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Abstract

We consider stochastic shortest path problems with infinite state and control spaces, a nonnegative cost per stage,
and a termination state. We extend the notion of a proper policy, a policy that terminates within a finite expected
number of steps, from the context of finite state space to the context of infinite state space. We consider the optimal
cost function J*, and the optimal cost function J over just the proper policies. We show that J* and J are the smallest
and largest solutions of Bellman’s equation, respectively, within a suitable class of Lyapounov-like functions. If the
cost per stage is bounded, these functions are those that are bounded over the effective domain of J. The standard

value iteration algorithm may be attracted to either J* or J, depending on the initial condition.

I. INTRODUCTION

In this paper we consider a stochastic discrete-time infinite horizon optimal control problem involving the system
Th+1 :f(xk,uk,wk), k:(),l,..., (1)

where xj, and uy, are the state and control at stage k, which belong to sets X and U, wy, is a random disturbance
that takes values in a countable set W with given probability distribution P(wy, | 2k, ur), and f : X x U x W — X
is a given function. The state and control spaces X and U are arbitrary, but we assume that W is countable to
bypass the complicated mathematical measurability issues in the choice of controlH The control u; must be chosen
from a constraint set U(xy) C U that may depend on the current state zj. The expected cost for the kth stage,

E{g(2k, uk, wi)}, is assumed real-valued and nonnnegative:
0 < E{g(@p,up,wi)} < oo, VYaweX, uel(x). )
We assume that X contains a special cost-free and absorbing state ¢, referred to as the destination:
ft,u,w) =t, g(t,u,w) =0, VueU(t), weW. 3)

The essence of the problem is to reach or approach the destination with minimum expected cost.
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I'The nature of these difficulties is well-documented; see the monograph by Bertsekas and Shreve [1], and the paper by James and Collins [2],
which treats stochastic shortest path problems. It may be reasonably conjectured that our analysis can be extended to hold within an appropriate

measurability framework, but this undertaking is beyond the scope of the present paper.
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We are interested in policies of the form = = {uo, pi1, ...}, where each py, is a function mapping x € X into
the control py(z) € U(x). The set of all policies is denoted by II. Policies of the form = = {u, u, ...} are called
stationary, and will be denoted by p, when confusion cannot arise.

Given an initial state z, a policy m = {10, t11, . . .} when applied to the system (1), generates a random sequence

of state-control pairs (z, i (xx)), k= 0,1,..., with cost

Jw(ivo)ZZE;TO{Q(%,M(%%M/@)}, zo € X,
k=0

where E7 {-} denotes expectation with respect to the probability measure corresponding to initial state zo and
policy 7, and the series converges in view of the nonnegativity of cost per stage g. We view J as a function over
X, and we refer to it as the cost function of 7. For a stationary policy u, the corresponding cost function is denoted

by J,. The optimal cost function is defined as

J*(x) = 71r€1£IJ,r(gc), reX,

and a policy 7* is said to be optimal if J«(z) = J*(x) for all x € X. We refer to the problem of finding J* and
an optimal policy as the stochastic shortest path problem (SSP problem for short). We denote by 8+(X ) the set of
functions J : X — [0, 00]. All equations, inequalities, limit and minimization operations involving functions from

this set are meant to be pointwise. In our analysis, we will use the set of functions
J={Je&r(X)|J(t)=0}.

Since t is cost-free and absorbing, this set contains the cost functions J of all m € II, as well as J*.

It is well known that when g > 0, J* satisfies the Bellman equation given by

Ja)= int B{gluww) +I(f@uw)},  weX, @

where the expected value is with respect to the distribution P(w | 2, u). Moreover, an optimal stationary policy (if
it exists) may be obtained through the minimization in the right side of this equation when J = J* [cf. Prop. 1(d)
in the next section]. One hopes to obtain J* in the limit by means of value iteration (VI for short), which starting

from some function Jy € J, generates a sequence {J;} C J according to

Jk+1(x):uelI[}fm)E{g(x,u,w)—|—Jk(f(x,u,w))}, z e X. (5)

However, { J; } may not always converge to J* because, among other reasons, Bellman’s equation may have multiple
solutions within J.

