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Noiseless Coding of Correlated Information
Sources

DAVID SLEPIAN anp JACK K. WOLF

Abstract—Correlated information sequences - - -, X_(,X,,X4, -+ and
<o, Y_(,Y,,Yy, -+ are generated by repeated independent drawings of
a pair of discrete random variables X,Y from a given bivariate distribu-
tion pyy(x,y). We determine the minimum number of bits per character
Ry and Ry needed to encode these sequences so that they can be faithfully
reproduced under a variety of assumptions regarding the encoders and
decoders. The results, some of which are not at all obvious, are presented
as an admissible rate region % in the Ry—Ry plane. They generalize a
similar and well-known result for a single information sequence, namely
Ry = H(X) for faithful reproduction.

I. INTRODUCTION
Notation and Problem Statement

N THIS PAPER, we generalize, to the case of two

correlated sources, certain well-known results on the
noiseless coding of a single discrete information source.
Typical of the situations eonsidered is that depicted in Fig. 1.
Here the two correlated information sequences ---,X_,,
Xo,X¢, - and ---,Y_,,Y,,Y,, - - are obtained by repeated
independent drawings from a discrete bivariate distribution
p(x,»). The encoder of each source is constrained to operate
without knowledge of the other source, while the decoder
has available both encoded binary message streams. We
determine the minimum number of bits per source character
required for the two encoded message streams in order to

Manuscript received August 25, 1972; revised December 28, 1972,

D. Slepian is with the University of Hawaii, Honolulu, Hawaii, and
the Bell Laboratories, Murray Hill, N.J. 07974,

J. K. Wolf was with the University of Hawaii, Honolulu, Hawaii, on
leave from the Polytechnic Institute of Brooklyn, Brooklyn, N.Y.

“X g2 Xg W Xgs o X - 01104 ..X_T’Xo*_x:...
ENCODER ["RATE Ry | D
E
CORRELATED ¢
SOURCES o
D
Yoy, Yo JYyq,r Y 11000~ E "Y_q*,Yo*,Y:"'
ENCODER [ RATE Ry | *
Fig. 1. Correlated source coding configuration.
RY
HIX,Y)
H{Y)
f
HIY [X)
o .
H(X|Y) H(X) HIX,Y) Ry
Fig. 2. Admissible rate region % corresponding to Fig. 1.

ensure accurate reconstruction by the decoder of the outputs
of both information sources. The results are presented as an
allowed two-dimensional rate region £ for the two encoded
message streams as shown in Fig. 2. Note that in £ for this
case we can have both Ry < H(X) and Ry < H(Y) al-
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though each encoder sees only its own source. All these
notions will be made precise in the following discussion.

First, however, let us review briefly some results for a
single source that have long been known. Let X be a discrete
random variable taking values in the set.&/ = {1,2,---,A}.
Denote the probability distribution of X by py(x) =
Pr[X = x], xed. Now let X = (X,X,,"-",X,) be a
sequence of »n independent realizations of X so that the
probability distribution for the random n-vector X is given
by

Py(x) = Pr[X =x] = [11 Py(x) (1
X = (xl,xz,...,x")ed", xiE&f, i=12,-.n

Here, we introduce the symbol.«/” to stand for the collection
of the A" different n-vectors x, each of whose components is
a member of o/. We regard X as a block of n successive
characters from the output of an information source produc-
ing characters independently with letter distribution px(x).

While little can be said about individual letters produced
by this information source, for large n the composition of
blocks of n letters tends to be fixed. In a typical long block,
one can expect about npy(1) occurrences of letter 1, about
npx(2) occurrences of letter 2, etc. The probability of such a
typical long sequence is, therefore,

Pr = px(l)npx(l)px(z)npx(2). . 'pX(A)""X(A)
exp [1px(1) log px(1)] - - exp [npx(4) log px(4)]
exp [ —nH(X)]

where

H(X) = - ;PX(i) log px()) )

is called the entropy of the source or of the random variable
X. These simple observations lead to the useful, though
imprecise, statement characterizing the long blocks of such
a source: there are only Ny = exp [nH(X)] likely blocks of
length #; each has probability exp [ —#H(X)]. This in turn
suggests that we can accurately transmit the output of the
information source using only R = (1/n) log Ny = H(X)
natural units (nats) of information per character and that at
least this rate is required of any transmission scheme that
allows accurate recovery of the source output.

These intuitive coding notions can be made precise as
follows. An encoder ¥(n,M) is any single-valued function
i = f(x) from the n-vectors x of &” to the integers of the set
M= (1,2, ,M). A decoder 2(n,M) is a single-valued
function x = g(i) from the integers i € .# to the vectors
x ef". Associated with a source and a particular encoder
and decoder pair are the rate R of the encoded messages
defined by R = (1/n) log M, and the two random variables
I = f(X) and X* = g(I) called, respectively, the encoded
message number and the decoded block. We think of the
encoder as producing the integer 7 after observing the n
source characters X. Then R units of information per source
character suffice to communicate the value of 7 to the de-
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coder. The decoder then produces the message block X* as
its estimate of X.

