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Sparse Signhal Representations

— Provided any signal S € RN and a basis
A = [ajas...ay] it is uniquely described
as

Aa

S a
N

> aja;

1=1

— The sparsity of the signal representa-
tion is defined as [lzllo = /L 1. 0}-

— Energy compaction is sometimes de-
sired in applications (for instance, im-
age processing) so that a majority of
the energy of the signal is held in a
small number of coefficients.



Uncertainty Priniciple
Consider S € RN of unit I, energy.
We're provided two orthonormal bases A
and B,

A =[a1as...aN]

B = [b1b>...bN].

S is uniquely described in terms of each
individually:

S = A«
N

= ) aa,
i=1
S = Bp
N

= ) Bib
i=1

o = <§,Qi>

B = <8,b; >

Define Iz quasi-norm as: ||z]lg = YL 11,20}
Mutual incoherence between any two bases

is defined as M = max; ;| < a;,b; > |.
Bounds on M: < M<I1
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e Thm: Given a signal S € RN and two

Uncertainty Priniciple (cont’'d)

orthonormal bases A and B , where
S = Aa = B, we have:
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e Proof Outline:
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Using Overcomplete Expansions
Suppose now we represent S in an over-
complete representation, i.e.

S = Av?+ BovP
A B v’
= [A B] B

= [A B]v

For any two different representations, vq,vs €
R2N  we have

2
v v > —,
lvillo + [|vallo 2 Vi
Thus, any representation v is guaranteed
to be uniquely sparsest if
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Proof:

e Suppose vy, vy € R2N both overcom-
pletely represent S:

S = [A Blvy; = [A Bluo.

We the have:
0 = [AB](v1 —v2)
= [A B]x
= AzA —+ Bz
Azd = —BB =w

where W € R¥ is nonzero.

e Suppose ||zd|g = 4 and ||zB|o = Ip.
From the uncertainty principle,
latls > (141p) > &. If both the orig-
inal overcomplete representations were
sparse, i.e., v1 < ﬁ and vy < ﬁ then
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Optimization Techniques
e In general, many solutionsto S = [A B]wv
exist. We would like to find the sparsest
such representation.

e NoOt an easy task:

2N

min  |jvllo = ) Lv01
=1

st. S=[ABJv

because f(x) = ||v||p is nonconvex. For
instance, consider

(1,0,0,0), f(z1) =1
0] (0707071)7]0(562) =1
but f ()\331 -+ (1 — )\)LCQ) = 2
e Instead, one might consider the [ opti-
mization problem (P;), of the form

L1

ON
min  fi(v) = |jvfli = ) |vil
i=1

st. S =][AB]v



Optimization Techniques (Cont’'d)
T he sparsity condition

V2 - 0.5
M

guarantees that (P;) returns the same
optimal solution as (FPy). Note that (P;)
has a piece-wise linear convex objective
function, and it can be solved using linear
programming, which is very efficient.
Need to show:

|v]lo < F(M) =

lofo < F(M) = [lv]l1 < [|T]l1

for all feasible v.
Observe the difference vector x = v — v.
Optimality condition becomes:

N N

> ok F o] — D vkl

e Y a4+ Y (op+apl — o) > 0
off(v) on(v)

AV
O

where off(v) = {i : v; = 0} and on(v) =

{’L’UZ7+—O}



Optimization Techniques (Cont’d)
Use |v + m| > |v]| — |m]| to arrive at

> ekl = D lwgl 2 0=

off(v) on(v)
>zl + D (ug + @] —ug]) > 0.
off(v) on(v)
Possibly consider focusing on the prob-
lem:

1 2N
min  fo(z) = > Do lzel = > Jm
=1 on(v)
st. Axd = _BgP

and see when fs(x*) > 0.

As ||v||o increases, the objective function
decreases in value, and eventually be-
comes negative. We'd like to find largest
lvflo s.t. fa(z*) > 0.

But note that O is feasible. Get around
this by imposing constraint Y28 |z =
1, since we're only interested in the sign

of the result.
Formulation still depends heavily on the

bases, and the locations of nonzero co-
efficients.



Optimization Techniques (Cont’'d)
Consider optimizing the same function
over weaker set of constraints:

min  fo(x) = % — lUTlil — lUTQXQ
st. X1 < MlyynXo
Xo S M1nxnX1
17X+ Xo) =1
X120,X,>0

where X1 (X») is the vector of absolute
values of z4 (zB).

First two inequality constraints arise be-
cause any feasible sol'n of previous opti-
mization formulation satisfies them (ob-
serve z4 = —ATB2B along with defini-
tion of M).

