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We consider an economy with an incomplete securities market and heterogeneously
informed investors. Each investor trades in the market to hedge the risk to his endowment
and to speculate on future security payoffs using his private information. We examine the
efficiency of the securities market in allocating risk and transmitting information under
different market structures, as defined by the set of securities traded in the market. We
show that the introduction of derivative securities can decrease the market'’s efficiency in
revealing information on security payoffs, and increase the equity premium and price
volatility in the market.
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1. INTRODUCTION

A securities market performs two important functions: allocating risk and com-
municating information among investors [see, e.g., Hayek (1945), Debreu (1959),
and Arrow (1964)]. How efficiently the market performs these two functions cru-
cially depends on the market structure, as defined by the set of securities traded
in the market. Over time, the structure of the securities market changes as new
securities are introduced. In the literature, the impact of these changes on the mar-
ket's informational efficiency has been studied separately from the impact on its
allocational efficiency. For example, in analyzing the informational role of deriva-
tive trading, the allocational trade in the market often is specified exogenously (as
“noise”) [see, e.g., Grossman (1977)]. As pointed out by Grossman (1995), the
informational role and the allocational role of the securities market are fundamen-
tally related. This paper focuses on the interaction between the allocational and
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informational roles of the securities market in analyzing the impact of changing
market structure.

We consider an economy in which each investor is endowed with nontraded
income and private information about security payoffs. The securities market con-
sists of a set of primary securities, including a risk-free security (bond) and a
risky security (stock), both with nonzero net supply, and possibly a futures-type
derivative security on the stock with zero net supply. An investor trades in the
market both to hedge the risk from his nontraded income and to speculate on
future security payoffs using his private information. The equilibrium is solved
under two different market structures, one with only the primary securities be-
ing traded, and the other with both the primary and the derivative securities. We
examine how adding a derivative security to the market changes the trading and
pricing of primary securities in equilibrium, and how it affects the allocational and
informational efficiencies of the market.

When investors have symmetric information, the role of the securities market
is primarily to allocate risks among investors. When the market is incomplete,
investors are often unable to perfectly hedge their individual risks. Security prices
depend on both the aggregate and the individual risks in the economy. Introduc-
ing derivative securities creates new hedging opportunities and increases alloca-
tional efficiency. As a result, it tends to decrease the equity premium and price
volatility.

When investors have asymmetric information, in addition to allocating risk, the
market also transmits information among investors through the security prices.
Not only does introducing derivative securities change the allocational efficiency,
but it also changes the informational efficiency of the market. On the one hand,
the prices of new securities provide additional signals for investors to learn about
other investors’ private information, making the market informationally more ef-
ficient. On the other hand, the expanded trading opportunities increase the amount
of allocational trade and, therefore, generate additional price movements in the
existing securities, making the prices less informative about investors’ private
information on the asset payoffs. In some cases, the second effect dominates
and opening derivative trading reduces the informational efficiency of the mar-
ket. In contrast to the case of symmetric information, introducing derivative se-
curities can increase the equity premium and price volatility under asymmetric
information.

In the model, we analyze the market equilibrium under both incomplete-market
structure and asymmetric information. Many authors have considered how market
incompleteness affects investor behavior and market equilibribmgeneral, the
individual optimization problem is difficult to solve in an incomplete market, and
the results regarding optimal policies are limited. Analyzing the market equilibrium
is more difficult and mostly carried out numericallfhe existence of asymmetric
information makes the analysis even more formidaler approach in this paper
is to impose specific restrictions on individual preferences and shock distributions.
We sacrifice generality for the benefit of being able to obtain closed-form solutions
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and analyze in more detail individual portfolio policies, equilibrium security prices,
and allocational and informational efficiencies under different market structures.
The intuition obtained from the model can be helpfulin understanding more general
models.

Studies on the informational role of derivative markets include the first formal
discussion of Grossman (1977), using a single-period model, and the more recent
work of Grossman (1988), Back (1993), and Brennan and Cao (1995), using mul-
tiperiod models. All of these papers use the noisy rational expectations framework,
in which the allocational trade is introduced exogenously. We, however, use a fully
rational expectations framework and explicitly model both the allocational and in-
formational trade in the market. In particular, an investor’s demand for derivative
securities is derived endogenously from his optimal consumption and investment
policies under the new market structure. Hence, we are able to analyze the alloca-
tional and informational efficiencies of the securities market, and the interaction
between these two functions in a unified framework.

The paper proceeds as follows. Section 2 defines the model and Section 3 gives
a general discussion of the equilibrium. Section 4 considers the special case in
which the securities market is complete. The equilibrium under symmetric and
asymmetric information is analyzed in Sections 5 and 6, respectively. Section 7
concludes. Proofs can be found in the Appendix.

2. THE MODEL

We consider an economy with a continuous time-horizon¢0 and a single good
(which is also taken as the numeraire). &t 7, P) be a complete probability
space, wher& is the set of states of nature describing the exogenous environment
of the economy/F is theo algebra of distinguishable events, aRds the prob-
ability measure on(€2, 7). The uncertainty of the economy is generated by an
n-dimensional standard Wiener process defineonF, P), denoted byw. The
exogenous information flow is given by the augmented filtragiin t € [0, co)},

which is a set ob algebras ofF generated by.

The economy consists of two classes of investors, denotéd=h¢ or 2, with
population weighto and 1— w, respectively. Investors are identical within each
class, but are different between the two classes with regard to their endowment and
information. For convenience, we also refer to any classestor as investdr.*

The economy is further defined as follows.

2.1. Market Structure

There is a competitive securities market witht 1 traded securities, indexed by
k=0,1,...,m The menu of traded securities includes:

(0) Security 0 is a risk-free security (bond) that has constant interest rat®. The
bond price isB; = €' By.
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(1) Security 1 is a risky security (stock) that pays a cumulative dividenavith

t
th/(Gst+ bp dws), (18
0

t
Gy =Gg + / e g dws, (1b)
0

whereag is a negative constant afg, bg are constant matrices of proper order.
Thus, the dividend paid on the stock franto t 4+ dt is dD; = G; dt + bp dwy,
whereG; gives the expected dividend rate angddw, the random shocl§ denotes
the stock price at.

(2) Security 2 is a derivative security that pays a dividend at a rate equal to the current
stock price. Thus, the dividend paid frdno t + dt is § dt. This security is similar
to a collar contract in the fixed-income market; hence it is called the collar from now
on5 H, denotes the collar price &t

There also may be other securities with payoffs contingent on public information.
Except securities 0 and 1, all securities are of zero net supply. The bond (security 0)
has infinitely elastic supply at constant interest rat&€he stock (security 1) has
total supply of one share per capita. We denotenthdimensional vectors of cu-
mulative cash flow and prices of all risky securities®y= stacKCi, ..., Cnt}

andP; = stacK Py, ..., Pni}, whereCy;, P« are the cumulative cash flow and
market price of securiti(k > 1), respectively. Let

dQ, =dC +dR —rP.dt

be the vector of excess share returns of all risky securities. The first component,
d QtS =dD; +dS —rSdt, gives the dollar return on one share of stock financed
by borrowing at the risk-free rate. Similarly, the second comporg@; =

S dt + dH; — r H; dt, gives the excess share return on the collar.

For any claim traded in the market, enforceability requires that its payoff be
contingent only on public information. When all investors have perfect information
about the underlying state of the economy, the payoff of a security can be made
contingent on the realization of the state. In general, however, some investors do
not observe the underlying state. Security payoffs then should be made contingent
only on the information that is publicly available. Thus, in changing the market
structure, we restrict our attention to the set of derivative securities whose payoffs
depend only on the market prices of other traded securities. In particular, we
consider the collar contract. The two market structures to be examined are

(a) Market structure I—only the stock and the bond are traded,
(b) Market structure ll—the collar also is traded in addition to the stock and the bond.

2.2. Endowments

Each investor is initially endowed with one share of the stock and a flow of
nontraded income. Investots cumulative nontraded incomi;; (i=1,2) is
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given by
t
N =/ Yisbudws,  Yie=BivYe + BizZe (2a)
0
t
Vi = Yo+ / -9, dus, (2b)
0
t
Zi = Zy +/ eaZ(tis)bz dws, (20
0

whereay, az are negative constants, afdy, 8.z, bn, by, bz are constant matri-

ces of proper order. To fix ideas, we assume that < |az|. Thus,Y; and Z,
correspond, respectively, to the relatively more persistent and the more transitory
components of investor 1's exposure to nontraded risk. Invé'stoontraded in-
come fromt tot 4+ dt isdN.; = Y; by dw;, whereby dw; is the shock to the
nontraded income process, avid determines investars exposure to this non-
traded risk’ For simplicity, we have assumed zero drift for the nontraded-income
process. Extending the current model to allow a drift term is possible.