A rate R is said to be admissible if for every ¢ > 0 there
exists for some n = n(g) an encoder %(n,|exp (nR)]) and
a decoder 9(n,[exp R)]) such that Pr [X* # X] < e.
Otherwise R is called inadmissible. Here the symbol | x|
denotes the largest integer not greater than x. We shall make
frequent use of the following well-known theorem. (See,
for example, [1, p. 43] or [3, p. 45] for equivalent results.)

Theorem 1: If R > H(X), R is admissible. If R < H(X),
R is inadmissible. In this latter case there exists a & > 0
independent of n such that for every encoder—decoder pair
é(n, exp (nR)]), D(n,lexp (nR)]), Pr [X* # X] > 6 > 0.
Stated in less formal terms the theorem asserts that for
n > 0 one can achieve arbitrarily small decoding error
probability with block codes transmitting at a rate R =
H(X) + n; block codes using a rate R = H(X) — # cannot
have arbitrarily small probability of error.

We now seek to generalize these notions to correlated
sources. Let X and Y be discrete random variables taking
values in the sets &y = {1,2,"+,dx} and &y = {1,2,- -,
Ay}, respectively. Denote their joint probability distribution
by

Pxy(x,y) = Pr[X = xand Y = y], xeddy, yedy.

1)

Next let (X,,Y,), (X,,Y,), " -,(X,.Y,) be a sequence of n
independent realizations of the pair of random variables
(X,Y). Denote by X the sequence X, X,,---,X, and by Y
the sequence Y,,Y,, - -,Y,. The probability distribution for
this correlated pair of vectors is

Pyy(x,y) = Pr[X=x,Y=yp] = l__ll pxy(xuy)  (2)
X = (x15x2,' ) '!xn) € ‘Q{Xn

Y= (yya V) € Ay

where .«7," is the set of A," distinct n-vectors whose com-
ponents are ino/y and .o/ ;" is defined analogously. We regard
X as a block of n-characters produced by one of two cor-
related information sources. Y is the corresponding block
produced by the other source.

When it comes to encoding the outputs of these correlated
sources a number of possibilities of interest present them-
selves depending upon the information available to the en-
coders -and decoders. Sixteen cases that we shall consider
are shown in Fig. 3. Each setting of the switches S,5,,5;,54
yields a new case. It is convenient to associate with switch
S, a state variable s; taking the value O if the switch is open
and the value 1 if the switch is closed, i = 1,2,3,4. The
quadruple s, 5,554, always listed in that order, will be used
to specify the setting of the switches. Thus 0101 means that
switches S, and S; are open while S, and S, are closed.
The setting 0011 corresponds to Fig. 1.

An X-encoder %y(n,s,,My) is a single-valued function
from &Z5" x /" to the set of integers Ay = {1,2,"* -, My}
of the form iy = fx(x,s,¥). Similarly a Y-encoder %y(n,s,,
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Fig. 3. Sixteen cases of correlated source coding.

My) is a single-valued function of the form iy = fy(s,x,»)
from /4" x /4" to the set #y = {1,2,---,My}. Decoders
are defined analogously: 2y(n,s,,Myx,My) is any single-
valued function of the form x* = g,(ix,5,iy) from
My x My to 5" while a Y-decoder Dy(n,s5,My,My) is a
single-valued function of the form y* = g,(s;iy,iy) from
My X Mytosdy".

. Associated with these coders and decoders are rates
Ry = (1/n) log My, Ry = (1/n) log M, and random vari-
ables Iy = fy(X,5,Y), Iy = fy(s:X,Y), X* = gx(Ix,541y)
and Y* = g,(s314,1y). Iy and I, are called the encoded X-
message number and the encoded Y-message number, respec-
tively, while X* and Y* are the corresponding decoded
blocks. We think of the two encoders as producing the
integers Iy and I, after » correlated source pairs X,Y have
been generated. Ry units of information per source character
suffice to transmit Iy to the X-decoder: Ry units suffice to
transmit /y to the Y-decoder. The decoders then produce the
estimates X* and Y™ of the input sequences X and Y. The
role played by the switches S,,5,,55,S, has been incorpo-
rated here into the arguments of various coding functions
Jx».fv» 9x> and gy. Thus, for example, if S, is open, s, = 0
and then 7, = f%(X,0) depends only on the X-sequence.

We are at last in a position to define our problem. A pair
of nonnegative numbers Ry,Ry is said to be an admissible
rate point for the case 55,555, if for every ¢ > O there exists
for some n = n(e) encoders Gx(n,s,,My), €y(n,s,,My), and
decoders Zy(n,5,Mx,My), Dy(n,s3,Mx,My) with My =
Lexp ("Ry)|, My = |exp (nRy)|, such that, Pr [{X* #
X} u {Y* # Y}] < & Otherwise, the pair (Ry,Ry). is
called an inadmissible rate point. We denote by # the closure
of the set of admissible rate points. In this paper, we de-
termine the admissible rate region # for the 16 cases of
Fig. 3 for the correlated source described.