In a recent paper [3] we have addressed the connections between stability and the solutions of Bellman’s equation
in the context of undiscounted discrete-time deterministic optimal control with a termination state. In this paper we
address similar issues in the context of SSP problems but we focus attention on proper policies, which are the ones
that are guaranteed to reach the termination state within a finite expected number of steps, starting from the states
where the optimal cost is finite (a precise definition is given in the next section). Proper policies may be viewed
as the analog of stable policies in a deterministic context, and their significance is well known in finite-state SSP

problems (see e.g., the books [4], [5], [6], [7], [8], [9], [10], and [11], and the references quoted there). For the



case where g > 0, the paper by Bertsekas and Tsitsiklis [12] provides an analysis that bears similarity with the one
of the present paper, but assumes a finite state space and that there exists an optimal policy that is proper. In the
infinite-state context of this paper and under weaker assumptions, we show that J, the optimal cost function over
just the proper policies, is the largest solution of Bellman’s equation within a set of functions W C g that majorize
J, and that the VI algorithm converges to J starting from a function in W. Our line of analysis draws its origin
from concepts of regularity introduced by the author in the monograph [13] and the paper [14].

To compare our analysis with the existing literature, we note that proper policies for infinite-state SSP problems
have been considered earlier, notably in the works of Pliska [15], and James and Collins [2], where they are called
transient. There are a few differences between the frameworks of [15], [2] and this paper, which impact on the
results obtained. In particular, the paper [15] uses a similar (but not identical) definition of properness to the one
of the present paper, but assumes that all policies are proper, that g is bounded, and that J* is real-valued. The
paper [2] uses the properness definition of [15], and extends the analysis of [11] from finite state space to infinite
state space (addressing also measurability issues). Moreover, [2] allows the cost per stage g to take both positive
and negative values. However, [2] uses assumptions that guarantee that improper policies cannot be optimal and
that J* = J, while J* is real-valued. This is the most important difference from the analysis of this paper.

Our analysis is also related to the one of Bertsekas and Yu [16], where the case J* # J was analyzed using
perturbation ideas that are similar to the ones of Section 3. The paper [16] assumes that the state space is finite
and that J* is real-valued, but allows g to take negative values. Moreover [16] gives an example showing that J*
may not be a solution of Bellman’s equation if improper policies can be optimal, and g can take both positive and
negative values. The extension of our results to SSP problems where g takes both positive and negative values may
be possible, but our line of analysis relies strongly on the nonnegativity of g and cannot be extended without major

modifications.

II. PROPER POLICIES AND THE PERTURBED PROBLEM

In this section, we will lay the groundwork for our analysis and introduce the notion of a proper policy. To this
end, we will use some classical results for stochastic optimal control with nonnegative cost per stage, which stem
from the original work of Strauch [17]. For textbook accounts we refer to [1], [8], [11], and for a more abstract

development, we refer to the monograph [13]. The following proposition gives the results that we will need.

Proposition 1. The following hold:

(a) J* is a solution of Bellman’s equation and if J € EVY(X) is another solution, i.e., J satisfies for all v € X

J@) = int Bowuw) +J (7@ u,w) ©)

then J* < J.
(b) For all stationary policies y, J,, is a solution of the equation
J(2) = B{g(@, u(a),w) + I (f (@, n(@),w)) },

and if J € V(X)) is another solution, then J,, < J.



(c) For every € > 0 there exists an e-optimal policy, i.e., a policy m, such that for all x € X, we have
Jr () < T () + €, VazelX.
(d) A stationary policy 1* is optimal if and only if for all x € X, we have

p(x) € argminE{g(gc,u,w) +J* (f(x,u,w))}.
ueU(x)

(e) If U(x) is finite for all x € X, then Ji, — J*, where {J};} is the sequence generated by the VI algorithm (B))

starting from any Jo with 0 < Jy < J*.

Proof. See [1], Props. 5.2, 5.4, and 5.10, or [11], Props. 4.1.1, 4.1.3, 4.1.5, 4.1.9. O

For a given state x € X, a policy 7 is said to be proper at x if
Jr(2) < o0, Zrk(w,x) < 00, @)
k=0

where 7 (m,xo) is the probability that z); # ¢ when using 7 and starting from xy = z. Note that the sum
Z,;“;O ri(m, z) is the expected number of steps to reach the destination starting from x and using 7.

We denote by ﬁm the set of all policies that are proper at x, and we use the notation
C={(ma)|mell}. ®)
We denote by J the corresponding restricted optimal cost function,

J(x)= inf J(x)= inf Jr(x), z e X.
(77)1)66 ﬂGﬁz

Finally we denote by X the effective domain of .J , 1.e.,
X:{x€X|j(x)<oo}. )

Note that X is the set of all z such that ﬁx is nonempty.

The definition of proper policy just given differs from the definition of a transient policy adopted by James and
Collins [2]. In particular, the definition of [2] requires that the expected number of steps to reach the destination is
uniformly bounded over the initial state x (see [2], p. 608) and is not tied to a single state x.