2.3. Information Distribution

Both investors observe the public information, which includes the path of divi-
dend payments and market prices of all traded secufiigsPs: 0 < s < t}. The
expected dividend rat8; and individual investors’ exposure to nontraded income
Y; « are private information. To simplify notation, defike = stacKGt, Vi, Zt},
which fully determines the distribution of future stock payoffs and aggregate non-
traded income. We assume that investor 1 observes the realizatiqnlofestor

2, on the other hand, only observes a set of signals a¥puthe signal process

Ut (which can be multidimensional) is given by

t
U = / (au Xs ds+ by duws), 3
0

whereay andby are constant matrices of proper order.

Let Fit, ]—}‘P’C’ denote the filtrations generated by the information set of in-
vestori and by the path of prices and dividends &t [0, co), respectively. Then,
Frp = Fo@F PCNuXhandf, = Fo@F(P-C:-N2Ul whereFy is the investors’ prior
information onXy = stacKGo, Yo, Zo}. Furthermore]—'t{P’C} C For € Fri=Ft.
The information of investor 1 (weakly) dominates that of investor 2. When the
dominance is strict, we call investor 1 the informed and investor 2 the uninformed.
If Xo < Fo, ay is full ranked andoy = 0O, U ¢ fully revealsX; and investor 2
becomes fully informed as well. This gives one example of symmetric information
whereF; = For = Fr.
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2.4. Policies and Preferences

Forinvestoii (i =1, 2), let{ct, 6 :t € [0, o)} be his consumption and trading
policies, wherec; ; dt is his consumption from to t + dt and 6, ; is the m-
dimensional vector of his shareholdings in all risky securities &tis policies
are adapted td; ;. Consumption policies are restricted to integrable processes,
and trading policies are restricted to predictable, square-integrable processes with
respect to the gain processes of the traded securities [see, e.g., Harrison and Pliska
(1981) for a discussion on the requirement of square integrafility].

We assume that investors maximize expected utilities of the following form

[o¢]
E |:_/ efﬂ(Sft)*Vci.s ds| in,t , i = 1, 2’ (4)
t

wherep andy (both positive) are the time discount coefficient and the absolute
risk-aversion coefficient, respectively. This particular form of the utility function
helps to solve the equilibrium in closed form.

2.5. Equilibrium Notion

Prices of risky securities are determined by the equilibrium of the economy. The
notion of equilibrium is the standard one of rational expectations [see, e.g., Radner
(1972)]. It is defined as a price procedd} under which each investor adopts
feasible consumption and trading policies that maximize his expected utility

o0
Jt=SupE {—/ e PV resds| Ay
t

Gi.6
)
st. dWi= (Wi —c)dt+6,dQ +dNy,
wherei = 1, 2, and the market clears
Wbt + (1 — w)hy = 1TY. (6)

Here, 1P? denotes arindex matrix of order (p x q) with its (I, m)th ele-
ment being 1 and all other elements being 0. The transversality condition of the
Merton (1971, 1989) type is imposed on each investor’'s optimization problem:
lims. E[Js] F.t]=02% We only consider the stationary equilibrium of the
economy.

2.6. Further Simplifying Assumptions

To be more specific, we assume thatthéimensional Wiener process has the
following decomposition:

wy = stackwp t, wet, Wyt, Wz,t, WNLt, WUt}
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where allcomponents are standard Wiener processes (need not be one-dimensional)
and mutually independent. Furthermore,

bD ZUD(L’ 09 O’ 0’ 07 0)7 bG ZGG(O’ L’ 07 O’ 0’ 0)’

bn = on (kpnt, 0,0,0, /1 — kB, 0), by =0v(0,0,:0,0,0),

bz =0v(0,0,0,¢0,0), bu =0y (0,0,0,0,0, ),

where: denotes identity matrices of proper order. The above specification about the
underlying shocks to the economy has simple interpretations. For example,
andwg characterize the shocks to stock dividends; andwz: characterize
the shocks to individual investor's exposure to the nontraded risk. The above
assumptions about thes impose specific structure on the correlation among the
state variables. In particular, the stock dividends are correlated with the nontraded
income whencpy # 0. To fix ideas, we maintain the assumption thgt, > 0
throughout this paper. The specific correlation structure assumed here simplifies
our analysis without great loss of generality on the points we want to make.

To guarantee the existence of an equilibrium, we impose the following parameter
restrictions:
r — 2ay r—2az
Zﬁry’ ONO7z < 2\/2”/

Equation (7) requires that the variability in the nontraded income is not too large.

The economy as defined above exhibits the following features. First, the secu-
rities market is, in general, incomplete [see, e.g., Harrison and Kreps (1979) for
a formal definition of market completeness]. Second, the existence of nontraded
income and its correlation with returns on traded securities generate allocational
trade in the market. Third, the existence of private information on future security
payoffs gives rise to the informational trade between the two classes of investors.
In particular, class-1 investors speculate in the market on the basis of their private
information and expect to earn excess returns.

For future convenience, we introduce some notation. For any state variable that
investor 2 does not directly observes"E[- | 2] denotes his conditional expec-
tation. In particularf(t = E[X; | F>t] denotes investor 2’s conditional expectation
of X; ando® = E[(X; — X;)?| F2.] is the conditional variance.

Let g =stacKO, gi.v, Bi.z},i =1, 2. (Here, we use 0 to denote matrices of zeros
without specifying their order, which can be inferred from the context.) Investor
i’s nontraded income then can be expressed as

)

ONOY <

t
Ny = / B/Xsbn duws, ®
0

wherei =1, 2.
For any two random variables andey, wheredg, = a dt+by dwi, k = p, g,
let oy = byb/ denote the instantaneous cross-variation betveeemda,af =
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Okks Kkl = ok_kl/ Zakm”_l/ 2 be the instantaneous cross correlation (assuming that
okk IS positive definite) [see, e.g., Karatzas and Shreve (1988) for a discussion on
cross-variation processes].

3. GENERAL DISCUSSION ON EQUILIBRIUM

We now provide a general discussion on the equilibrium of the economy as defined
in Section 2. As mentioned earlieX; = stacKGq, Y;, Z;} fully determines the
distributions of future stock payoffs and nontraded income. Not directly observing
Xt, investor 2 relies on his expectatid (and possibly other moments) in forming

his trading policy. Consequently, the equilibrium of the economy depends not only
on the true value oX;, but also on investor 2’s conditional expectatbl’)n Define

At = X — X, to be the estimation error of investor 2. et = stackl, X;, At}

and Xy, = stack1, X.}.

We restrict our attention to the linear, stationary equilibria of the economy in
which security prices are linear, time-independent function$.afnd X; only. In
particular, we can express the prices and cumulative payoffs of the traded securities
as follows:

P = AP Xy, (99)

t
Ct == / ()\,C Xl’s dS+ bC de), (gb)
0

wherexP = (A5, A8, AR) andi® = (3§, A, A5). For investor 2, observinB 1 is
equivalent to observingh§ — A8) Xpoq. Thus, o, = A, whered, = stacKC;,
(A% —AR) X4, Yai, Ui}. We now can computX;, givenF,;. First,

d X; = ax X; dt + by dwy,
whereay = diag{ag, ay, az} andbyx = stacKbg, by, bz}. Next,
d(Dt = (a(c)b + aﬁj\(t + ant) dt + bq; dwt,

wheread =stack1g, 0,0,0}, af = stackAg, 0,0, 0}, ag =stack(A§ — A%),
(% — 2R)ax, Brax, ay}, andbg = stacKbe, (A% — AR)bx, Bibx, by}. We then
have the following result [see, e.qg., Lipster and Shriyayev (1977)]:

LEMMA 1. Given the security prices and payofy, investor2's expectation
of X; in a stationary state is given by

dX; = ax X dt + k(d®; — E[ddy | F24]). (109)
0= [ax0? +0@ay] + bxby — k (bobj) K/, (10b)

where k= (0@a$’ + by, (bebj) L.
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Furthermore,
dXi,t :ai,xXi,tdt+bi,x dwi,t, i=12, (11

wherea; x = diag(0, ax, ax — kay}, by x =stacKO, bx, kbe — bx}, azx =
diag0, ax}, by x =stacKO0, kbe}, dw1 =dw; and dwy = pr(bq,b;,)*l(dd%—
E[dd | F21]).