II. DiscussiON OoF RESULTS

To describe the admissible rate region £ for the various
cases of Fig. 3, we must first introduce the marginal and
conditional distributions of X and Y, namely,

px(x) = Z Pxy(x,y)
pr(¥) = Y pxy(x,)

py(y) # 0
px(x) # 0 3

Px y(x 1Y) = pxv(x,¥)/pv(¥),
Py x(y | X) = pxy(x,y)/ px(x),
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Fig. 4. Admissible rate region.

and the usual associated information-theoretic numbers

HX,Y) = - ;;PXY(X,)’) log pxy(x, )
HX) = - ;px(x) log px(x)
H(Y) = — ;py(y) log py(¥)
H(Y|X) = — ;Px(x) ; Py x(y1x) 1og py x(y | x)
HX|Y)= - ;py(y)§px.y(x | y) log pyx v(x1 ). 4

The regions are described in terms of these quantities.

The 16 cases are covered by Figs. 4-9. Each figure shows
a region # and certain switching configurations that have
2 as region of admissible rates. Figs. 5-7 each serve as well
for the switch settings shown at the right of the drawing
when every X in the figure is replaced by Y and every Y is
replaced by X, including those on the small block diagrams.

The cases vary in novelty and interest. For instance, the
case 1111 shown in Fig. 4 contains nothing new. To obtain
the results shown there, we have only to regard the pair
(X,Y) as a new discrete random variable taking on AyAy
values and apply Theorem 1. This will be explained in full
below.

The case 0011 shown in Fig. 8 is by far the most interest-
ing and novel of our results. Consider for a moment a point
near the corner of # given by Ry, = H(Y) + ¢, Ry =
H(X|Y) + g where ¢ > 0 is thought of as very small. By
Theorem 1, a Y-encoder transmitting at this rate Ry and a
Y-decoder exist that allow the Y-source outputs to be re-
covered with arbitrarily small error probability. We can
suppose then that the joint X~ decoder shown has available
the Y outputs. In view of the normal interpretation of
H(X| Y) as the “uncertainty of X given Y,” it is most
satisfying then that the X-encoder need only produce a
message stream with information rate Ry = H(X | Y) + e.
But how can this be done? What properties of X alone must
the X-encoder examine and transmit (for it cannot observe
the Y source) at the rate H(X | Y) < H(X) to allow recon-
struction of the X sequence when Y is at last seen at the
decoder? The answer is not clear. We obtain our results by
a random coding argument which somewhat generalizes
that used in the usual noisy channel coding theorem. Since
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Fig. 8. Admissible rate region.
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Fig. 9. Admissible rate region.

this is one of the principal contributions of the paper, we
turn now to treat this case in some detail, then later proceed
to establish more general machinery that allows treatment
of the remaining 15 cases with more dispatch.

III. THE Case 0011
In this section we prove the following,

Theorem 2:
Ry = HX|Y) + &, ex >0
RY = H(Y) + 8)’, ey > 0 (5)

is an admissible rate point for the case 0011.
In the course of the proof, we shall need the quantities

Prix@1®) = Pe[¥ =31 X = 5] = [[ rix(n 1 %) ©

with notation as in (1)-(3). We shall also use
IX,)Y) = HX) + HY) — HX,Y) = HX) — HX|Y)
= H(Y) — H(Y| X) M

with the H given by (4).

The concepts behind the formal proof that follows are
these. By Theorem 1, we know that Ry is large enough to
allow nearly error-free transmissions of the Y-sequences.
We shall accordingly think of the n-vector ¥ as known as the
decoder.

Now, from the fact that pyy(x,y) = py (¥ | X)px(),
we can think of the Y-sequences of the correlated source as
being generated by applying successive characters of the
X-sequence as inputs to a discrete memoryless channel with
transition probabilities pyx(y|x). The coding theorem
for such a channel tells us that for large » and any ¢.> 0,
there exists a decoder and a code ', composed of M =
exp [M(I(X,Y) — €)]] n-vectors xy,,%;5," ', X1 that can
be used as inputs to this channel and decoded with little
error probability when the output Y is seen. Now it turns
out that we can find many other codes for this channel, say
Z2,% 3, "Xy, each with its own decoder, each of the
same size as 4',, and each enjoying the same small prob-
ability of error. Our scheme then for encoding the X-
sequences of our correlated sources X and Y is to transmit
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to the decoder the index of the first code in the series &,
X, %, that contains X. The X-Y decoder can then use
the decoder appropriate for that code %'; of the py x(y | x)
channel to determine X. There are exp {(n[H(X) + 5]}
highly likely X sequences, so that if the codes %,%,," -,
Xy, were disjoint, it would require

M’ = exp {n[H(X) + n]}/exp {n[I(X,Y) — &}
= exp {n[H(X| Y) + &]}

code books to be certain that X was contained in one of
them. Although the codes are not disjoint, we shall use just
this many.

