Motivation

Why do we care about relay situations?

Source

Two effects:

Base Station

Source saves power by transmitting to the relays
instead of the bagse station.

Relays get an effective power boost by cooperating
in transmitting to the base station.
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Why do we care about relay situations?
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Deep-space probe has very weak signal-to-noise ratio.
Independent observations are extremely useful.



Relay channel model

Relay

Sy

X1 Relay Channel Y
Source 1 p(y,y 1l X1+ X2) —®Receiver

Relay transmission zy j affects “next” relay observation Y k.
Current relay transmission can depend on all past observations:

Sole purpose of relay is to help get source information to the
receiver.



A nice class of relay channels

X1

Relay 1

P(yIXq, %)

The input Xy is broadcast to both relay and receiver.

The receiver sees Y, a noisy combination of source and relay

signals.




In the (Gaussian case...

Relay 1 7

X4 Y

This discrete-time model would require synchronization of the

source and relay carrier phases at the receiver.



On degraded relay channels

Physically degraded if p(y1,y|z1,72) = p(yi|z1, z2) - p(y|y1, T2).

= Y is a noisy version of the actual outcome Y1 = ;.

This is very unnatural in the Gaussian case considered in the paper.

Physically degraded concept is useful for feedback situations:

Relay gets Y fed back perfectly so that Y; is really (Y1,Y).



More on degraded relay channels

A more natural class is stochastically degraded:

p(ylz1,x2) = >, p(y1]z1, x2) - €(yly1, z2)

for some transition matrix (-).

0

Y1

The stochastically degraded class is still an open problem.
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A general achievability scheme

Choose p(z1,22) = p(z2) - p(z1]22).
R = min ﬁNAMHVMw v<vu NAMT<H_ va _

There are 2" messages, w.
Randomly and uniformly partition these into 2"%0 bins, s(w).

There are 270 codewords x(s) for sending bin index over

X9 — Y channel, with X being treated as noise.



Achievability approach

Idea;:

First stage: Relay learns exact message wy.

Receiver forms list of possible messages L£(yx ).

Second stage: Relay sends codeword associated with bin
of message wy, ra(s(wg)).

Receiver finds unique message in L(yx) N s(wg).

Code structure:

Generate 2™ codewords for the relay ~ p(zs), indexed z5(s).

For each such bin codeword, generate 2™* codewords for the source

~ p(w1]z2(s)).



Steps in the achievability proof
(1) Relay decodes the correct message w1
if R < NANHW %L»vmwv

(2) Receiver decodes the correct bin of message wy, s(wg),
if mo < Nﬁsvmqmv %v

(3) wy is the unique message in L£(yx) N s(wg)
if R < NANHW M\_va + Ry.

Basically, step (3) works as follows:
For an incorrect message w,

Prob(w € L(y;)) < 27U XY |X2)=T7e),

Union bound: Prob(3 w # wg, w € L(yg) N s(wg))
< AMSNV . AMISQAN‘HD\_NMVIvav ) Awlﬁmov.
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A general converse statement

For some p(x1,x2),

R<min | I(X1,X2;Y), I(X1;Y1,Y| X3) ]

These are basically information-theoretic cut-sets for a

memoryless channel.

Y, X Y, X

Xy R

X1 Relay Chafinel ey Channel
Elév}m_@ s R s A B | B

\ N

The derivation follows from basic identities/inequalities,

memorylessness of the channel, and Xo , = f G\H\TJ.

Details available upon request!
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Physically degraded channel converse

Start with the general converse:

R<[I(X1,X53Y), I(X;Y1,Y| Xo) |.

Since X1 — A;vmwv%wv — %1“
= mANH_quM\TM\v = mANH_ngﬁHV.

Le., Y yields no useful information about Xy
once we know Y7 (and X5).

So NA;NfﬂHuM\_ va — NANHvﬂu_ »quvv and thus
R m ﬁNANTNw Q%Vv NANTM\L va _
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Degraded Gaussian channel achievability

X5 ~ N(0, Py) < relay codebook for current msg
X190 ~ N(0,aP;) < source codebook for next msg
l—a)P
X1 =X0+ ( )Py X9 <+ actual source codeword

Py

Note that E { (X1 + X2)?} = aP1 + (VP2 + /(1 — a) P1)?.

In the code construction, the source sends a scaled version of the
relay codeword (old message) plus an independent codeword (new

message).