From (9) and (10), the excess share returns on the risky securities can be ex-
pressed as

th =dQ+dH—rPtdt=a,-,Qxl_tdt—i—bi,dei,t, =12, (12)

Whereale =2C + )LP(alyx —ru), blyQ = bQ = bc + )\.ij__’)(,aqu = AC +
AP (agx —ru), andby g = b + APby x with A€ = (A, A$) andiP = (1§, AR).
BecauseX; ; follows a Gaussian Markov process undgg, it fully characterizes
investori’s current and future investment opportunities and endowments.

Given (9), (10), and (12), we can solve for individual consumption and trading
policies. The results are given in the following lemma.

LEMMA 2. Given(9), (10),and (12), investor i's optimal policies and value
function are

1, 1
6 = hi Xit, Cit=rW — Txi,tvi Xit— —Inr, (133
Y Y

1%y X
Ji = —e Wt e XX (13b)

wherei= 1, 2 and

hi = (ryboblg) ™ (&, @ + bob xvi —rybobyA)) (14)
if v; solves
(ry)?n; (bgbg) hi — (ryBibn + vibi x)(rypiby + vibi x)’
v — @ yu +vax) —uld? =0 (15)

Here vi = 2(r —p —rinr) +tr(bf yvibi x), dy =7,and &b = 4.

Given investoii’s trading policy in (13), the market clearing condition in (6)
can be written as

why + (1 — w)hyr = 1477, (16)

wheret = (¢, stacKO0, ¢}).

The price function in (9), the solution to investor 2's expectations in Lemma 1,
the solution to both investors’ optimal policies in Lemma 2, and the market-clearing
condition (16) fully characterize a linear, stationary equilibrium of the economy if
it exists. The following theorem states the conditions under which the equilibrium
exists.
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THEOREM 1. For the economy defined in Sectidrthere existggenerically
a linear stationary equilibrium under both market structure | and Il &oclose to
1. In the equilibrium security prices and payoffs have the forn{®f, the class2
investors’ expectations satisf¥0); investors’ optimal policies are given {13);
and the coefficients, o, h, v, i =1, 2, solve the syste(d0b), (14), (15)and(16).

Several comments on the existence result follow. First, the conditionutieat
close to one is needed for technical reasons in proving the existence of an equi-
librium. Our proof is based on a continuity argument. Whea 1, investors are
identical and all-informed, the market is effectively complete [see, e.g., Lucas
(1978)]. A unique, linear, stationary equilibrium exists. By showing that the sys-
tem to be solved for an equilibrium is nondegenerate atl, we can prove that
its solution also exists fow close to one. The proof itself, however, does not
say how close to one needs to be. Second, the existence is only in the generic
sense. This means that an equilibrium exists for all parameter values in the pa-
rameter spacesxceptpossibly a measure zero set. Because of the large number
of parameters and the particular approach used in the proof, we are unable to
establish if this set is actually empty, which would give us absolute existence.
Third, except atv = 1, we have little knowledge concerning the uniqueness of the
solution.

The actual solution to the equilibrium is obtained by numerically solving the
system (10b), (15), and (16). Recognizing the nature of our existence result, we
always start from the poinb =1 in our numerical algorithm, and decrease it
gradually to reach desired values®€ [0, 1]. This helps us to find a solution and
stay on the same solution branch if multiple solutions exist. We have explored
extensively in the parameter space following the above approach, and finding a
numerical solution was quite easy.

Most of our analysis is based on numerical illustrations. Given the large number
of parameters in the model, only the results for a small range of parameter values
are presented for brevity. The parameter values are chosen to be compatible with
Campbell and Kyle’'s (1993) estimated price process, which has a linear form
similar to ours. The remaining degrees of freedom are used to fix a particular set
of parameter values that generate simultaneously all results in this paper. As a
cost, some of the effects may seem small for this set of parameter values even
though they can be larger for other parameter values. When a patrticular result
under consideration changes qualitatively with certain parameters, we try to show
the changes by varying the relevant parameters in the numerical illustrations or
to discuss them verbally. In particular, we focus on two parametgreind w,
whereoy is the instantaneous variability in investor 1's exposure to nontraded
income andb is the population weight of investor 1. These two parameters capture
the heterogeneity between the two investors and its relative importance to the
equilibrium. Obviously, our exploration of the parameter space and the results
presented in the paper are by no means exhaustive.

In our analysis, we make an additional assumption about the distribution of
nontraded income among investors. It is clear that the nature of the equilibrium
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depends on the distribution of risky endowments among investors. For some dis-
tributions of the nontraded income, the equilibrium becomes fully revealing under
market structure Il. In this case, the introduction of derivative trading clearly
improves the informational efficiency of the market. In the remainder of the
paper, however, we focus on those distributions of the nontraded income un-
der which the equilibrium is nonfully revealing under both market structures |
and Il. In this case, the impact of derivative trading on the informational effi-
ciency of the market is less obvious. In particular, we get= stacKO, 1, 1}
and B, = stacKO, 0, 0} in (8). In other words, only investor 1 is endowed with
nontraded income.

4. CASE OF COMPLETE MARKET

We first consider the case in which the market is effectively complete. In particular,
we consider the case when= 1 and the economy is populated only by class-1
investors. This case provides some basic understanding about the model, which is
useful in analyzing more general cases.

When the securities marketis complete (or effectively complete), the equilibrium
allocation is Pareto optimal and does not depend on the actual market structure
as long as it satisfies the spanning property [see, e.g., Duffie and Huang (1985)].
Solving individual optimization problem and market clearing condition, we have
the following theorem.

THEOREM 2. Whenw = 1,the economy has a unique lingatationary equi-
librium of the form in Theorerh. In particular, the stock price is

1
S = )\,Sxt = th + )\,g—i- )\.SY'[ + )\.SZt, (17)

the investors’ value function is; J= —e Pt-TvWt@/2XwXe "and their optimal
consumption policy is;e=rW; — (1/2y)X;vX; — (1/y)Inr, where i and v
are constant matrices of proper order given in Appendli®. For any derivative
security(k > 1) with cumulative payoff C= fé(f(xs, s)ds + bc dwy), if its
price is twice differentiable with respect tq Znd once differentiable with respect
to t, then R(X;, t) satisfies the following equation

rP =93P+ f + X'ayoxP + 3tr(oxxd% P)
—[ryASby + (ryBibn — vbx) X] (0 dx P + bg), (18

wheredx P denotes the vector of first-order derivatives of P with respect to el-
ements of ),(8)2( P the matrix of second-order derivativemd o; P its derivative
with respect to £0

To better understand the nature of the equilibrium, we consider a special case
whenZ; = 0Vt, andY; fully characterizes the exposure to nontraded risk. In this
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case, we have = diag{vgg, vyy, 0}, where

Vyy = (203)‘1[0 — 2ay) — \/(r — 2ay)2 — A(ry)?ofoy] > 0,
voo = (1/Nagvyy +ryAs+ (2/1)(r —p —rinr),

and

ks = —ryoDN/(r — ay _UYZUYY)v

1
8= 7 | agd b + 050"
Furthermorepyy, |/\§|, and|A$| increase withoy. It follows that an investor’s
optimal consumptiom; decreases with his exposure to nontraded Yiskeflect-

ing the investor’s precautionary saving. When the investor faces higher risk in his
future nontraded income, his marginal utility for future consumption increases.
Under constant interest rate, he decreases current consumption to save more for
future consumption.

The stock price is a simple linear function of the underlying state variables,
S =[1/(r —ag)]Gt + A5+ A3Y,, where [Y(r — ag)] G, gives the expected value
of the stock’s future cash flow discounted at the risk-free rate \gnelAJY; is
the risk premium on the stock. The constant component of the risk preagum
is proportional to the investors’ risk aversion and the instantaneous variance of
the stock price. This is because an investor’s consumption covaries linearly with
the stock price (because his wealth does). The covariance between consumption
changes and stock returns depends linearly on the variance of stock returns. So
does the risk premium.

The time-varying component of the risk premium is lineaiYjrwith propor-
tionality coefficient\. It is easy to show that— ay — o2vyy > 0. Hencea§ has
the opposite sign afp . Note thatp being positive implies positive correlation
between shocks to an investor's nontraded income and shocks to the stock payoff.
WhenY; > 0, the investor has a positive exposure to the nontraded risk. Investing
in the stock then becomes less desirable given a positixe In equilibrium,
the stock price has to decrease with Thus, S is negative. Furthermore, as the
volatility oy of the aggregate exposure to nontraded risk increases, an investor's
expected utility becomes more sensitive to the changes in his exposure to nontraded
risk (i.e.,vyy increases). The stock price becomes more sensitiYe amd |AJ|
increases.