For any 6 > 0, let us consider the §-perturbed optimal control problem. This is the same problem as the original,

except that the cost per stage is changed to
g(x,u,w) + 4, YV x #£t,

while g(x,u,w) is left unchanged at 0 when x = ¢. Thus ¢ is still cost-free as well as absorbing in the §-perturbed

problem. The §-perturbed cost function of a policy 7 is denoted by .J, s and is given by
Jrs(x) = Je(x)+6 Z ri(m, ). (10)
k=0

We denote by j5 the optimal cost function of the d-perturbed problem, i.e., j(;(:v) = infren Jr s(2). The following

proposition relates the §-perturbed problem with proper policies.



Proposition 2. (a) A policy m is proper at a state © € X if and only if Jr 5(x) < cc.
(b) We have Js(x) < oo for all § > 0 if and only if x € X.
(c) For every € > 0 and § > 0, there exists a policy m. that is proper at all x € X and is e-optimal for the
d-perturbed problem, i.e.,
T, 5(z) < Js(x) + e, VaoelX.

Proof. (a) Follows from Eq. (IQ) and the definition (7) of a proper policy.

(b) If 2z € X there exists a policy 7 that is proper at z, and by part (a), Js(x) < Jrs(x) < oo for all § > 0.
Conversely, if jg(a:) < 00, there exists m such that J, s(x) < oo, implying [by part (a)] that = € ﬁm, so that
zeX.

(c) By Prop. [[lc), there exists an e-optimal policy 7. for the d-perturbed problem, so we have J,_ 5(z) < Js(x)+€

for all x € X. Hence J,_s(z) < oo for all z € X, implying by part (a) that 7. is proper at all z € X. (]

The next proposition shows that the cost function Js of the o-perturbed problem can be used to approximate J.
Proposition 3. We have lim;,o Js5(z) = J(z) for all = € X.

Proof. Let us fix § > 0, and for a given € > 0, let m. be a policy that is proper at all x € X and is e-optimal for
the d-perturbed problem [cf. Prop. 2(c)]. By using Eq. (IQ), we have for all € > 0, x € X, and 7 € I,

J(x) —e< Jp (x) —€

= J:(z) + wrs(x), VarelX,

where

ww,s(x)zdzrk(w,x)<oo, VzelX.

By taking the limit as € | 0, we obtain for all § > 0 and 7 € ﬁm,

J(@) < Js(z) < Je(2) + wrs(z), VY aell,.

We have lims o wr s(z) =0 for all x € X and 7 € ﬁz, so by taking the limit as § | 0 and then the infimum over
all 7 € I,

J(z) <limJs(z) < inf Jr(z) = J(2), VazeX,
510 reil,

from which J(z) = limso Js(x) for all z € X. Since by Prop. Bi(b), we also have Js(z) = J(z) = oo for all
z ¢ X, the result follows. O



III. MAIN RESULTS

By Prop. [I(a), J; solves Bellman’s equation for the d-perturbed problem, while by Prop. 3l lims, o J5(z) = J(z).
This suggests that J solves the unperturbed Bellman equation, which is the “limit” as ¢ | O of the d-perturbed
version. Indeed, under a certain assumption we will show a stronger result, namely that J is the unique solution

of Bellman’s equation within the set of functions
W:{Jefﬂfgj, BT {J(zi)} — 0, V(w,xo)ee}, (1)

where € is given by Eq. (§), £ {-} denotes expected value with respect to the probability measure corresponding
to initial state xo under policy 7, and £ {J (xk)} denotes the expected value of the function J along the sequence
{1} generated starting from x¢ and using 7. The functions in W are the ones whose expected value is decreasing
to 0 along the trajectories generated by the proper policies, so they may be interpreted as a type of Lyapounov
functions.
Given a policy m = {uo, pt1, - . -}, we denote by 7, the policy

T = {fks i1, - - -} (12)
We first show a preliminary result.
Proposition 4. The following hold:
(a) For all pairs (w,z9) € Cand k =0,1,..., we have

0 < EL {J(xx)} < EL {Jn, (z1)},

where Ty, is the policy given by Eq. (2.
(b) The set w of Eq. contains J, as well as all J € w satisfying J<J<el for some c > 1.

