20.11)

which is the desired resalt.
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For the situation deseribed herein, the impulse response {h.} 18 unknown. We
therefore cannoi use Bg, (20.7) to determine the inverss filter. Instead, we use an Ji-
erailve deconvolution procedire 1o compute an approzimate inverse filter character-
jzed by the impulse response {wdn)}, The index ¢ refers (o the tap-weight nwnber in
the rransversal filter realization of the approximate inverse filter, as indicated in Fig.
20.4. The index n refecs to the feration number; each iteration corresponds to the
transmission of 2 data symbol. The computstion is performed iteratively in sxch a
way that the convolution of the impulse response IWinf with the received signal
[u{if cesuliz in the complete or partial removal of the intersymbol interference
(Godfrey and Rocca, 19610, Thus, at the Ath iteration we have &n approximately de-
convolved sequence

L

ylw = JE vl — i) {20.12)

whare 24 = 1 i the truncated femgeh of the impulse response {¥(n}} {see Fig. 2h.47.

uln kL - g+ 1] ulni [ % win-—"l aia =4l
. e ¥ Fl b : F) . » [ !'-I

¥lad

Flgure 20.4  Transveraal Alcer realizarion of upprosimete ioverse filier; use of real
daca 15 Bssumed.

The convolution sum on the left side of Bg, (20.11), pertaining to the ideal in-
verse filler, is infitite in catent in that the inden ¢ ranges from —= to . Onthe other
hand, the convalution sum on the right side of Eq. (20.12) pertaining Lo the appro-
imate inverse flter, is fiefte io extent in that i extends from —L to L, Clearly, we

may rewrite By, (2112} as follows:
pim) = 2 wlaluin — 0, adny = Djfor [i]| = L
)

ar, equivilently,
vl = 2 waln — i) 4+ E [Win) — wleln = £ (20.13)

el = 5 [l — wlule — il m=D0for|f|=> L {20.4)
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Then, using the ideal result of Eq. (20.11) and the definitlon of Eq. (20, 14), we may
simplify Eq. (20,13} as follows:

yin) = x(n} + vim (20.15)

The term vli) is called the comvelurional rolse, representing the residual ntersym-
bol interfecance that results from the use of an approximate inverse filker.

The inverse Fiter cutpat p{r) is next applied to a zere-memory ronlinear esl-
rater, producing the estimate £{x} for the detum z{a}. This operation is depicted in
the block diagram of Fig. 20.5. We may thus write

2{n} = g{yinh (20.16)

where g{ - } i3 some nonlinear Runction, The issue of noolinear estimation ls dis-
cussed in the next subsection.

Ancaivad 1lpel f

2] | Toannresl Allcer ot EEWJWW lm
™1 [ 1al ran
- +
( .r'?\.
L5 \]j
o algarithm o

Flgure 30,5 Block disgram of Blind squalizer.

Ordinarily, we find that the sstimare £ (a) is not reliable enough, Nevertheless,
we may Use it in an adapive scheme to obtain 2 "better" estimate et iteration n + 1.
Indeed, we have a varisty of linear adaptive filtering algorithms (discussed in provi-
ous chapters) at our disposal that we can use ta perform this adaptive parameter est-
mation. In particular, & simple aod yet effective scheme is provided by the LMS al-
gorithm. To apply it to the problem at hand, we note the following:

L. The ith ap input of the transversal flter at ilcraton {dme} n 18 uim — £,

2, Viewing the nonlincar estimate £(a} as the “desired” responsc [since the urans-
mitted data symbol x{n) is unavailable to us], and recognizing that the corre-
sponding transversal fllter outpol is ¥ (A}, we may express the estimation ervor
for the iterative decotvolution procedure as

efr) = £{n) — ¥inl {20.17)

3. The ith tep weight vvn) ai iteration » reprasents the “old” parameter eslimate.

Accordingly, the “updated” value of the ith tap weight at iteration # + 1 is com-
puted as follows: '

Wl + 1) = dnln) + putn — Delnd, i=0=1,...,=L (20, 1B)
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Lat
H—f—hkm]
Hence, we may also write

ofa) = X zh¥{n = (20.22)

4
where

T = @ Fe[WamaR) — Womi] (20,23)