The price of a derivative security must satisfy the pricing equation (18) with
appropriate boundary conditions. As an example, we solve for the collar price. It
pays a dividend at a rate equal to current stock phteshould be a function oX;
only, independent of the calendar time.e., H; = H (X;). Given thatX; follows
a Gaussian Markov process, it can be shown th@j is linear. Thus,

He = H(X) = A" X,
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wherext = (A, A8, A, 1) is a constant matrix. Substituting this into equation
(18), we obtain

A= As[rz —ax + (ry)oxxrS 15 + (ryoxn — oxyvyy) 1%4)} -
which fully specifies the equilibrium collar price. (The matrix in the square bracket
is full ranked.)

5. CASE OF SYMMETRIC INFORMATION

We now consider the case whéf ; = F» = F: and all investors are fully in-
formed about the underlying state of the economy. This is a special case of the
general model when investor 2's private sigdals fully informative of the unob-
served state variablgs.g., whergy is full ranked andby = 0). This case allows

us to focus on the change in allocational trade among investors and its impact on the
equilibrium risk allocation and security prices when the market structure changes.
The result in this section serves as a benchmark when we introduce informational
trade in Section 6. Note that under both market structures | and Il, the market is
incomplete.

5.1. Equilibrium Under Market Structure |

Under market structure I, only the stock and the bond are traolecf(tL:eSEacK 1,
Yi, Zi}, a5 = diag(0, ay, az} andby = stacKO, by, bz}. ThendX; = ag X dt+
by dw;. Applying Theorem 1 to this case yields the following corollary:

COROLLARY 1. Under market structure WhenF = i Vt,i = 1,2, 81 =
(0,1, 1), B2 = (0,0,0), andw is close to ongthe economy has a linegstation-
ary equilibrium in which the stock price and investors’ policies are

1 ~ e
s = 76( +)&SXt,
r—ag)

65 =hXe,  Gi=rWi— @/2y) XX — @/y)Inr,

where i= 1, 2,~XS, hi, v; are constant matrices determined by equati{i)—
(16)with ag = AS(ag —rv) and by = ASbg + [1/(r — ag)]bs + bp.

We first examine the equilibrium trading strategy for investor 1. From market
clearing, we can easily infer the strategy for investor 2. From Corollary 1, investor
1's stockholding is a linear function of andZ;, that is,05; = hfo + hi,Y; +
hfz Z;. First note that it does not depend @g, the expected future stock payoff.
Under symmetric information, any information @ is fully reflected in the
current stock price. Because investors have constant absolute risk aversion and
their demand for risky securities is independent of wealth, they have no incentive
to trade asG; changes. The stockholding, however, does depend, @md Z;,
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h_1y for stock

sigma_y omega

Ficure 1. Hedging intensity for investor 1 under symmetric information and market
structure | [parameters have the following valugs:=0.1, y =20,r =0.06, ag = —0.2,
ay=-0.2,a=-0.5,0p =0.7, oG = 0.6,072 =0.5,0n =0.22,kpy =0.5, ,31 = (0, 1, 1)/,
andg, = (0, 0, 0)].

because investor 1 uses the stock to hedge his nontraded risk. Given the linear
form of investor 1's stockholding, it is sufficient to look at the coefficidnts and

hfz, which characterize the intensity of his hedging trade in response to changes
in his exposure to nontraded risk.

Figure 1 pIotsth for different values oby andw. BecauseY; and Z; play
similar roles in the model, we focus only hfrom now on. Consider the situation
whenY; > 0 and investor 1 has a positive exposure to the nontraded risk. Because
the stock dividends are positively correlated with the nontraded in¢epie > 0),
investor 1 reduces his stockholding to hedge his nontraded risk. By doing so, he
reduces the overall variability of his wealth. For example, when the nontraded
income is low, it is more likely that the dividend on the stock is also low. The
hedging position in the stock (by selling the stock) then yields a high payoff,
which compensates for the low level of nontraded income. This impliemfhat
must be negative as Figure 1 confirms. Furthermoreyaacreases, investor 1's
marginal utility becomes more sensitive to changes in his exposure to nontraded
risk. Given a level of his exposure (i.e., a valueYgf, he tends to hedge more
aggressively using the stock. ThlLlsz| increases witlay .

Whenw =1, the economy is populated only by class-1 investors. Nobody takes
the opposite side for his hedging trade. Her‘rn:ﬁf:Y approaches zero. As de-
creases, more class-2 investors are present to make the market, which allows
class-1 investors to hedge more aggressively,|hﬁd| increases.

We now consider stock risk premium and price volatility. Figure 2 plgis
ando S for different values oby andw. As oy increases, investor 1 trades more
aggressively in the stock to hedge his nontraded risk. Consequently, the stock price
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Ficure 2. Stock risk premium and price volatility under symmetric information and mar-
ket structure | [other parameters have the following valyes:0.1, y =20, r =0.05,
ag=-02,ay=-0.2,a;,=-0.5, 0p=0.7, 06=0.2, 6, =04, oy =0.22, kpny = 0.6,
B1=(0,1,1),andB, = (0,0, 0)].

becomes more sensitive ¥ and the absolute value ®$ increases. Given that
stock price is linear inJY;, asoy increases, the price becomes more volatile
due both to its increased sensitivity Ypand to the increased volatility of. As

the stock price becomes more volatile, investors require a higher risk premium,
leading to a higher value ¢£5|.
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The dependence af ando S onw is also quite intuitive. For larger values®f
the population of investor 1 is larger and so is the aggregate exposure to nontraded
risk (for given values ofY; and Z;). The stock price becomes more sensitive to
changes inY; and Z;. Thus, the stock demands a higher premium and exhibits
larger price volatility.

5.2. Equilibrium Under Market Structure 11

In addition to the stock and the bond, a derivative security (collar) also is traded
under market structure Il. Investors can achieve a larger set of possible payoffs. In
particular, they can construct trading strategies to better hedge their nontraded risk.
The new trading opportunities created by the introduction of the collar contract
certainly affect the stock price and the equilibrium allocation. From Theorem 1,
we have

COROLLARY 2. Under market structure JwhenF; ; = F; Vt andw is close
to 1, the economy has a lineastationary equilibrium in which the security prices
and investors’ consumption and security holdings are

1 ~ e~ ~yy o~
§ = ———G¢ +A%Xy, H; Gy + A" Xq,

(r —ac) T —ac)?

65 . 1, o 1
< I|j> = hi Xt, Gt = rWi,t — —X{Ui Xt ——1In r,
07t 2y 14

wherei= 1, 2,andS, A", h;, andv; are determined by equatio®4)—(16)with
ag = A(ag — re) + stack0, 15)

and

1
—ag (r —ag)?

bo = stackAS, A by + stack{r }bG + stackbp, 0}.

Figure 3 plotshf_Y andhfy, the trading intensities in both markets for investor

1. To understand investor 1's trading behavior, we still consider the situation when
Y; > 0, that s, the investor has a positive exposure to the nontraded risk. Given the
positive correlation between stock dividends and his nontraded income, investor 1
wants to reduce his stockholding to hedge his nontraded risk. However, returns
on the stock depend not only on the realization of current dividends, but also on
changes in its price. Hence, the stock does not provide a perfect hedge. By going
short in the stock, investor 1 exposes himself to the risk of future price changes.
This risk, which is unrelated to the risk to be hedged, is called the basis risk of the
hedging instrument. The existence of basis risk makes the stock a less attractive
hedging vehicle and limits investor 1's hedging trade.
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Ficure 3. Hedging intensity for investor 1 under symmetric information and market
structure |l [parameters have the following valugs:0.1, y =20,r =0.06,ac = —0.2,
ay=-0.2,a;,=-0.5,0p =0.7,06 =0.6,0, =0.5,0n =0.22,kpNy = 0.5, ,31 =(0,1, 1)/,
andg, = (0, 0, 0)'].