Let us turn now to the formal proof. Let n be a positive
integer, later to be chosen very large, and set

My = |exp (nRy)] My = |exp (nRy)] ®)

with the R’, given as in (5). X- and Y-encoders for the case
at hand are functions iy = fx(x) from &/;" to My =
{1,2,- - -,My} and iy = fy(y) from «y" to My = {1,2,- ",
My}, A decoder is a pair of functions x* = gx(iy,iy) from
My % My to ox" and y* = gy(ix,iy) from My x My to
&y". In the proof of Theorem 2, it suffices to restrict our
attention to coding and decoding functions of a very special
form.

To describe the Y-encoder, we must first define the list
T (e,n) of typical Y-sequences of length n. Here ¢ > O is a
parameter that will stay fixed throughout the rest of this

section. Let k& be the smallest integer greater than \/ Ayle
where as before the Y alphabet is /'y = {1,2,---,4y}. Let
fi{(y) be the number of occurrences of the integer i among
the list of components y,,y,,* - *,», of . A Y-sequence y is
contained in J (¢,n) if

1719 = npy(@)l < kNmpy()[1 — py(D)],
: i=1.2, Ay

&)

If (9) is violated for any i, y is called atypical and is not a
member of J(g,n). The following facts about typical se-
quences are well-known. (See, for example, [2, pp. 14-16]
for a very readable account.)

Theorem 3: 1) Pr [Ye T (e,n)] > 1 — &. 2) There exists
an A > 0 such that for every y € 7 (e,n)

exp [—nH(Y) — Av/n/e]
< Py(y) < exp [—nH(Y) + A/nje].

Here A is independent of # and &. 3) The number N of
members of T (g,n) is e"HM O] where

lim 8,(¢) = 0.

n—>oo

We now assume that # is chosen sufficiently large so that
8,(e) < ey of (5). Then the number of sequences y in
T (g,n) satisfies

N < My
with My given by (5) and (8).

(10)
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The Y-encoder for the correlated sources X and Y is
constructed as follows. Number the vectors of J(g,n) to
obtain the list y,,y,, - *,yy. Adjoin to this sequence any
My, — N other vectors of &/;" (not necessarily distinct),
labeling them pyy1,Vn+2,"" sVuye We denote the list
Y1s¥2" 5 Yuy by £. Now define the Y-encoder by

foy) = smallest index i such that y = y,, ifye?
)=, ify¢L.
1n

The mapping is from.o/ ;" to 4 y as required of a Y-encoder.
The X-encoders are of a very special form. Let &; =
{X;1,%12," " "X} be a list of M vectors of &y, i = 1,2, -,
My. The vectors in these lists need not be distinct. We call
each list &; an X-code and we call the collection 2" of My
X-codes an X-supercode. We shall specify how M is to be
chosen later. The X-encoders we consider are of the form

1, ifx¢&
fx(x) = {smallest index i such that x € %,
ifxe 4. (12)
To define the decoding functions we set
9y(ixsly) = yiy (13)

for all (iy,iy) € #y x My. The X-decoder is somewhat
more complicated. Denote by j(ix,iy) the smallest index j
such that

Py x(¥iy | X1p5) = Py x(0sy | X))
k=12---M. (19
Then the X-decoder is given by

Ix(ixsiy) = Xig jiix,ivy %)
for all (ix,iy) € ‘”X X ‘/”Y‘

As in the introduction, we introduce the random variables

Iy = fx(X)

Iy = fy(Y)
X* = gy(IxIy)
Y* = gy(IxIy).

We wish to show that
X supercode Z such that

P(T) = Pr[{X* # X} u {¥* £ ¥}] <¢.

for every & > 0 there exists an

(16)

We cannot exhibit such an X-supercode explicitly, but we
will establish the existence of one by the now familiar
random coding argument. We average P,(%) over an en-
sembles & of X-supercodes and show that this average,
P,(?), is less than &'. At least one member of the ensemble
must then satisfy (16).

A supercode of & is specified by particular values of the
MM random vectors X;;, i =1, My, j=1,-""M.
The values lie in &#y". The probability structure of & is
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specified by

Pr[X;; = xijai =1, My, j=1,,M]
Mx
=11 H Py(x,) 7
i=1
where
Py(x) = l:[ px(x) (18)

in the notation of (2) and (3). Stated otherwise, the vectors
of the supercode are drawn component by component
independently from the marginal py(x) of the given joint
distribution pyy(x,»).

Suppose now all supefrcodes are enumerated and listed
—~ZW @ ... The average error probability we seek is

P{@) = L Pt (& = 2V

Pr[{X*# XU {Y*# YV} T =29
= ZPr [{X*# X} u{¥Y*# Y}and & = &V].

This last sum can be interpreted as the probability P, that
(X*,Y*) # (X,Y) in the joint experiment of choosing an
X-supercode & from & and independently choosing an X
and Y from pyy(x,y) to use with that supercode. We proceed
to upperbound this quantity.