The sequence {¥(a)} is & sequence of small numbers, cormesponding to the residual
impulse response of the channel. We imagine the sequence {V{m} az a long and os-
citlatory wove that ia convolved with the transtnitted data sequence [z (a)} to produce
the convolutional noise sequence {ulal}, as indicated in Eq. (.23}

The definition of Eg, (20,22} is basic to the statistlcal characterization of the
convolution noise efx), The mean of ei{n) is zero, a3 shewn by

E[vin)] = E[EI (AT — e}]

= EI Vin — DELx(])] {20.24)

-
where in the last line we have made use of Bq. (20.4), Mext, the autocorrclation
function of ©{n) for & lag j is glven by

E[s{meln — J] = E[@ x(W¥n — D, x{mI%in — m = Jr}]
= z ¥ Vi - OV — m = OEX{x(m]] (20,251

'Er?{ﬂ—J]‘F[n—I—j]

where in the last line we heve made use of Eq. (20.5). Since {V(n}} is a long and
pscillasory waveform, the sum on the right side of Eq. (20.25) is nonzerce only for
f = 0, abtaining

1 jnﬂ

Eluinpein = f}] = [g ' a0 {20.26)

whers

o {n} = $ Tin — I (20.27)
Based on Egs. (20.24) and {20.26), we may thus describe the convolutionel noise
process {x{n)} @5 & 1ero-nrean white-nolse process of fte-Warying varicace egual 19
eri{n), defined by Eg. [20.27)
Gec. 202  Bussgang Algorithm for Blind Equallzatian ™




According to the model of Eq. (20,22}, the convolutional noise ein) is &
welghted sum of statisticatly independent and identically distributed random vari-
ables representing different transmissions of data symbeols. 1f, therefore, the residual

impulse response {¥(a)} is long enough, the cemnal lmit theorem makes the Capg-
shar made] for efx) plausible.

Having characterized the convolutional naise ¢(n} by itself, all that remains for
s 0 do i o cvaluate the crosr-correlaiion between it and the data sample x(nl,
These two samples are certainly correlared with each other, since {e{n)} is the result
af convolving the residual impulse response {F(n)} with {x(n)}, &5 shown in Eq.
(20.21). However, the cross-correlation between vin} aod x(n} is negligible com-
pared ta the variance of «{n). To demonstrate this, we write

E[xintein — j]] = Elxin) Z TifH%n -1 = )

- 3 Vin — { — JHE[x{n}x(f}] (20.28)

= V(-

where, in the last line, we have made use of Eq. (20.5), Here again, using the as-
sumption that {¥{x)} is a long and oseillatory waveform, we deduce that the standard
devistion of v(#] s large compared w0 the magnitude of the cross-correlation
Elxinpeln — j)].

Since the data sequence {x(n)} is white by assumption and the convolutional
noise sequence {uin}} is epproximately white by deduction, amd since these two se-
quences are essentially uncorrelated, it follows that their sum {y{n}} i approxi-
mately white 10, This suggests that {x{n)} and {v(x)} may be taken to be essantially
independent, We may thus model the convolwtional nodse {u (n)} 8s an additive, zero-
mean, while Gaussian moise process that is siatistically independent of the duta se-
quence {x(nl},

Because of the spproximations made in deriving the medel deseribed herein
for the convolutional neise, its use in an iterative deconvolution process yields g sub-
opiimal estimiator for the data sequence. In pucticolar, given that the iterative decon-
volution process is convergent, the iotersymbal interference (151) during the Latter
stages of the process may be small enough for the model to be wpplicable. In the
early stuges of the iterative deconvolution process, however, the ISI i3 Lypically
large with the result that the data seguence and the convolutional ooise are strongly
correlated, and the convolutlonal noise sequence is mome wuniform than Caussian
[Godfrey and Rocca {1931))].

Zaro-Mamory Nonlinear Estimation of the Data
Ssguence

We arc now ready to consider the next imporeant issue, namely, tha of sstimating
the data sequence {x{m}}, given the deconvolved sequence {y(x)} &t the wansversal
filter output, Specifically, we may formulate the estimation problem &s follows: We
are given & {fllered) abseration yia} that consists of the sum of two components
[see Eq. {20.15]]:

Ta2 Blind Decomvglutlon  Chap. 20




1. A pniformly distributed dawa gytnbol xln) with zero mean and unit variance

2. A white Gaussian noise e{n) with zero mean and variance or(n), which is
statistically independent of x ()

The tequirement is to decive o Bayes esfimale of x{r), optimized in some sénse.