The common parts coherently combine at the receiver.
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Evaluating the achievable rates

For any a € [0,1] we can achieve

. val_lwm+w/\AH|vawa A
R = 0.51o 1+ ,0.910
EE~ mwA N, + N, &2

14




Converse for degraded Gaussian channel

AHV Start with nR m MUNA»X.‘:“ %H“s._;x.ww;.v
Gaussians maximize entropy under second moment constraint,

convexity and Jensen’s inequality:

LN R X141 X9;
R < 0.51og AH L aX ?@M il Xz, x,v
1
2
wH — WMUHW.NNL. AAHWNH;._NM;. ANH“&_NP@. — Hw“s.uwv W
<0.5log [ 1+ N
1
Qﬁu
= 0.51 1+ —.
omA + ZHV
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Converse for degraded (Gaussian channel

(2) Start with nR < > I(X1,4, X2.; Y1)

Similarly, with Gaussian entropy and convexity,

P+ P+ 2 FE{Xs,; X1,
mmcﬂomA: 1Pt 2 B, iv.

N1 + No

With some careful manipulation, it can be shown that

le_lwwl_lw/\AH|vawa
R <0.5log | 1+ :
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General relay channel with feedback

X1 Relay Channel Y

11 oy Paeh H- ez

Apply Theorem 1 to achieve
min | I(Xy1, X2 ;Y), I(Xq;(Y1,Y)| X2) ]

The converse follows exactly as before.
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A second achievability scheme (Theorem 6)

Choose p(x1), p(xs), and p(ialys, @2).

Provided I(X»;Y) > I(Y1;Y1]X5,Y), we can achieve

R=1(X;Y1,Y|X>).

There are 2" messages, w.

There are 2™ codewords 2 (s) for the noisy channel Xy — Y,

with X; being treated as noise.

For each of these, there are onR quantization /rate-distortion

codewords for the relay observation.

All 2n(B+Ro) quantization codewords are randomly and uniformly

partitioned into 2™ bins, s(w).
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Second achievability approach

Idea:

First stage: Source transmits new message x1(wg).
Relay transmits bin codeword x5 (sx_1) (old info).
Relay quantizes y; , with codebook ﬁm_meW.
Receiver decodes bin codeword xa(sk_1).

Receiver generates list of possible relay repr. vectors
L(yg) consistent with y, and xo(sk_1).

Second stage: Relay sends bin codeword x2(sg).
L(yr) N sk contains only the correct 1 |sk_1.

Receiver decodes message with the
pair of observations (91 k, Y )-
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Steps in the achievability proof

(1) Relay has enough repr. vectors to cover Y;|zo if B > I(Y:;Y1|X5)
(source coding with side information — strong typicality required).

Receiver decodes the correct bin codeword if Ry < I(X5;Y).
Receiver decodes correct ¢ i |xa(s) if R < I(Y:; Y|X5) + Ryo.

—~ o~
= W N
—_ — ~—

Receiver decodes correct message w if R < I(X1; Y1, Y| Xo).

Step (3) works as follows:
For an incorrect representation vector 4,

Prob((y1,y) typical |z5) < 9~ n(I(Y1;Y|X2)=Te)

Union bound: Prob(3 g1 # 91k, 91 € L(yx) N s(wg))
< (27 . (2-nUI (V1Y |X32)=Te)) . (9—nfo),
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An easier model to consider

BCST Channel
Pl Y, %)

Relay 1

e
Relay 2 r2

Relay 1

Relay 2
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MAC Channel
PCY | Xr1, Xp2)




Why the double relay network?

Received power drops off rapidly with distance, so a direct path
may not be desirable.

Synchronization in sending relevant information to the receiver.

There no longer seems a need for a two-stage coding procedure, so

we can focus on the main issue:

How to design the cooperation in a noisy multi-terminal system?
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Double relay network

What limits communication is very difficult to understand.

We can still take “cut-sets”, but they are loose:

X1 BCST Channel
Pl Y, %)

MAC Channel Y
PCY | X1s Xp2)
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A simple model that must be understood

We can turn an arbitrary MAC channel into a pair of noiseless links

by picking a point in the (independent message) capacity region.

Therefore we must first understand what is limiting this simpler

situation.

|'v

BCST Channel
PYys Y, [ X))

24

Rate R1

Relay 1

Relay 2

Rate R2

———Pp

H',

Receiver




Gaussian double relay network

When the multi-access side is good in a symmetric network,

simple amplification at the relays has excellent performance:

X1 =k1-Y1=Fk - (X1+ Z1),
X0 =ko Y5 H\AM.ANM+NMV.

We can use single-user techniques / codes with this approach.

Even though neither relay decodes, there is a core component X;

which coherently combines at the receiver.

Pertect scheme for the deep-space satellite, where the source is

extremely weak.
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(General converse details

I(W;Y) < MUNG\L — H(Yi|X1,i, Xo,i, W, V' 1) = MUNCDHNM“&SV.
and

I(W;Y) <I(W;Y,Y) =Y HWIY{ LY"h) —HWIY],Y") (1)

Xoi= f(Vi ) = HW LY = B, Y1 X, ).
Therefore,

() < MNAS\WM\H“&QS_M\H@.LL\THQN?V
< MEG\HEM\@._NQV — H(Y1,4,Yi| X2, X1,:)

= MENEW Y1, Yi| Xo4).
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