Let
P, =Pr[Y¢Z]
P, =Pr[X¢Z]
P, =Pr[Ye% XeZ, X* # X]. 19
Then clearly
P(%)< P, + P, + Ps. 20
That
P, <e¢ @1

follows directly from statement 1) of Theorem 3 about
typical sequences and from the fact that . includes I (¢,n).
We now show that if » is large enough and

M = [exp {n[I(X,Y) — dex]}], 22
where we assume I — gy > 0, then
P, < 2. 23)

We first note that
P,=Pr[X¢Z]=YPr[X=x]Pr[X¢%|X = x]

= Z Py(x)[1 — P x(x)]MMx (24)
with Py(x) given by (18). From Theorem 3, the set of X-
sequences of length » can be divided into two parts, one
T x°(g,n) of probability < ¢ and a disjoint part 7 x(g,n) such
that

AI
exp | —n |H(X) + NP < Py(x),

ne

(25)
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for all x € T x(e,n). Here A’ > 0 is independent of » and &.
We write (24) as

P, = E Py(x)[1 — Px(x)]*M*

xE.Tx

+ Z Py(x)[1 — Px(x)]"*~

xeJT g

< [1 — exp { [H(X) + jna]:]MMx
T P+ T Py

xeT x xeT g

< [1 ~ exp { [H(X) + ﬁ]}]MMX +e

=Z + & (26)
Now
log Z = MMy log [1 — exp { [H(X) + —An—ls]}:l
< — exp (lI(X,Y) — dex]) exp {n[HX | Y) + ex]}
- exp { [H(X) + ii—r;;]}

e fn [3oe - 2]

- —ox T ——
2 Vne

on using (5), (7), (8), and (22). Thus, for any fixed ¢, Z
approaches zero as n becomes large. We can therefore
choose n sufficiently large to make Z < ¢ and then, from
(26), (23) is true.

For the remaining term in (20) we have

P,=Pr[Ye¥, XeZ, X* # X]
<Pr[Xe&, X* # X]
=Y Pyy(x, ) Pr[XeZ, X*# X|X=1x,Y =y]
xy

= ¥, Pxy(x,0)A(x,y). @7
xy
Here
Mx
A(x’y) = Z:l Pr [X¢ '%‘13 X¢ %Zs' : ';X¢ gﬁi—h
XeZ, X*#X|X=x,Y=y]

and the term i = 1 is to be interpreted as Pr [Xe %,

X*#£ X|X =x,Y = y]. Now
My A M
Ax,y) = izl [1 — Py(x)]¢-1™ -21 B;(x,y) - (28)
= j=
with
Bijx,y) = Pr[X; # %, X, # %, X;5_1 # %5, X;; = x,

X*#£X|X=xY =yl

The terms B;; are to be interpreted as Pr[X;, = x,
X*# X|X =x,Y = y]. But

Bi(x,y) = [1 — Px(®)} ' Px(x)Cy(x,y)  (29)
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with Ci(x,y) < Pr [Py x(y | X;)) = Py x(¥ | x), for some
a #j| 9] where 2 = {X;; # x,-- - X;;_1 # %, X;; = x,
X=xY=y}

Ci(x.y) < Pr LU Py x(# | X) = Py x(»| 9} | .@]

#Jj
< [2 PrlPra 1% = Prsrin191]" GO

where 0 < p < 1. Here we have used the now common
union bound, (see [1, p. 136]),

Pr [U {.sz/,}] < [; Pr [di]]

p

Butifa > j
Pr [Py x(y | X;) = Py x(y | x)| 2]
= Pr [Py x(y | X;) 2 Py ix(¢ | 0| X = x, Y =y] GD
while if ¢ < j
Pr[Py x(y| Xi») = Py x(¥ | x) | 2]
=Pr[Py1x(y| Xi) = Py x(¥ [0 | Xiy # 5, X = x, Y = y]

=Pf[Pr|x(J’|Xia)2PY|x(.V|x),Xia¢x|X=X,Y=.V:l
PrX,#x|X=x,Y=y]
< a7 Pr[Pyx(! Xi) = Py x(¥ | 0) | X = x, Y = y]
(32

where

a=Pr[X,#x|X=x,Y=y]=[1-Px)] <1

Thus, (30)-(32) give

Cifx,y) < [{G = Da™ + M = j} Pr [Py x(¥ | Xi)
2 Pyix(¥ 10X =xY =yl

(33)

“[G = Dat + M — ] [E' Px<xi¢)]”

X

where the sum is over the set of values of x;, for which
Py x(y | xi) = Py x(¥ | x). Since on this set Py | x(y | x4,)/
Py x(y|x) = 1, we have

Cy®y) < [G - Da™t + M = T
, o [Pe s L
[§ P [PYIX(.V | x)] ]

for any s > 0.
Let us now assemble these results. Equations (27)-(29)
and (34) give

My
Py < ¥ Pyy(x.y) _Zla('_lw
xy i=

M
Y @ P@[U ~ Dat + M -

[

. ’ PY[x(.le')sp
;PX(x)[P,,x(ylx)”' G9
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In the Appendix it is shown that

My P M X . ‘ M?
at” ad fG—-—Da "+ M-jP< .
;;1 ,-;1 [G-D Jl )

Insert this bound for the sums into (34) and write Pyy(x,y) =
Py(x)Py | x(y | x). There results