Befare proceeding with (his classical estimation problem, two nateworthy ob-
gervarions are in order. First, the estimate is narurally a conditional exiimate thar de-
pends on the optimizetion eriterion. Sccond, although the estimate {in theery) is op-
Gmbm in & mCen-Square emer sense, in the coatext of our present situation, it ls
subsptimurt by virtue of (he approximations made in the development of the modsl
for the convelutlonal noise oia).

An optimization criterion of particuler intecest is that of minimizing the mean-
square valie of the crror between the actual transmission x{n) and the estimation
£(#). The chaice of this optimization criterion yields a condiional mean estimarar!'
that is both sensible and robust.

For canvenience of presentation, we will suppress the dependence of random
variahles on time 7. Thus, given the observation ¥, the conditional mean estimate £
af the random variable x it written as S(&)¥], where E is the expectarion aperator
{sec Fig. 20.6). Let fiulx|v} denote the condinional probabliity denzity funcilon of x,
given y. We thus have

= Elzly
[z]¥] 20.25)
- [ ot o
From Baves’ rufe, we have
Fulzly] o {31} il] (20.30)

¥
where #{ v|x) is the conditional probability density function of ¥, given x; and flx)
and f{ »} are (he probability density functions of x and ¥, cespectively, We may
therefore rewrite the fortnula of Eg. (20.29) as

1 -
&= ) J xf: v|x) fel =) dx (20.31)
Lat
¥ oyt e (20.32)
Dl vt T
Canvaluthanal noéem Flgure 2.6  EBarlenetvon of the dma
¥lnt ayiehed xln). given the abeeration yin).

| Foc & dacivalion of the conditioosl mesn end its relstian o mean-squred-echot sitimmian, ==
Appendia E,
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The scaling factor ce is slightly smaller than unity. This fector has been included In
Eq. (20.32) 50 as to keep &] »°) equal to 1, In accordance with the statistical mode]
for the convolutional noise ¢ developed previously, x and v are eratistically indepen-
dent, With o modeled to have zero mean and variance o, it follows from Eq.
(20.32) thut the scaling faclor o is defined by

&= VIl — ! [20.33)
Furthermere, from Eq. (20032} it follows that
S xled = ful v — cox) (2034}

Accordingly, the use of Bq. (20.34) in (20.31) vields

1 .
i =Em j::ﬁ{r — enX) fylx) dr (20.35)

The evaluation of # is straightforward but tedious. To procesd with it, we nLay
note the following:

1. The mathematical form of the estimate £in) produced ol the cutpol of the
Bayes (conditional mean) cstimater depends on the protability density function
of the originel data symbol x({n). For the analysis presented herein, we assume
that the data symbol 1 is wniformiy distributed with zero mean and unit vari-
ance; its probability density function is given in Eq. (M).6), which is rEpra-
duced bere for convenience:

/2% -Vi=sr<v3
fidi) = [EI. otherwise

2, The convalutional noise « is Gaeersian disributed with zero mean and varance
o, its probability density function is

(20,36}

] Tt
N o= ex (--—) 20,47
fde Vare T 2 { )
3, The filtered observation ¥ is the sum of cux and o: s probability density func-

tion 15 therefore equal re the convolution of the probability density function of
x with that of v, as shown by

flyl = j felx) ful y — cokh ds {20.38)

Uting Bags. (20.36) to {20.38] in (20.35), we get (Bellini, 1988):
f__lhy+gz'{}'+fnfﬁ]-2{y—w’ﬁl

20,10
i o Py = -r.'.:,'.lr"u""i] - Q{y + r_n,"'ﬁ] ¢ }

where 21 ) is the stendardized Gassian probability density function .
Z{y) = —m g2 (20.40)

N
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and £2{ y) is the corresponding probabilicy distribution function

gy = wflir,[ e~ (20.41]

For a detailed derivation of Bg. {20.39), the reader is relerred to Problem 2.

& small gatr correciion ta the nonlincer estirmator of Bq. {20.39) is necded in
arder to achieve perfect equalization when the iterative deconvolution algorithm [de-
scribed by Eqs. (20,16} to (20.18)] converges eventually, Ferfect equalization’ re-
gulres that ¥ = r. Convergence of the algorithm in the mean is setisfied when the
estimation error in the LMS algorithm is orthogonal to each of the tap inputs in the
transversel Alter realization of the approximete inverse filler, Potting all of this to-
gether, we find that the following condition must hold (Bellini, 1966, |2E3):

E[igif}] =1 {20423

where g(#) is the nonlincer estimator £ = g{v) with ¥ = £ (for perfect equalization
(see Prohlem 3).