We can exploit the symmetric nature of
the above problem, and note that the
locations of the nonzero components of
v1,vo are not required, only how many,
Ki, Ko



Optimization Techniques (Cont’'d)
The problem is an LP, which we call (P),
of the form

We're interested in ensuring that the op-
timal solution (P) is positive, so we may
exploit weak duality in linear program-
ming, i.e., consider the dual problem (D):

and note that any feasible solution X to
(P) and any feasible solution P to (D)
satisfy

PiB<c’x.

So we try to construct a feasible solu-
tion P to the dual problem that satisfies
PI'B >o0.

By massaging equations, such a feasi-
ble solution exists provided that K1 (K>5),
the number of nonzero components in vy
(vo), satisfy

V2 —0.5
Y

K1+ Ko = ||lv]lo <



Optimization Techniques (Cont’'d)
Backtracking:

V2 —-0.5

i = JPof(D)st. PPB>0

lvflo <

= cf'x*>0
= f1(v) < f1(©)

Typical Mutual Incoherence
Interesting question: what is the 'typ-
ical’ mutual incoherence between pairs
of orthonormal matrices? Consider gen-
erating two matrices independently from
the uniform distribution on the group of
all orthnormal matrices O(N). For large
N, it turns out that they in fact are typ-
ically quite incoherent - M is typically

never greater than 2 'O?VN.

Finding what M is the same as finding
what largest magnitude entry in a ran-
dom orthogonal matrix (orient yourself
in the coordinate basis direction of one
of the two).



Typical Mutual Incoherence (cont’d)
e It turns out that

log N
P(maxm-j > 2(1 + )/ 22 )
i, ’ N

tends to O as N tends to . Any en-
try U; ; is the projection of a randomly
chosen point on the N-sphere, to one
coordinate. Such a random point is typ-
ically near the equator, and Ui,j behaves
like a N(0,+) random variable:

T z2
P<|Ui,j| > > < 2e 2

N —2
Pany\U~|>aC <ZP |U~|>aC
b \/N o i 4 \/N
N — 2z2
< 2N2exp — * :
N 2

By letting x = (1 4+ ¢)+v/log N, the result-
ing probability tends to O with V.



Interesting Idealized Applications

Error-Correcting Encryption

e \Wyner considered encrypting signals by
using random orthnormal matrices. Take
source signal S € RV along with random
orthonormal matrix U, and perform the
encryption £E =US.

e Only the receiver knows U, and he can
decrypt using S = UTE. Any other ob-
server only knows that the marginal dis-
tribution of E is uniform on the sphere
of radius ||S||.

e From before we know that the LP min-
imization using an overcomplete dictio-
nary is guaranteed to find the sparsest
representation provided it has % or
fewer nonzero entries.



Interesting Idealized Applications
(cont’d)
e Suppose we form our signal S and it has
K < % nonzero entries. Suppose
the received vector is E = FE + Z, where

Z has K or less nonzero entries.

e Note that E =US+1Z, i.e., it is a su-
perposition of K terms from the U dic-
tionary and K or less terms from the {¢;}
dictionary.

e Since 2K < \5]\_40'5, the LP formulation
will recover perfectly the columns of U
where the transmitted data occurs, along
with the locations of of the nonzero en-
tries of Z. It may recover precisely the
original signal S, regardless of the size of
z in the K components that are nonzero.



Interesting Idealized Applications
(cont’d)

Idealized (Noiseless) Uncoordinated Source

Separation

e Suppose we have two uncoordinated users
and an ideal receiver (with no noise).
The receiver sees

R=FE; + E>.

Suppose both users are provided random
orthogonal matrices, Uy, U>, unknown to
each other. The only thing they know is
their mutual incoherence, M.

e Each user encodes a signal §; € RN that
has at most K < \/52325 nonzero entries
by £, = U;S;. Using the LP formulation,
the users’ two messages may be decoded

perfectly.




Interesting Idealized Applications
(cont’d)
e Interesting key features include:

e users do not know each others random
matrices U;, the only thing they know
IS their mutual incoherence, M.

e transmission is encrypted. Any receiver
that observes R without U; and Us will
not be able to access the components.

e the scheme works perfectly regardless
of the ratio of the two users signals.
All that is needed is K < \/_ Ve 22



Conclusion
Uncertainty principle: given a signal S
and any two bases A and B, the repre-
sentations a = A'S and g = B!'S satisfy

lallo + lI18llo 1

—— > : > —

5 > /lladlo - 118llo > +-

Any two overcomplete representations vq
and v, of S using bases A and B satisfy

2

v ) > —
lv1llo + |lvallo = v

and any such representation v is unique
if

v .

If the sparsest overcomplete representa-
tion of S is v and it satisfies

Vv2-0.5 _0.9142

M M
then the [ norm minimization, which is
an LP, can be used to find it.

M is typically not larger than 2(1—|—e)\/'0]9VN.

lvflo <

Interesting idealized applications were dis-
cussed.