P; < Y Px(x)Py  x(y | x)' "7*M*
5 Pres 1 27|

Choose s = 1/(1 + p) to obtain

(35)

P,<T=M'Y [Z Px(x)Py | x(y | x)”(1+p)] ’ (36)

¥y

The quantity 7" is well known to information theorists. It
plays a central role in the Gallager bound for error prob-
ability of a noisy memoryless channel. Recalling (6), (18),
and (22), we have

T = [exp {"P[I(X’Y) - %XM

. [2 [; px(X)py x(¥ x)l/(lw)]ﬁp]”«

< exp {—np [% V(p) - I(X,Y) + %X]} .
Here

1+p
V() = — log %, [2 pn— x)l/(“")]

is seen to be analytic in the neighborhood of p = 0, and
indeed V(0) = 0. The function E(p) = V(p)/p is also
analytic in this neighborhood and by L’Hopital’s rule and a
straightforward calculation one finds

B0 = 2| = = % p) log pi()
Plo=0 ¥y
+ ;PXY(X’Y) log py x(y 1 x)
= I(X,Y)
by (4) and (7).

Since E(p) is analytic at p = 0, there exists a py > 0
such that |E(py) — I(X,Y)] < &x/4 whence (36) becomes

P3 < exp (—npoex/4).
It is now seen that by choosing n sufficiently large,
P; < &. Combined with (23), (21), and (20), this shows that
P, < 4¢. Now choose ¢ = &'/4. We have then shown that

P(%) < ¢. There must therefore exist a code in the en-
semble for which (16) holds. Thus Theorem 2 is proved.

IV. DETERMINATION OF THE REGIONS #

Table I lists twelve theorems whose applications in con-
nection with Fig. 10 give immediately the admissible rate
region # for the 16 cases. In Table I, the symbol x for the
state of a switch means that the theorem holds both when
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Ry A{oxxx) D (xxxo0)
H{X,Y) 49 {1xx1)
HOY) d{xxx1) e(XXXX) Clxxox)
E{xxxx)
HOY(X) Clxxax) Bixoxx}
b(x11x)
0 X
HX|Y) H{X) H{X,Y)
Fig. 10. Lines and points of Table I.
TABLE 1
THEOREMS TO DETERMINE %
Theorem
81528354 Name Theorem
Tt is necessary that:
Oxxx A Ry > HX|Y)
x0xx B Ry = H(Y | X)
xx0x C Ry = H(Y)
xxx0 D Ry = H(X)
XXXX E Ry + Ry = H(X,Y)
It is sufficient that:
1xx1 a Rx =0 N RY = H(X,Y) + exy
x11x b Ry = HX,Y) + exy Ry =0
xx1x c Ry = HX) + & Ry = HY|X) + ¢
xxx1 d Ry =HX|Y) + & Ry = H(Y) + &
XXXX [ Ry = HX) + &x © Ry =H(Y) + ¢
ex,eysexy > 0
Bit stuffing:
XXXX f (Rx,Ry) € Z=> (Rx + Jx, Ry + dy) e %
Ox, 0y = 0
Limited time sharing:
XXXX g If (Rx,Ry) € Z, (Rx',Ry’) € # and

Ry + Ry = H(X,Y)and Ry’ + Ry’ = H(X,Y),
then (Ry”,Ry") € &,
Ry" = ARx + (1 — DRY

Ry” = }»Ry + (1 - A.)Ry,, 0<2< 1

the switch is open and when the switch is closed. For
example, Theorem A asserts that if switch S; is open the
Ay coordinate of an admissible rate point must be at least
as large as H(X | Y). Theorem E asserts that the coordinates
of all admissible rate points, independent of the switch
settings, must satisfy Ry + Ry = H(X,Y). Theorem a says
that if switches S; and S, are closed, then Ry = 0, Ry =
H(X,Y) + exy is an admissible point for every exy > 0.
Since # is defined as the closure of the set of admissible
rate points, the theorem also asserts that Ry = 0, Ry =
H(X,Y) is in 4.

On Fig. 10 certain lines and points are labeled with the
names of theorems of Table I. The corresponding switching
states are affixed. These points and lines can be used along
with Theorems f and g to determine immediately the
boundary of # for any of the 16 cases. The bit stuffing
Theorem f then shows that the interior of the boundary can
be filled in to obtain #. We give several illustrations.

1) For the switch setting 1011, we see at once from
Table I, scanning the columns of switching states, that
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Theorems B E a c d e apply. The first two show that # can-
not extend below the line labeled B on Fig. 10 nor below the
line labeled E there. The next four applicable theorems show
that the points a, ¢, d, and e all lie in #. Theorem f then
shows that points above a on the Ry-axis are in # as well
as all points on B to the right of c. Theorem g shows that
the line segment ac is in #. The region as given in Fig. 5 is
thus established.

2) For the setting 0001, Table I shows that ABCEde
all apply. Locating the lines ABCE on Fig. 10, we see that
A can neither extend to the left of line A nor below line C.
The point d is in &, and by Theorem f so is every point to
the right of it on line C and every point above it on line A.
The region £ of Fig. 7 is thus established.