Flgure 20.7 shows the nonlinear estimator £ = g(¥) for an cight-level PAM
systern (Bellim, 1986, L988). The estimator is normalized in accordance with Eg.

1

&1

| ¥

Flgure 20.7 Monlincar sstimalars of gighilevel data in Caussiah noise, The nolse-
{o-[sigeal + noise) mbics are 0,01, &L, gnd 0,8, [From Bellani (1986} wih permis-
slon of IEEE. ]

t]p genecal, for perfiect equallzarion we requdre Uit
=ik — Dt

where [+ is » cocalant delay and ¢ 13 B constant phase Bhifi, This condifion eorrespands o an equalizer
whesé (Pamsfer functinn haa magmitude ang Bod A Tinesr phese mepanse. We note fhak the iopur date se-
quence {x} 1 slacionery and (he channel is linsac {ims=-invariant. Hence, the phiarved sequence | ¥ (al} @
the ehnnel outgiut |8 tse staionary;, [ probability densty funchios i Uerefore invarianl 1o the coostant
daley &, The coniteni phase shifi & L8 nlag of e immedlate consequeess when the prababilaty Jensity
fanetlan of the ingut saquence remaing symmelrie under satarlon, which i Indeed the case far che as-
sumed density fanetion giver ln Eq. (20.36). We mey 1berelone implify 1he canditlon for periece squal-
lzarlon by requiring chat » = r.
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(20.42). In this figure, three levels of convelutonal noise ars considered. Here we
note from Eq. (20.32) that the distortion-to (signal plur disiortion} natie is given by

EI':E{E _z]f.]!] — {] _ fn-F + EI'!
d (20.43)
= A1 — @l
where in the last line we have made use of Eq. (30,33}, The curves presented in Fig,
0.7 correspond o thres values of this mtio, namely, 0.00, 0.1, and 0.8 We ob-
serve the following from these curves:

1. When the convolutional noise is low, the blind equalization algorithm wends w
£ minimum méan-squared-srror critarion.

1. When the convolutiongl noise is high, the nonlinear estimator appears to be in-
dependent of the fine structure of the amplilwde-modulated data. Indesd, dif-
ferent values of amplitude modulation kevels result in only very small gain dif-
ferences due to the normalization defined by Eq. (20.42). This suggests that
the use of a uniform amplitude distribetion for multilevel modulation gystems i3
an adequate approximation.

A, The nonlinear estimator is robust with respect to variations in the variance of
the coovalulional noise.

It is of inigrest o pole thar for high levels of convolwional noise, the inpur-
cutput characteristic of the oonlincar estimator is well approximated by the sigmodd
ronliresarity:*

1~p¢g™

u1+e""'

.E:J.IJ
= (2
ol

For the sitation deseribed in Fig. 20.7, the following values for the constants o and
& provide s good fit:

n

(20,44

g = 1945
h=172%

This is demonstrared in Fig, 2008,

In any event, the inpuéoutpul characteristic of the nonlinear estimator 15 com-
puted in advance, and the result is stored in memory. Then, it i3 merely 3 matter of
reading off the value of the estimate § cofresponding to the value v obtained at the
inverse filter output,

14 algmoid nonlinesrity is A comman eleroent in the deaign of peural plwovks. 1o parricslar, the
commibinazlon of & [ineer combiner and a sigmoid nomlineanity censkibies & mearod . hocardingly, we may
wiew the blind equalires depicted in Flg. 20.5 a3 being easenilally a mnghe pearon wich its Linear com-
biner and sigmoid nenlincarity represenied by the tanmenal fiec and zemo-meames'y odnlinesr £
tur, respectively. The aftor alghel for comeollleg the weighs gl the Inga end of the nessor i chipined
by comparing che input and outpus signads of the sigmooeid nealinerity.
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Figure 20.9  [npai-owtput charscteristic of sigmodd sonlinesrity.