With the introduction of the collar, whose price is positively correlated to the
stock price, investor 1 can use the collar to offset the basis risk in his hedging
position. In the above example, wh¥n> 0, investor 1 can take a long position in
the collar to hedge the basis risk in his short position in the stock. Indeed, Figure 3
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shows thath!!, has the opposite sign dn‘iY. By combining the stock and the
collar, investor 1 is now able to establish a hedging position (against his nontraded
risk) with much less basis risk. (The remaining basis risk is due to the imperfect
correlation between the stock dividend and the nontraded income, and between
the stock price and the collar price.) The reduction in basis risk increases investor
1's hedging intensity. Comparing Figures 1 and 3A shows that the absolute value
of h?y is much larger under market structure Il than under market structure I.

Figure 4 shows how the stock risk premium and price volatility change with
oy andw. Qualitatively, their behavior is similar to that under market structure |.
For brevity, we have omitted the premium and price volatility of the collar, which
varies withoy andw in a fashion similar to that of the stock.

5.3. Comparing Market Structures | and 1l

To see more clearly the impact of collar trading on the equilibrium, we plot in
Figure 5 the differences in stock risk premium and price volatility between market
structures | and Il. From the above discussion, opening collar trading allows an
investor to better hedge his nontraded risk, and reduces the individual risk he bears.
As a result, the stock price becomes less sensitive to the changes in individual
exposure to nontraded risk. Figure 5A shows that the risk premium on the stock, as
measured byAj|, decreases as the derivatives market opens, and Figure 5B shows
that the stock price volatility also decreases.

The impact of collar trading on stock premium and price volatility depends
on the heterogeneity among the two classes of investors. It is negligible when
approaches 1 or 0, but becomes significant whéin the middle range of [QL].

Forw = 1 or 0, the economy is populated only by class-1 or class-2 investors,
respectively. There is no heterogeneity among investors, the market is effectively
complete, and the introduction of collar has no impact on the equilibrium. When
w is in the middle range of [0, 1], the heterogeneity among investors becomes
significant, and so is the impact of opening collar trading. For a given valugloé
heterogeneity increases with. Thus, the impact of trading on stock premium and
price volatility is increasing witla . For the parameter values shown in Figure 5,
opening collar trading always reduces the stock premium and price volatility.
However, for large values afy, we have found cases in which collar trading can
increase the stock risk premium.

6. CASE OF ASYMMETRIC INFORMATION

In Section 5, we discussed the impact of changing market structure on equilibrium
risk allocation and security prices when investors trade only for allocational rea-
sons. In the presence of asymmetric information, changing market structure not
only changes risk allocations, but also changes the information revealed through
the security prices. Comparing the equilibrium under asymmetric information with
that under symmetric information, we can see the interaction between the infor-
mational and allocational functions of the market. We maintain the assumption
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Ficure 4. Stock risk premium and price volatility under symmetric information and market
structure Il [parameters have the following valugs= 0.1, y =20,r =0.06,ac = —0.2,
ay=-0.2,a;,=-0.5,0p =0.7,06=0.6,0, =0.5,0ny =0.22,kpny = 0.5, ,31 =(0,1, l)/,
andg, = (0, 0, 0)'].

that only investor 1 is informed and exposed to nontraded income. Without loss of
generality, assume investor 2's private sigbalcontains no useful information.
Therefore, he learns his information only from the cash flows and market prices of
the traded securities. Formall§, = }‘t{P’C’ C F1t = Ft. The actual information
content of 7> ; now crucially depends on the market structure.
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Ficure 5.Change of stock risk premium and price volatility from market structure I to Il un-
der symmetric information [parameters have the following valpes0.1,y = 20,r =0.06,
ag=-02,ay=-0.2,a;,=-0.5, 0p=0.7, 06 =0.6, 0, =05, oy =0.22, kpy =0.5,
B1=(0,1,1),andB, = (0,0, 0)].

6.1. Equilibrium Under Market Structure |

The equilibrium of the economy under market structure | again can be stated as
a special case of the general results in Theorem 1. As noted in Section 3, the
state vector in general includes investor 2's estimaiewf the unobserved state
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variablesX; = stacKG, Y;, Z;}. The stock price reveals a linear combination
of these variablesA§ — A3)X;. Thus,(A§ — A3)Xi = (A§ — A3) X, or (A —
13)A¢=0. Only two degrees of uncertainty remain in investor 2’'s estimation
error. In particularAz = Z. — Z; can be expressed as a linear combination of
Ag = Gi—GiandAy =Y, —Y;. Incorporating this observation into our description
of the equilibrium, we have the following corollary.

COROLLARY 3. Under market structure, lwhen Fy =7, For = F ),
B1=(0,1,1Y,8,=(0,0,0), andw is close tol, the economy has a linear sta-
tionary equilibrium in which investor i’s policies and the stock price are

1 -~
S =Gy +1%Xyy,
r —ag) ’

65 =hiXis,  Cu=rWi— (1/20)Xi v Xie — @/y) Inr,

where X% =stack1, Y, Z;, Ag, Ay}, Xor =stacKl, Yy, Zi); AS= (A5, A5, A8,
A3y A5y), hi=(h1o, hiv, hiz, hiag, hiav), ha = (hao, oy, h27), v1, and
vp are determined by10b), (14), (15)and(16).

An important characteristic of the equilibrium is the information asymmetry
between the two investors, measured by the conditional standard deviation of in-
vestor 2's estimation of the unobserved state variablesotet = {E[(G; —

Gt)? | F21]}Y? denote the information asymmetry concerning future stock pay-
offs, andoyy = {E[(Y; — Y0? | Fo ]} andozz = (E[(Z; — Z1)? | Fad}V/?
denote the information asymmetry concerning investor 1's hedging need.

Figure 6 plotsogg andoyy againstoy and w. The plot forozz is omitted
here because its behavior is similar to thabef. Increasingy, the population
weight of class-1 (informed) investors, has two offsetting effects on the information
asymmetry between the two classes of investors. On one hand, as more informed
traders take speculative positions, more information is incorporated into the prices.
On the other hand, there is also more hedging trade in the market because only
class-1 investors are endowed with nontraded income. The increase in hedging
trade introduces additional movements in the stock price that are unrelated to its
payoffs, making prices less informative about class-1 investors’ private information
on future stock payoffs. The net chang®i asw increases depends on which of
these two effects dominates. In the case shown in FiguregAincreases with
. The change obyy can be analyzed similarly.

Increasingy, the volatility of investor 1's exposure to nontraded income always
increase®g . Higheroy gives rise to more volatile hedging trade from investor
1, and thus reduces the amount of information revealed through stock trading on
future stock payoffs. The impact of increasimngon oy is, however, ambiguous.

On the one hand, the highey increases the unconditional uncertainty abgut

On the other hand, the price of the stock, now more driven by investor 1's hedging
trade, also becomes more informative abgutThe trade-off between these two
effects determines the net changeyy whenoy increases. For the current set of
parameters, the first effect dominates ang increases witlay .
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Ficure 6. Conditional standard deviation &; andY; for investor 2 under market structure
| and asymmetric information (parameters have the following valpes0.1, y =20,

r =0.06, ag = -0.2, ay = -0.2, az = —-0.5, Op = 0.7, oG = 0.6, oz = 0.5, oN = 0.22,
kpn =0.5,8.=(0, 1, 1), andB, = (0, 0, 0)'].

Figure 7 illustrates how the stock risk premium and price volatility change with
oy andw. Comparing it with Figure 2, we note that the behavior of the equilibrium
price under asymmetric information resembles that under symmetric information
for largew, but differs significantly whewm is small. In particular, for small values
of w, the risk premiumA5| and price volatilityos both increase withry under
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Ficure 7. Stock risk premium and price volatility under market structure | and asymmetric
information [parameters have the following valugs=0.1, y =20,r =0.06,ac = —0.2,
ay=-0.2,a;,=-0.5,0p =0.7,06 =0.6,07, =0.5,0ny =0.22,kpny = 0.5, /31 = (0, 1, 1)/,
andg, = (0, 0, 0)'].

symmetric information (see Figure 2). But under asymmetric information, the risk
premium increases witty and price volatility decreases (see Figure 7).
Increasingry has two effects on the stock price under asymmetric information.
First, similar to the case of symmetric information, it tends to increase the stock
risk premium and price volatility because of the increase in allocational trade. The
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effect is stronger the larger thatis, because more class-1 investors are trading
the stock to hedge their nontraded risk. Second, increasimgduces the amount

of information that investor 2 can extract from the security prices about future
stock payoffs, as reflected by the increasedia shown in Figure 6. Hence, in-
vestor 2 demands a higher premium on the stock to compensate for the increase
in his perceived uncertainty. Also, less information tends to reduce the variability
of investor 2’'s expectation d&; and thus reduces the price volatility. Thus, in-
creasingoy tends to increase the risk premium and decrease the price volatility.
This information effect is stronger whenis small and the information asymme-

try between the two classes of investors is large. The net impact of incregsing
depends on the combination of the allocational and informational effects. ¥hen

is large, the allocational effect dominates and the equilibrium stock price behaves
similar to that under symmetric information. For small values ghe information
effect dominates, the stock risk premium increases wyittand its price volatility
decreases withy.