Many of the theorems of Table I are trivial and we do
not belabor them.

Theorem E: The pair of random variables X,Y can be
regarded as a single random variable Z taking AxAy values.
The entropy of this variable is H(Z) = H(X,Y). Any en-
coding of the pair (X,Y) as described by Fig. 3 can also be
regarded as an encoding of Z by indexing the MM,
possible pairs of values (iy,iy) for Iy and Iy and taking this
index of (Iy,Iy) as the value of I,. If (Ry,Ry) were admissible
and Ry + Ry < H(X,Y), say Ry + Ry = H(X,Y) — 9,
the construction just mentioned would show the existence
of Z codes with M, = MyMy = |exp (nRx)]|exp (rRy)| <
Lexp [#(Rx + Ry)]| = Lexp [n(H(X,Y) — 6)]] values for the
channel symbols that had error < ¢ But this contradicts
Theorem 1 as applied to the variable Z. Q.E.D.

Theorem A: Let switch S; be open and suppose that
Ry = HX|Y) — 6 and Ry = R, is an admissible rate
point. We first show that this implies that Ry = H(X | Y) —
8, Ry = H(Y) + §/2 is also an admissible rate point.

Let 4x,%y, 25,2y be encoders and decoders that employ
coded message rates Ry = H(X]|Y) — 6 and Ry = R,
and that achieve error probability ¢. We replace €y by an
encoder €y’ that produces coded messages at a rate R, =
H(Y) + 8/2 by using a list of typical ¥ sequences. We
know by Theorem 1 that for large enough # such an encoder
and a corresponding decoder 2y’ exist, ones that reproduce
the Y sequence with arbitrary accuracy. We now consider a
new decoder 2" consisting of 2, followed by %y, and
Py. The scheme %y, %y ,P%,2y" signals at rates Ry =
H(X|Y)— 6 and Ry = H(Y) + 6/2 with error prob-
ability < &. But Ry + Ry = HX|Y) + H(Y) — ¢/2 =
H(X,Y) — §/2, contrary to Theorem E. Therefore, we must
have Ry = H(X | Y) for an admissible point.

Theorem B: Theorem A with X and Y interchanged.

Theorems C and D: Follow directly from Theorem 1.

Theorem a: Theorem 1 applied to Z = (X,Y).

Theorem b: Theorem a with X and Y interchanged.

Theorem c: Theorem 2.

Theorem d: Theorem 2 with X and Y interchanged.

Theorem e: Follows from Theorem 1.

Theorem f: This theorem follows from the simple ob-



SLEPIAN AND WOLF. NOISELESS CODING

servation that for any encoder, say %x(n,s,,My), mapping
elements of &/4" x 74" onto integers of the set 4y =
{1,2,++,My} we can always trivially increase the range of
the mapping by increasing My (and hence Ry). The new
values of the enlarged set .#y" never occur as values of Iy
in this new mapping and so the decoder can be defined
arbitrarily for these values. The error probability remains
unchanged.

Theorem g: A result somewhat stronger than Theorem 1
is the following. If R > H(X), then for every ¢ > 0 there
exists an ny(e) and an encoder %(ng,lexp (noR)]) and a
decoder PD(ng,| exp (noR)]) such that Pr [X* # X] <.
Furthermore, for each integer n > n, there exists an en-
coder €(n, exp (nR)]) and a decoder Z(n,[exp (nR)]) such
Pr [X* # X] < e. This result is implicit in proofs of
Theorem 1 that compute explicit bounds for error prob-
ability such as the one given by Jelinek [3, sec. 5.2, p. 86].
Examination of Section III then shows that a correspond-
ingly strengthened statement of Theorem 2 is also possible:
if Ry =HX|Y) + &g, Ry = H(Y) + &y then for every
g > O there exist coders and decoders for every n greater
than some ny(¢) for which Pr [X* # Xand Y* # Y] < e.
We call a rate point (Ry,Ry) strongly admissible if for every
¢ > 0 and all sufficiently large »n there exist encoders and
decoders using block length »n for which Pr [X* # X and
Y* # Y] < & When points a, b, ¢, d, or e are in £, i.e.,
when the switch settings are appropriate, they are strongly
admissible rate points.

For strongly admissible rate points (Ry,Ry) and (Ry',Ry’),
Theorem g is shown as follows. There are encoders and
decoders for all block lengths n greater than ny(g/2) that
use encoded message rates Ry and Ry with error <eg/2.
Similarly there are encoders and decoders for all block
lengths n' greater than ny'(g/2) that use encoded message
rates Ry and R, with error <g/2. Let 1, 0 < 1 < 1, be
rational and choose n” so large that » = An” and n' =
(1 — Mn” are both integers and n > ny and n’ = ny’. Now
encode X — Y sequences by alternately using first block
length n and the code with rate (Ry,Ry) and then block
length »n’ with the code of rate (Ry',Ry’). This operation can
be regarded as the use of a single block code of length
n" =n+n. For this new code, My = MyMy =
lexp (An"Ry)]lexp [(1 — Mn"Rx']] < [exp (n"Rx")]. As in
the proof of Theorem f, we can artificially increase My" so
that M," = |exp (n"Rx")]. A similar calculation holds for
My". The error probability for this #” code is less than
1 — (1 — &/2)* = ¢ — (¢/4)*> < &. This establishes Theorem g
for rational A. But # was defined as the closure of all ad-
missible points and since the rationals are dense in the
reals, Theorem g is established.