Convargencs Considerstions

For the iterative convolutionsl algorithm described by Ege. (2016} to (20.18) to
converge In the mean, we requite that the expected value of the tap weight W) ap-
proach some constant value as the oumber of iterations a approaches infinity. Corre-
spondingly, from Eq. (20.18) we And that the condirion for convergence In the mean
iz described by

Efuin = iy (n)] = Exin = Hgi{yinll, large n, =1 x1,..., =L
Multiplying both sides of this equation by v, and summing over {, we gel

L L
ELyle) 3 Aealabuln — i) = Elgly(al) 2 samdnuin = 8], Jerge
' (20.45)

We next note from Eq. (20.12) that
L

¥ — k)= Lﬂinf]ul{.rl — k-0

-
Lt

= > shalalain = Q) large n

I=—t—t
Provided that L is large encugh for the trangversal equalizer 1o achieve perfect equal-
izatlon, we may approximate (he expression for vin — k] as

L

yin — k) = X sbednduln =) largenand large L (20.46)
|

==t

Accordingly, we may use Eq. {20.46) to simplify (20.45) &s follows
E[ winlpin — &)} =~ E[g(¥(aly{n = &)]  large n and large L
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Equivalenty, we My WIite
E[yinlyin + k}] = E[ yinbg{yin + £]}] large n and large L (20.47)

We now recognize the following property. A stochestic process { v(al} 15 said
to be a Butspang process if it setisfes the conditon

Elyinkyin + &) = E[vinlgly(n + £))] {20.4E)

where the function gf - } is a zero-memary nonlinesrity,* In other words, & Buss-
gang process has the property thet ils sutocorrelation function is cqual to the cross-
correlation between that process and the owtpur of & zero-memory nonlinearity pro-
duced by that process, with bath carrelations being measured for the same lag,

Returning to the issue at hand, we may stae that the process § v(a)} acting as
the inpur to the 2ero-memary nonlinearity in Fig. 20.5 is approximately a Busspang
process, provided that L is lacge; the approximation becomes berter as £ is made
larger. It is for this reason that the blind squalization algorithm described herein Ls
referred to 45 o Burspanyg alfporithm [Bellini (1986, 19881),

In general, convergence of the Bussgang algorithm is not guarantesd. Indead,
the cost funetion of the Bussgang algorithm operating with 3 finite & is nenconves; it
may therefore have false minima.

For the idealized case of an imfinire length equallzer, bowever, a rough proof of
convergence of the Bussgang algorithm may be sketched as follows [Bellind (1988)].
The proof relies oa a theorem derived in Benveniste et al. (1930), which provides
sufficient conditions for convergence.” Let the function & { ¥) denote the dependence
of the estimation error in the LMS algorithm on the transversal flter ougpur v (),
Adcording to cur terminology, we heve ? [see Egs. (200 16) and (20,1 73]

(¥ = gly) — ¥ {20.49)

The Benveniste=CGourset—Ruget theorem states that convergence of the Bussgang al-
gerithm is guaranteed if the probability distribution of the data sequence {x{(n)] is
sub-Gaussion and the second derivative of i ¥) is negative on the intenval (0, =,
In particuler, we may state the following:

L. A random variable 1 is seid to be sub-Gavssian if its probability deosity func-
tion is
Sulz} = K=" (20, 50)

where » = 2, For the limiting case of » = o, the probability density function
of Eq. {20.50) redoces to that of & uniformly discributed random variabbe.

1A pumber of siochastic processss bedong oo b class of Bussgsng processes, Busspang (L952)
wiis 1be Grsl oo recognize thet any coereleted Ciussion process has the properoy described n Bg. (20.48).
Subeequendly, Barvetr end Lampard {1955) extended Pussgang's resull oo all scochestic precesces with
expanenbnlly d=cwying autoccarelntion funerions, This wcludes sn independent process, snee ils Ut
eorredsian fungelon consiale of 6 deles funerion that may be viewed s anoinfinitely s deceylag expa-
nentel [Gray ([979)].

"The thearen of luteraat in Benveniste et 4. (1980} is Theoeem 5.6 and the arcoenpanying
Lzmma 3.4.

*Xale that the funcrlon (v defined in Eg. {20.48) is the negwiive of thel defined in Benvenise
o al, {P93d).
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AJso, by choosing 8 = '3, we have S[x*] = 1. Thus, the probebilistic moded
assumed in Bq. {20.6) satisfies the first pact of the Benveniste—CGoursat—Ruger
theorem.