6.2. Equilibrium Under Market Structure 11

As the collar is introduced, the prices of the stock and the collar provide two
endogenous signals aba¥t = (Gy, Y;, Z¢)', in particular,(A3 — A3)A¢ =0 and

(K —a)A;=0. Thus, only one degree of uncertainty remains in investor 2's
estimation, and\y, Az can be expressed as linear functiong\gf. We have the
following corollary.

COROLLARY 4. Under market structure Il, whetFy ; = 7, Fop = F <,
B1=(0,11), 8.=(0,0,0), andw is close tol, the economy has a lineagsta-
tionary equilibrium in which

1 ~ o 1 .y~
§ = — Gy + 25Xy, Hi= ——Gt + 21 Xy,
(r—ag) (r —ag)
by = i Xy, Gt =W — (1/2p)Xi ¢'vi iy — (1/y) Inr,

where i=1,2, X1 =stacL, Y, Zi, Ag}, Xo=stackl, Y, Zi}; A5= (1,23,
23, A36) At =@ A8, a8 a0, hi=(hyo, hey, hyz, hiac), ho = (hoo, Moy,
h, 2), v1, andv, are determined byl10b), (14), (15)and(16).

Again, we first examine the information asymmetry between the two investors.
Figure 8 plotos g andoy y for different values oéy andw. The intuition obtained
under market structure | applies here as well. Now that investor 2 receives signals
both from the stock price and from the collar price, in addition to the two effects in
the Section 6.1, increasing has a third effect on information asymmetry. That
is, asoy changes, the difference between the two signals can also change, making
the combination of the two signals more or less informative. For example, each
price itself can become less informative ab@ytasoy increases. However, the
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Ficure 8. Conditional standard deviation &; andY; for investor 2 under market structure
Il and asymmetric information [parameters have the following valpes:0.1, y =20,
r=0.06, ag =-0.2, ay=-0.2, a=-0.5, 0p =0.7, 06 =0.6, 07 =0.5, oy =0.22,
kpn = 0.5, B1= 0,1, andﬁz =(0, 0, 0)/]

two signals can become less correlated, and jointly become more informative. As
a result,og g can either increase or decrease with

Figure 9 plots the risk premium and price volatility of the stock for different
values ofoy andw. They behave in a similar way to that under market structure I.



194 JENNIFER HUANG AND JIANG WANG

A6 (11)]

. 0.2
sigma_y omega

A)

2316

e e 25
2314 S il
A e,
i
%

ity

= 2312

[}
> 231

al

'S 2.308
2306

stock price

2304

sigma_y . omega

B)

Ficure 9. Stock risk premium and price volatility under market structure Il and asymmetric
information [parameters have the following valugs= 0.1, y =20,r =0.06,as = —0.2,
ay=-0.2,a,=-0.5,0p =0.7,06 =0.6,0, =0.5,0ny =0.22,kpny = 0.5, ,31 = (O, 1, 1)/,
andg, = (0, 0, 0)'].

6.3. Comparison Between Market Structures | and 1l

We now compare the equilibrium under market structures | and Il and examine the
impact of derivative trading on the informational efficiency of the securities mar-
ket. Under the assumption that the allocational trade (or noise trade) is exogenously
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specified and unchanged as new securities are introduced, Grossman (1977) argues
that adding securities to the market should improve its informational efficiency be-
cause more private information is revealed through a larger set of prices. In general,
however, the allocational trade cannot be exogenously specified, especially when
we consider changing the market structure. As we have shown under symmetric
information, investors change their allocational trade significantly when the collar
isintroduced. Anincrease in allocational trade can introduce additional stock price
movements that are unrelated to future payoffs, making the price less informative.
In the case that the loss of information from the stock price exceeds the gain of
information from the collar price, the information asymmetry in the market can
increase when the collar is introduced. Thus, opening derivative trading can reduce
the informational efficiency of the market.

To verify this intuition, we plot in Figure 10 the changesogfs andoyy when
market structure changes from | to Il. At=1, the economy is populated only
by class-1 investors. We can view this economy as if the allocational trade were
exogenously specified, because, being the only type of investors in the economy,
investor 1 is forced to hold his endowment under both market structures. The
intuition in Grossman (1977) applies in this case and the information asymmetry,
as measured bysg, decreases after opening the collar market.

At w < 1, with investor 2 making the market, investor 1 endogenously de-
termines his allocational trade based on the market structure. The smaller the
the more significantly investor 1 changes his allocational trade after collar trad-
ing opens. For most values 6f andw under consideratiomg g decreases from
market structure | to Il, indicating that the information asymmetry between the
investors decreases after introducing the collar because the collar price provides
new information to the uninformed investors. However, for certain values of
andoy, especially whew is small, the introduction of collar trading can increase
the information asymmetry between the two classes of investors on future stock
payoffs, as reflected by the increas®it. This is the case when the information
loss from the stock price exceeds the information gain from the collar price.

In generaloyy decreases from market structure | to Il. This is not surprising
because the addition of collar allows investor 1 to more actively hedge his non-
traded risk. The increase in his hedging activity reveals more information about
his hedging need through the stock and collar prices.

We now examine the difference in equilibrium stock price between market
structures | and Il. Figure 11 illustrates the changes of stock risk premium and
price volatility when the market structure changes from | to lleA£ 1, changing
market structure does not change the equilibrium allocation and security prices
because the market is effectively complete. ot 1, opening the collar market
has two effects on the equilibrium security prices. On the one hand, similar to the
case of symmetric information, it allows an investor to better hedge his nontraded
risk and thus reduces the stock risk premium and price volatility. This allocational
effect is negligible as approaches 1 or 0, because introducing derivative security
has little impact on the equilibrium prices when the economy is dominated by one
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Ficure 10. Change in information asymmetry, as measured by the conditional standard
deviation of G; andY; for investor 2 from market structure | to Il [parameters have the
following values:p =0.1, y =20,r =0.06,ac =—-0.2,ay =-0.2,a; =—0.5,0p =0.7,
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class of investors (see Figure 5). On the other hand, opening the collar market
changes the amount of information about future stock payoffs that uninformed
investor 2 extracts from prices. As discussed under market structure@dgif
increases, the information effect tends to increase the stock risk premium and
decrease the price volatility. tisg decreases, the opposite applies.
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Ficure 11.Change in stock risk premium and price volatility from market structure 1 to Il
under asymmetric information [parameters have the following valpes0.1, y = 20,
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The net impact of opening collar trading depends on the trade-off between the
allocational and informational effects. For smallthe informational effect domi-
nates. If the information asymmetry concerning the future stock payoffs increases
(i.e.,0cG increases), stock risk premium can increase after introducing the collar.
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Forw around 0.1 andy around 03, ogg increases after opening the collar mar-

ket (see Figure 10A) and the risk premiyhg| increases (see Figure 11A). Note
that for the same set of parameter values, the stock risk premium decreases un-
der symmetric information (see Figure 5A). On the other hand, if opening collar
trading decreases the informational asymmetryggg decreases), stock price
volatility tends to increase, because investor 2’'s expectation @bobecomes

more volatile. Figures 10A and 11B show that feraround 0.2 andy > 0.4,

Ocg decreases after introducing the collar (see Figure 10A) and the stock price
volatility oS increases. This is in contrast to the case of symmetric information in
which os decreases after introducing the collar (see Figure 5B).

7. CONCLUDING REMARKS

We analyze the impact of derivative trading on the allocational and informational
efficiencies of the securities market, using a specific model within the fully rational
expectations framework. We show that the introduction of derivative securities not
only provides additional sources of information to the less informed investors
through the derivative prices, but also changes the information content of the
existing security prices by changing the allocational trade. The net impact of
introducing derivatives on the informational efficiency of the securities market
depends on the interaction between these two effects. In particular, the market may
become less efficient informationally when derivative securities are introduced.
We also show that introducing derivatives can increase the stock risk premium and
price volatility under asymmetric information.