A stronger form of Theorem g is indeed true, for exam-
ination of Figs. 4-9 shows that # is convex for all 16 cases.
Thus we have the following theorem.

Theorem h: If (Ry,Ry) € # and (Ry',Ry’) € #, then for
every A0 < A < L(RY",Ry")e# where Ry" = ARy +
(1 — DRy ,Ry" = ARy + (1 — DRy
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V. COMMENTARY

Many topics for further research on joint coding of
correlated sources suggest themselves. We mention a few.

How does the foregoing extend to N correlated sources
instead of two? The number of switch settings grows
rapidly with N. Many cases are easy extensions of our
results for ¥ = 2, but basically new situations arise too.
For example, when N = 3 consider the case where the X
decoder sees Iy and Iy, the Y decoder sees Iy and the Z
decoder sees Iy and I,. What is the admissible rate region
then if the encoder sees all three message sources?

How does the foregoing extend to a rate-distortion
theory of correlated sources? The probability-of-error
criterion is then replaced by more general measures of
decoder output fidelity. A rate-distortion theory would
permit a generalization from discrete-valued to continuous-
valued random variables.

The design of block codes of given length n to have small
error probability is a more difficult and more interesting
problem for correlated sources than for a single source,
where the problem is solved by providing a list of typical
sequences. Here, in cases such as 0011 one wants to take
advantage of the known correlation of the sources. Are
there better methods than timesharing to achieve rates
along the line E between ¢ and d?

What is the theory of variable-length encodings for
correlated sources? How does one generalize the Huffman
code, say, in the case 0011 to encode X sequences of length
n with fewest bits on the average when Ry = H(Y)?

How does the theory extend for correlated sources that
are not independent drawings of pairs of correlated
variables?

These are but a few of the many interesting problems to
be solved in this area.
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APPENDIX

Here we establish the inequality (35). Jensen’s theorem (see,
for example, [1, (4.4.4) and (4.4.5), p. 85]) asserts that if g(x) is
convex up for a < x < b, ie., if g"(x) <0, for a < x < b,
then

M M
;pjg(x,-) <g (Zl', pjx,-)
wherea < x; < X, < x < band
M
ZPJ =1
1

withp; = 0,j = 1,-- -, M. We apply this theorem to the following
function
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which is convex up for x = 0, taking

pD; = ¢

xy=[G—Da ' + M- j]
j=12---
with a given by (33), so that 0 < a < 1. We find

L= a § i-1f¢i _ 1)g-1 1
T @ - Dat e M- ]

=

1 - S imtpys - 41°
S X = vt - )|

[1 —a
M

M M P
M-ahH Y d't+@'-1Y jaf—l}]
—a Jj=1 Jj=1

[1 —a Ml_aM_l g
|1~ a¥ l1-a

Here we have evaluated the sums using the two formulas

It
"
—
e,

i

IZW: a,j_l 1 - aM

=1 1—a

f ja-t = 4 (L= a1~ (M + 1)a” + MaMt!
=1 da\ 1—a 1 - a)?

(A-1)
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and performed some algebraic simplification. It follows then that
1— ¥, (1 —a" !y
1—a 1—a¥
M
< 1—~a MP
1—a
sinceif 0 < a < 1, [1 — a™™1J[1 — aM] < 1.

Returning to (35), from (A-1) we have, on replacing M by My
and a by a™,

M
Y & G- Dat + M- jP =<
Jj=1

(A-2)

=
X

i
-
—
|
Y

i

Combining this with (A-2) gives

Mx M

2, aMD Y TG - DT+ M- P
i=1 j=1

1—a"™x1] — g¥

< M?
1—-a¥ 1—-a
P
<1 o M 35
1—a Py(x)
on using the definition (33) and the fact that 1 — a¥Mx < 1,
Q.E.D.
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A New Class of Lower Bounds to Information
Rates of Stationary Sources via Conditional
Rate-Distortion Functions
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Abstract—A new class of lower bounds to rate-distortion functions of
stationary processes with memory and single-letter vector-valued distor-
tion measures is derived. This class is shown to include or imply all other
well-known lower bounds to rates of such sources and distortion measures.
The derivation is based on the definition and properties of the conditional
rate-distortion function. In addition to providing a unified and intuitive
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approach to lower bounds, this approach yields several interesting rela-
tions among conditional, joint, and marginal rates that are similar to
and sometimes identical with the analogous relations among the corre-
sponding entropies.

I. INTRODUCTION

HE evaluation of rate-distortion functions is most
difficult for precisely that class of sources for which the
theory is potentially most useful—sources with memory.
This has led during the last few years to the development
and study of several lower bounds to rate-distortion func-
tions of various classes of processes with memory. The best