The second part of the theorem is also satisficd by the Bussgang algorithm,

. Al e have

2y
dy?

Thie ia readily verified by examining the corves plotted in Fig. 20,7 ar the sig-
moid nonlinearity defined in Eq. (20,44},

< 0, forD =y < w (20.51)

The Benveniste—Croursat-Ruget theorem expioited in this proof is based on the

aasimmption of an infloitely parameterized equalizer (i.e., L i8 infinitely lacge). Un-
fornately, this assurnption breaks down in practice as we have w work with a finite
L. To date, po 2ero-memary nenlinear functlon g{ - ) is known, which would result
in giokal convergence of the blind squalizer in Fig. 20.5 to the ioverse of the un-
koown channe]l [Verdu (1984} Johmson (1991)]. The global coovergeoce of the
Bussgang algorithm for an achitarily large but finite £ remding ao epen problem,

Deolalon-DHraoiad Algorithm

When the Bussgang algorithm has converged and the eye paltern appesrs “open,”
the equalizer should be switched smoathly to the decision-directed mode of opera-
Hon, and minimum mean-squared-error control of the tap weights of the transversal
filter component in the equalizer is exetcised, a8 in & conventlonal adapiive
equalizer. '

Figure 209 presents a binck diagram of (he equall2er operatng in its decision-

directed mode. The only difference between this mode of operation and that of bliod
cqualization lies in the type of 2ero-memoty nonlinearity employed, Speclfically,
the conditional mean estimation of the blind equalizer in Fig. 20.9 is replaced by a
threshold decision device. Given the observation ¥ (], that is, the aqualized signal at
the transversal filter output, the threshold device makes & decésion in favor of @ par-
ticular valuwe in the known alphabet of the franmmitied data sequence that Is closest to
y{r), We may thus wTite

wirl

.:I."[ﬂ] = d&l:[_'t'(ﬂ]:l fm.ﬁl}l
— ik Thrareld H L
;Il-i‘n | : dﬂ'k-l

Flgere M.? Block dlagram of deei-
ron-diresied mode of eperatlon.
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For example, in the simple case of a binary sguiprabable data sequence, the data
levels and decision levels are a3 follows, respectively,

_ [+ for symbeol |
x{#m) [ -1 foc symbol 0 {20.53)
and

dec(l y{al) = sgaf y{n)} (20.54}

where sgn( - } is the slgrum function equal to +1 If the argument is positive, and
=1 tF it 1§ negative,

The cquations thet govern the cperation of the decision-directed algarithm are
the sarne ag those of the Bussgang algerithm, except for the use of Bg. (20.52) in
Place of (20.16), Hereln lieg an lmporient peacteal advantage of a blind equalizer
that it based on the Bussgang algorithm and incorporstes the declston-directed al-
gorithm: Tts implemencation 1s only slghtly more complex than thet of a conven-
tional adaptlve equalizer, yer it does not mquire the use of & training sequence.

Suppose that the following conditions are satisfed:

1. The cye pattecn is open (which it should be as a result of the completion of
blind equalization).
2, The step-size parameter w used lo the LMS implementation of the decision-
dirgcted algoritbm is fixed {which is & common practics}.
3. The sequence of cbservations & the chaone] output, denoted by the vector
uln), is ergodic in the sense that
N

lim = X ulahain) —» Eolehta)] olmostsuely  (20.55)

Then, under these conditions, the fap-weight vecior I the declsion-direcred al-
gOvitAm covverges fo the optinturn (Wigrer) solidion in the mean-pquare sense (Mac-
chi and Eweda, 1984). This. is a powerful result, making the decielon-directed al-

Borithm an important adjunct of the Bussgang algorithm for blind oqualization in
digital communicationy.

'0.] EXTENSION OF BUSSEGANG ALGORITHMY
T COMPLEX BASEBAND CHANNELS

Thus far we have only discussed (he use of Busagang algorlthms for the blind equal-
ization of M-ary PAM systems, characterized by a real basshand chanoel. In this
section we extend the use of this family of Hind equalization algorichms to guadrae-
ture-ampiitude modulation (QAM) systems that lnvolve a bybrid combination of am-
plitude and phase modulations.