Although the intuitions obtained from our model are general, the model itself
contains several restrictive assumptions. In what follows, we provide some further
comments on these assumptions.

The model assumes that the risk-free security yields constant returns, indepen-
dent of market demands. This assumption is needed to solve the model. We can
justify this assumption by viewing the economy under consideration as a small
economy that has access to an outside bond market. We can also modify the model
to avoid this assumption. For example, we can define the model on a finite time
horizon and assume that the security payoffs, endowments, and consumptions
occur only on the terminal date. We then can use the risk-free security as the nu-
meraire, whose return is zero by definitinSolving such a model is similar to
solving the current model. The drawback of a finite-horizon model is that it is no
longer stationary; solving the equilibrium is possible but tedious. We do not expect
the results to be very different from those obtained in the current setting.

The model also assumes that investors have constant absolute risk aversion,
which has the unattractive feature that it allows negative consumption and exhibits
no income effect on the individual demand for risky securities. However, under this
preference, an investor’s holding of risky securities is independent of his wealth,
as are the equilibrium prices. The solution for an equilibrium then is simplified
greatly.
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Another feature of the model is that both stock dividend and nontraded in-
come have Brownian-motion components. This has two implications. First, the
instantaneous dividend and nontraded income have significant probability of be-
ing negative, regardless of the parameter values. Second, the cumulative income
process (including both dividends and nontraded income) has infinite variation,
whereas the cumulative consumption process is (required to be) absolutely con-
tinuous. This difference in the nature of income process and consumption process
makes it infeasible for an investor to buy and hold (in which case, consump-
tion would equal income). Although unattractive, these implications are merely
byproducts of the continuous-time specification. The fact that they do not arise in
a discrete-time counterpart of the model implies that economically they are not
important2

The choice of collar contract as the derivative security is fairly arbitrary and
mainly for convenience. More generally, we have given no justification for why
the securities market is incomplete in our model. Although it is beyond the scope
of this paper to provide an explicit justification, the reasons are quite obvious.
Because an investor’s nontraded income is private information, certain contracts,
such as those with payoffs contingent on the realization of the nontraded income,
are informationally infeasibl&? In the absence of these contracts, the market is
incomplete. Modeling the actual process of introducing derivative securities is also
beyond the scope of this paper. We provide no rationale as to why a certain contract
(e.g.,thecollar)isintroduced and why no additional contracts are introduced. There
is, however, a growing literature addressing these issues [see, e.g., Allen and Gale
(1994) and Duffie and Rahi (1995)].

NOTES

1. For example, He and Pearson (1991) and Karatzas et al. (1991) examine the existence and char-
acterization of optimal consumption and investment policies (with finite horizon) under an incomplete
market. Merton (1971), Duffie et al. (1993), He and &a{l993), Svensson and Werner (1993), Koo
(19944, b), Cuoco (1995), among others, consider the problem when investors also have nontraded
income.

2. For equilibrium pricing models with nontraded income, see, e.g., Scheinkman and Weiss (1986),
Marcet and Singleton (1990), Telmer (1993), Lucas (1994), Detemple (1995), and Heaton and Lucas
(1996).

3. Wang (1993) and Detemple (1994) solve multiperiod pricing models under asymmetric infor-
mation with specific assumptions about preferences and shock distributions. Judd and Bernardo (1994)
consider numerical solutions to equilibrium models under asymmetric information.

4. Given that investors are identical within each class, they can be aggregated into a single repre-
sentative investor.

5. The collar contract defined here represents a series of bets on future stock prices. For positive
stock priceq S > 0), the long side of the contract receives payments at$at@hereas for negative
stock prices, the short side receives payments atr&eNote that payments here are in the form of
continuous flows instead of discrete lumps.

6. Here, the following notations: di¢eg, e, ..., &}, (e1, €2, ..., &), and stacke;, e, ..., &}
denote, respectively, the diagonal matrix, row matrix, and column matrix for a set of elements (of
proper orderks, e, .. ., &; (-)’ denotes the transpose of a matrix and téaagenotes its trace.
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7. We have assumed that both investors are exposed to the same set of nontraded risks in the
economy. Solving the model with additional independent shocks is straightforward, and the qualitative
nature of our results does not change.

8. Here, the integrability on [@0) is defined to be integrable over,[D] VT > 0.

9. For the infinite horizon control problem to have well-posed solutions, appropriate boundary
conditions are needed. Imposing the above transversality condition is equivalent to the following
procedure: First, solve the control problem with finite horizon and a bequest function of the terminal
wealth in the same form of the utility function, and then let the terminal data go to infinity.

10. ForX; = (1, Gt, Y4, Zy), its variable elements ai@y, Y;, Zt. Let Xj,i = 1,...,n, be the
variable elements aX, then

apP apP 92p
dxP =stack ——,...,— r and 9P =< ——— °.
X {axl axn} X {axiaxj }

11. When there is only terminal consumption, the interest rate in the usual sense is not well defined
here. Making this assumption allows us to avoid dealing with the interest rate instead of endogenizing
it. See Grossman and Zhou (1996) for an example.

12. A discrete-time counterpart of our model has been used by Hong (1996). The nature of the
equilibrium in the discrete-time setting is very similar to that in the continuous-time setting.

13. In our setting, investors within the same class are assumed to have the same nontraded income.
Thus, information on nontraded income is shared among investors within the same class, but not across
classes. We can easily introduce an idiosyncratic component in each investor’'s nontraded income to
make it unobservable to other investors.
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APPENDIX

A.1. PROOF OF LEMMA 2

Given the return processes specified in (11) and (12), it is easy to verifyj that (13b)
solves the Bellman equation and satisfies the specified transversality conditiorvwhen
solves (15). In this casé; ; gives investoi’s value function. It then follows that; ; and

6i 1 in (13a) are investoir's optimal policies. The investors’ optimization problem is now
reduced to solving the algebraic matrix equation in (15). For any two square matrares

n, we denoten > n (m larger tham) if m— n is positive semidefinite. The strict inequality
applies whemn — n is positive definite. Define three matrices, m;, andmg by

Mg = by x [t — by (boby) g b «.
my = bi xblyo55(@q — FYboby ) + [(r/2)e — & x], (A1)
Mo = (ai.q — F'yboby B) ogg(a.q — rvbobyB) — ryon)?BiB.
Note that bothm, andm, are symmetric. Equation (15) then can be expressed as
Mo + Mjv + vmy — vmpv = 0. (A.2)

Equation (A.2) is called the algebraic Riccati equation (ARE). The ARE in general has
multiple solutions. We need the smallest solutiomféo maximize the value function. The
following lemma on ARE is useful.

LEMMA A.1. [Willems and Callier (1991)]Jf m, and my are positive definite(A.2)
has a unique largestsmallest solution that is symmetric and positigeegative definite.

Let v = stacK (voo, o), (Vp, ¥)}, wherev'is the submatrix ob that corresponds to the
variable part ofX; (voo corresponds to the constant part agdhe cross part). Also, lehy,
My, M, denote the submatricesof, m;, andm, that correspond te. Equation (A.2) then
gives the following equation far:~

Mo + M T + By — Bind = 0, (A.3)

which is also an ARE. We only need to solve fgrbecause givem, solving vp andvg

is straightforward. Thus, we neét, and g to be positive definite for the existence of
a solution to the optimization problem. Given that b/Q(be’Q)‘le for any bg, My is
positive definite. The existence of a solutioméw only requiresthy to be positive. The
following lemma is immediate.

LEMMA A.2. Inthe absence of nontraded incontige investor’s control problem given
by (15) has a unique solution.

Proof. Given tpe linear price l‘unctiomno = a/Qa(gé,aQ in the absence of nontraded in-
come. Hereag =A"(ag — rv) + AC. Because botlfraé and —(ag — r¢) are symmetric
positive definite,a’QaggaQ is also symmetric and positive definite. Thag, is positive
definite, and so ighy. By Lemma A.1, there exists a solution to the optimization problem
of the conjectured form. |
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In the presence of nontraded income, to ensure the existence of a solution, we need
additional conditions to guaranté® positive definite.

A.2. PROOF OF THEOREM 1

We now prove Theorem 1 by proving the existence of a solution to the system (10b), (15), and
(16). The proof follows three steps. First, for a fixed paramebes 1), a unique solution

to the system is shown to exist. Then we show that at the solution, the determinant of the
Jacobian matrix igienericallynondegenerate (to be defined). Finally, using the Implicit
Function Theorem, we conclude that the system has a solution in a neighborhood of the
initial parameter (i.ep = 1). We start by providing some auxiliary definitions and results.

