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Proof. To obtain the Jacobian. we will study the transformation from GOE to 1-Hermite
ensemble (see Figure 2). Note that J does not depend on 3; hence computing the Jacobian
for this casc is sufficient.

Let T be a 1-Hermite matrix. We know from Section IILA that the cigenvalues of T arc
distributed as the eigenvalues of a symmetric GOE matrix A, from which T can be obtained
via tridiagonal reduction (T' = HAHT for some orthogonal H, which is the product of the
consccutive reflections described in Section ITLA).

The joint element distribution for the matrix T is

o P o gn-t
pnla,b) = cope gL~ Hbi_le =1 where Cap=—————— -
=i (2my2 TT T(3)

i=l1
Let
da = Alyda;, db=ADldb;, dX = AR N,

and dg be the surface clement of the n-dimensional sphere. Let p(a(g, A).b(g,\)) be the
expression for u(a.b) in the new variables g, A. We have that

pla,b) dadb = J pla(g,A),b(g,A) dgdh = v(g,\) dg dX. (17)

We combine Properties 1 and 2 of Secction ILA to get the joint p.d.f. v(g,A) of the
eigenvalues and first eigenvector row of a. GOE matrix, and rewrite it as

AN R 22

v(g,\) dg d\ = nl ck AN e T dgdi.

T2
We have introduced the n! and removed the absolute value from the Vandermonde, because
the eigenvalues are ordered. We have also included the distribution of ¢ (as mentioned in
Property 2, it is uniform, but only on the all-positive 2 "th of the sphere because of the

~

condition ¢; > 0).

n
Since orthogonal transformations do not change the Frobenius norm ||A||r = 3 a?j of a
1,j=1
matrix A, from (17), it follows that
2‘1—11—-(3
B y(q),\) B n! C}{ 11-'1,"22) A()\)
ula, b o L
i=

All constants cancel, and by Lemma 2.7 we obtain

n—1

[T b
I e ge=1

n g
H qi
i=1

Note that we have not expressed u(a,b) in terms of ¢ and A in the above, and have thus
obtained the expression for the Jacobian neither in the variables g and A, nor a and b, solely;
but rather in a mixture of the two sets of variables. The reason for this is that of simplicity. O
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