In the case of & complex Baseband chaoned, the tracsmitted data sequence
{xlnl}, the chaone] impulse response (R}, and the reocived signal {ui{n}} arc al com-
plex valusd, We may thus write

kln) = xdn) + froln) - (20, 56)
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By = hia + fhoa {20.57)
and
] = wln) + fugln) {20.58)

where the subscripts £ and @ refer to the in-phase (real] and guedraiure {imaginary)
components, respectively, Correspondingly, the conditional mean estimate of the
complex datum x{n), given the observation y{u} at the transversal filter output, is
Writlen as

£(m) = ELx(n)|p{n}]
= &) + Jiglm) {20.5%)

glwim) + Jglrgind}

where g(- ) describes a zero-memory nonlinzarity. Equation (20.39) states that the
in-phiase and quadratuere components of the tansmitted data sequence [zin} may be
estimated separately from the in-phase and quadrature components of the trans-
verzal filter output ¥(n), respectively, Note, however, that the conditional mean
Bl (n}| ¥ ()] can only be expressed as in Eq. (20.59) if the data transmitred in the
in-phase and quadrature channels are statistically independent of each other, which is
usuilly the case.

Clearly, Bussgang elgerithms for complex bascband channels include the cor-
responding algorithms for real baseband chantels as @ special case. Table 20.1 pre-
senis a summary of Bussgang algorithms for a complex baseband channel.

TABLE 20.1 SUMMARY OF BUSSQANG ALGORITHWE FON ELIND
EGUALIZATION OF SCOWFLEX BASABAND CHANNELS

fniplatiahian: 5o
= §1s -
o) {ﬂ f==1,... . %L

Compiearion; e —11. P
yin) = yiin} + Jfygiml
&

= X @Mawie =i
1= =t
Fleh = i) + Hain)
= glwdall + S5 wgln))
eiu) = Rin) — yinl
win + 10 = sln] + waln — ile*ind, 1=, £1,,, ., %L

SPECIAL CASES OF THE BUSBGANG ALGORITHM
Salo Algorithm
The idea of blind cqualization in M-ary PAM systema dates back Lo the ploneering

wark of Sato (1975), The Sato algorithm consists of minimizing & soncenvex cost
function

fin) = E[(i{n) — yin)] (20.60)
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where ¥(a) s the vansvecsal filier owtpul defined in Eq, (20.12), and £ (#) is &0 esti-
mate of the transmittéd detum x{r). This estimate i3 obtained by a zero-memoty
nontinearity described as follows:

2(n} = ¥ sgnl yin}] (20.61)
The constant ¥ sets the gaia of the equalizer; il is defined by
_ _Els%
T Elml] (20.62)

The 3ate algorithm for blind equalizetion was introduced originally to deal
with one-dimensional multilevel (M-ary PAM) signals. Initially, the algorithm teats
such e digital signal as a "binary” signal by estimating the most significant bit, the
ramaining bits of the signal are treated by the algorithm as edditive noise insofar as
the blind equalization process is concerced, The algorithm then uses the results of
this preliminary step to modify the error signal obtained from & conventional deci-
sion-directed algorithm, The Sato algorithm 3 robust and superior to the decision-
directed algorithrm, but s rare of convergenee ig slower,

The Benveniste—Coursat—-Ruget theorem for convergence holds for the Sato al-
gorithm even though the ronlinear Fuoction g - } defined in Eq. {20.49) is not dif-
ferentiable. According to this theorem, global convergence of the Salo algorithm
can be achieved provided thal the probability density Rmction of the tranamicted
date sequence can be approximeted by & sub-Gaussian functon such as the uniform
distribution [Benveniste et al. {1930}, Howewer, thid result has beon disputed in
Zing et al. {1989). Also, Mazo (1980) has reparied indications of poor performance
af the Salo algorithm. Nevertheless, it has besn established that almost always the
Sato algorithm converges to the correat equalizer coefficients once the sye pattern
has been opened [Komar (1983); Macchi and Eweda (1984)].

It is apparent that the Sato algorithm is a special (non-optimal) case of the
Bugagang algorithm, with the nonlinear function g{ v) defined by

gl¥) = ¥ sgnl ¥) {20.63)

where sgof - | i3 the signum fuoction. The oonlioerity defined in Bq. (20.63) is
similar to that in the decision-directed algorithm excepr for the data-dependent gain
acnor .