DEFINITION A.1. Let D be an open set im". A function £D — R™ is called
generically nondegenerate if the n-dimensional Lebesgue measure of its Zerofget) =
0} is zero.

LEMMA A.3. (Implicit Function Theorem)LetD be an open set ifk™" containing
the point(xo, Yo) where ¥ € R™ and y € R". Suppose that FD — R™ is continuous
with continuous first partial derivatives P, and

F(X, ¥) =0 and defV«F (X0, Yo)] # 0. (A9)

Then positive numbees ande, can be chosen so that

1. The direct product of the closed bal, (Xo, €x) and By (Yo, €y) with centers at ¥, yo
and radiie, andey, respectivelyis in D;

2. & and ¢, are such that for each g Bh(Yo, €y) there is a unique % Bn(Xo, €x)
satisfying Fx, y) = 0. If f is the function from B(Yo, €y) t0 Bn(Xo, €x) defined by
these ordered pairgx, y), then H f (y), y] = O; furthermore f and all its partial
derivatives are continuous on, By, €y).

A proof of Lemma A3 can be found in Protter and Morrey (1991).

LEMMA A4. Let f:D — R be areal analytical function, whe® = D; ® - - - ® D,
is an open subset Of". Let V' = {x € D: f(x) =0} be its zero set. Then eithdf = D or
un(N) = Owherep, is the n-dimensional Lebesgue measure.

Proof. We will prove by induction. First\/ is closed and therefore measurable. For
n = 1, NV is either finite, or has an accumulation point. In the latter case, the funttisn
identically zero orD [see Ahlfors (1979)]. Noting that any finite set has zero Lebesgue mea-
sure concludes this part of the proof. Let us assume that the conclusion of the lemma holds for
certaink > 1 and prove it fon = k+ 1. Denotingf as a function of two variabled,(t, x),
onD1®D_; ,whereD_; = D, ® - - - ® Dy,1. We see thaf is a real analytical function
in botht andx separately as well. Consider the Set {t € D;:Vx € D,, f(t,x) =0}.
Fort ¢ S, we havefu1 f (t, x)dx = 0 by the inductive assumption. If sétis finite,
it is of zero Lebesgue measure ™. Thus,u,(N) = fDl fD_l 1t ex—odx dt = 0 by
Fubini’s theorem [see, e.g., Doob (1991)]. If, on the other h&rd not finite, then it has an
accumulation point. From the result of= 1, we see that for any fixed € D_,, f(t, x)
is identically zero inD,, and therefore identically zero dd = D; ® D_;. This concludes
the proof. |

We are now ready to show the existence of equilibriur at 1.
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LEMMA A5. Atw = 1, if the parameters satisfy assumptiff), then there exists a
solution to the systetfi0b), (15),and (16) under both market structures | and II.

Proof. At w =1, class-2 investors have population-weight zero, hence have no impact
on the equilibrium prices. We derive the equilibrium in this case in two steps: first, to find
a price process at which class-1 investors’ demand for traded securities equals the supply,
and then to show that class-2 investors’ expectations and optimal policies have the proposed
solution under the given price process. The first step is completed in Appendix A.3 and we
only focus on the second step here. In particular, we show the existence of a solution to
(10b) and (15), taking the price process (9) as givenol-etada’, whered is a full-ranked
submatrix ofo. Simple algebra shows that equation (10b) reduces to an ARE as defined in
(A.2) with

m, = o'ay’ (beb)) tade,
m, = {a’ [a;f/(bq’b&)il(bxbéb)/ + a;<] } ’(3—m)><(3—m)’

mo = { b [b}, (bobly) b | by +byxbic} [, o
where|z_mx@-m means taking the fir§8 — m) x (3 — m) submatrix. Obviouslym, =
(a’A)m(a’A) wherem = agagql,ax is symmetric and positive definite ang is also positive
definite; by Lemma A.1, (10b) has a unique positive definite solution. Furthermore, because
investor 2 has no nontraded income, Lemma A.2 implies that (15) has a solutiop for
This completes our proof. |

Now we show the existence of a solution to the system (10b), (15), and (k6 fose to
1. To conform to the notation in Lemma A.3, we reformulate the systeR(asp, q) = 0,
whereF = (Fy, F,, Fs, F4) with F;, F, corresponding to (15); corresponding to (16),
and F,4 to (10b). Let [] denote the column vector of all nonidentical entries of a matrix.
Definex = [[v4], [v2], AP, [0]], where [v1], [v,] are the coefficients in investors’ value
functions, A" is the coefficient of the price processes, anid the uninformed investor’s
conditional variance of the unobserved state variablesplLetw, the population weight
of class-1 investors, anl=[r, y, p, &g, ay, &z, op, 0G, Oy, 0z, oN, [k]] ([«]is the vector
of covariance coefficients among all shocks) be the vector of all fixed parameters in the
system. From Lemma A.5, the system has a solutiom atl. In other words, for any
fixed set of parameters, Ixo = Xo(q), such thatF (xo; po, q) = O for pp = 1. As the
second step, we show that the Jacobian matrix is nondegenefate pd) for any set of
parameterg). Given the high dimensionality af, the calculation would be messy and
tedious. Instead, we show that the segj@it which the Jacobian is degenerate has measure
zero. Letf (q) = det[ViF(xo; po, 0)], then f(q) is a real analytical function. It is easy
to find aqgp such thatf (q,) # O; therefore, the Jacobian is generically nondegenerate at
(X0, Po) by Lemma A.4. Applying the Implicit Function Theorem, we conclude that there
exists a solution to system (10b), (15), and (16)dalose to 1. This completes the proof
of Theorem 1.

A.3. PROOF OF THEOREM 2

Whenw = 1, the economy is populated only with class-1 investors and is thus equivalent to
the economy with one representative agent who has total expgsuig to nontraded risk.

We conjecture a linear equilibrium with price procés= A" X;. The representative agent
solves his control problem as defined in (15) with market clearing conditi@ﬂTf. Define
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v =stacK(vyy, vyz), (vyz, vzz)}. We can rewrite (15) in the form of (A.2) with coefficients
m, = diag{oy, 07}, = diag{(r /2)—ay, (r /2)—az}, Mo =ryon(1, 1). Letdy = —r?y 203,
dl =(r — Zay)2/4+ doUYZ, d2 =(r — 2&2)2/4—|— doo‘g, andd4= (dldz — O.YZO.gdg)l/Z_ The

condition (7) ensures thaid, — o202d3 > 0. We can solve n closed form:

L d; +d, £+ 2d,

Vyz = ,
e [(dy — dbp)/do]? + 40202
1

Vyy = 55 [(r — 2ay) + dov\?% + (dy — dz)/dg_lvvz],
20y
1
Vzz = 55 [(r — 2az) + dovy s — (di — dz)dg,_lvvz]
205

voy =voz =0 and voo=ryirs+ (1/r)(U$UYY+0§Uzz) +@2/r)r —p—rinr).

Note that we have four different roots forcorresponding to the four choices wfz. We
denotev™ as the one corresponding to

diy +dy — 2d,s
v = .
e [(di — dp)/do]? + 4002

It is easy to check that the difference matrix betweenahd any other root is negative
definite. Thusp™ solves the value functiod, = —e *t="YW+1/2X»Xt ' Haying solved
v, we can easily solva” from the market clearing condition and= diag{vgo, 7}. The
equilibrium stock price is

§ =[1/r — ae)]G + 25X,
whereis = (A5, AS, A3) and X, = stacK1, Y;, Z;}

s —Tyopn [UYZU§+(V —az —O'gvzz)}
=

s
(r — agz —O’%Uzz) (r — ay —O‘évyy) — v\z,za\foz

s —I'yopbn [UYZU\? + (I' —ay — U\?UYY):I

= 2 2 2 2 .2’
(r —az — UZUZZ) (r —ay — O'Yvyy> — Uy z0y07

z=

1
)\.g = -y |:O‘|% + mo’é +)\.$O‘$ +)\.%O‘§:| .

The optimal consumption policy is
o =W, — (1/2y) XX, — (1/y)Inr.
Using optimal consumption policy, we can solve the price for any traded security by

U'(Cryart +dt)

rPudt= E‘{ u'(e, t)

dG +dPt)}

whereu’ denotes investor's marginal utility, aftt = fot f(X¢, t)dt + be dws is the
cumulative payoff for the security. Using Ito’s Lemma, we can get the differential equation
(18) for any price process;}.