Godard Algarithm

Godard {1980) was the first o propose o family of constans modulir blind squaliza-
tion algorithms for use in two-dimensional digital communicetion systems (e.g., M-
ary phese-shift keying). Specificalty, the Godard algerithr minimlzes a nonconvex
cost funcdon of the form

F{uy = E[|yim) [P = R (20.64)
whtre p i a poaitive integer, and R, i3 & positive regl constant defined by
_ El|x(m)[¥]
& Rl {20.63)
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The Godard algarithm is desigoed b penalize deviations of the blind equalizer out
put (a} from a constant madulus, The constant B, is chosen In such & way that the
gradient of the cost function J(n) & zero when perfect equalization [ie.,
#(n) = z(n)] is altained

The tap-weight vector of the cqualizer |s adapted in appordance with the
stochestic gradient algorithm [Godard (19800)

i + 1) = win} + puinie™{n) {2066}
where g 1t the step-size parameter, u(#) is the tap-inpul vector, and e (#) is the error
signal defined by

elmy = y(ul ¥ () "730Rs — |y lnl ) (20,67}

From the deflnition of the cost function J (#) in Eq. (20.64) and From (20.6T),
we ses that the equalizer adaptation according to the Godard algorithm does nat re-
gquire carrier phase recovery, The algorithm therefore tends to converge siowly,
However, It offers the advantage of decoupling the 31 equalization and carricr
phase recovery prablems from each other.

Two cases of the Godard algarithm are of specific interest:

Cagg lip=1
The cqat function of Eq. (20.64) for this case reduces to

Jin) = E[ll pim)| = &% {20.68)

o Ellxim *]
R Eﬁmlll_ (20, 6%)

This case may be viewed as & modification of the Sato algorithm.

whers

Case l:p =12
In this case, the cost function of Eq. (20,64} reduces o
J{n) = E(| pim)[* — RaF] {20.70)
where
_ E|xm]"]
R:I E[l-l:'[?ﬂ |z {m-?l]

This second special case is refarred to in the literature as the constanr modulus ai-
gorithm (CMA)T

There arc conflicting reports in the literature on the convergence bebavior of
the Qodard algorithem, In his eriginal paper, Godard (1980) showed that the al-
gorithm would converge to the global minimum sod thereby achieve perfect equal-
ization (i.e., zero 1S1), provided that the algorithm is initialized in & special menner;

1 The constant modulas slgorithm (CMA) was 53 named by Tralchler and Agee (L5A3), indepea-
denily af Grdard's |50 paper. it it peshabdy the moat widely imvestigmed blind squallzation algarithm
and the mau widely wsed pos in practice [Treichler and Larlmors {19830, bY; Smith and Frisdlander
({1885]; Mabkmaon et al, {195H)].
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atherwise, it is possible for the algorithm to converge to 8 local minimuem. [n a sub-
sequent study, Foschini (1985 made the assertion that the cost function used o the
Godard algorithm does not exhibil any locally stable wndesirable equilibrium poins.
Yet, other investigators [Ding et al. (1989); Verdo (1984]] have demonstrated chat
under ideal modeling assumpeions it is possible for the Godard algarithm ta exhibit
il convergeoce due to the existeoce of local but (false) minima.

Summary of Bpascial Forms of the Bussgang
Algorithm

The decision-directed, Sato, and Godard algorithms may indesd be viewed as spe-
cial cases of the Bussgang algorithm [Bellini (1986)]. In particular, we mey use Edg.,
(20,52}, (20.61), aod {20.67) t set up the entries shown in Table 20,2 for the spe-
cial forms of the zero-menvory nonlinear function g( - ) pertaining to these three al-
gerithms [Hetzinakos (1940)]. The entries for the decision-directed and Saro al-
gorithms follow directly from the definition

Rinp = g{y(al)
In the case of the Goderd algorithm, we note that
e{n) = {n} — ¥ix)
or, cquivalently,
gl{xlml} = yla] + £(x]
Hence, we may use this relation and Eq. (20.67) to derive the entry for the Goderd
alparithm in Tahle 2002

TABLN 20.2 APECIAL CAEEX DF THE BUSERANG ALGORITHM

Ferp=memory
nomlinesr
Algoribim Buncelom gic Definicians
Decisicn-diresied sgnl-}
, _ Elx?al]
Salo T sgo{'} = —EI eiall]
Gadard L yind |+ Rlyin P~ pinh oo g, = bl

| ¥tk Ell il