Proof. (a) For any pair (m,z0) € € and § > 0, we have

JIr.s(x0) = E;O{Jﬁkyg(xk) + ké

k—1
+ Z 9@, o (T) s Wiy ) }

m=0
Since Jr 5(xg) < oo [cf. Prop. Dka)], it follows that E;O{ka,g(:vk)} < oo. Hence for all zj, that can be reached
with positive probability using 7 and starting from o, we have Jr, 5(zx) < oo, implying [by Prop. 2(a)] that
(71, 21) € € and hence J(x) < Jy, (zx). By applying E7 {-} to this last inequality, the result follows.
(b) We have for all (7,zg) € C,
Jr(x0) = E;ro{g(ﬂfo, Ho(xo)vwo)} + E5 {Jr (1)} (13)

and forallm=1,2,...,

EZ, {me (xm)} =E7, {g(xm, Lo (T ) wm)}

+ EJ {Jrpir (@my1) } (14)



where {z,,} is the sequence generated starting from zo and using 7. By using repeatedly the expression (I4) for

m=1,...,k— 1, and combining it with Eq. (I3), we obtain for all k = 1,2, ..., and (7, z¢) € C,

k—1
Jr(20) = EJ {Jn, (x0) } + Z E7, {g(xm,,um(xm),wm)}.
m=0
The rightmost term above tends to J(xg) as k — oo, so by using the fact J(zg) < 0o, we obtain
EZ {Jx(@r)} — 0, Y (7, z9) € C.

By part (a), it follows that E;’O{j(:zrk)} — 0 for all (m,z9) € C, so that J € W. This also implies that
Er {J(xx)} — 0 for all (m,x0) € C, if J < .J < cJ for some ¢ > 1. O

We can now prove our main result. We denote by X* the effective domain of J*:
X*={zeX|J(z) < oo} (15)
We also denote by Qj(z,u) the optimal Q-factor of a pair (x,u) in the d-perturbed problem:

Q;(mvu) = E{g(x,u,w) +6+ jé(f(xvuvw))}'

The following proposition shows that J is the unique solution of the Bellman equation within the set W of
Lyapounov functions under a certain assumption relating to the states in X *. This assumption can often be easily
verified in practice. It is satisfied for example if there exists a policy 7 (necessarily proper at all x € X ™) such that
Jx,s 1s bounded over the set X*. Later, we will also prove the result under the alternative assumption that the set

of disturbances W is finite.
Proposition 5. Assume that there exists a 6 > 0 such that
Qj(x,u) < o0, VaeX* uelU(x). (16)

Then:

(a) J is the unique solution of the Bellman Eq. (6) within the set w of Eq. (L1).

(b) (VI Convergence) If {Jy} is the sequence generated by the VI algorithm () starting with some Jy € \/A\?, then
Ji — J.

(c) (Optimality Condition) If  is a stationary policy that is proper at all x € )/f, and for all x € X we have

plz) € argmin B{ gz, u, w) + J(f(w,u,w)) }, (17)
ueU(x)

then p is optimal over the set of proper policies, i.e., J, = J. Conversely, if | is optimal within the set of

proper policies, then it satisfies the preceding condition (I7).



Proof. (a), (b) By Prop. d{b), J € W. We will first show that .J is a solution of Bellman’s equation and then show
that it is the unique solution within w by showing the convergence of VI [cf. part (b)]. Since Js solves the Bellman

equation for the J-perturbed problem, and Js > J (cf. Prop. B), we have for all § > 0 and z # t,

Js(z) = ueu(}f(’w) E{g(x,u, w) + 0+ jg(f(x,u, w))}

> ueu(}f(’m) E{g(x,u, w) + Js (f(z, u,w))}

> ueirl}f(’x)E{g(x,u,w) + j(f(x,u,w))}

By taking the limit as & | 0 and using Prop. Bl we obtain

J(z) > ueir(}f(’w)E{g(a:,u,w) n j(f(a:,u,w))}, VaeX. (18)

To prove the reverse inequality, we consider two cases:

(1) x ¢ X*, ie., J*(x) = co. Then from Bellman’s equation, we have

oo =J"(x) = ueiII}EI)E{g(x,u,w) + J*(f(:v,u,w))}.

Since J > J* it then follows that

0o = J(x) = ueir(}f(’m)E{g(x,u,w) —i—J(f(a:,u,w))}, VaodgX*. (19)

(2) x € X*. Then we let {J,,} be a sequence with §,, | 0. We have for all m, x # ¢, and u € U(x),
Q3,,(e,w) = B{ g, u,0) + 0 + Ji,, (F(,0,0)) }

> veiE{m) E{g(:z:, v, w) 4 O + Js,, (f(z,v, w))}

=Js (2).

We now take limit as m — oo in the preceding relation. The condition (I6) implies that for all m sufficiently large
the left side is finite for each u € U(x), so we can apply the monotone convergence theorem to interchange limit

as m — oo and expectationH Since lims,, 1o j(;m =J (cf. Prop. B), we obtain

E{g(x,u,w) —l—j(f(x,u,w))} > J(z), YoeX* uelU(x),

2We are using here the following version of the monotone convergence theorem: Let {hm} be a sequence of monotonically nonincreasing
functions A, : {1,2,...} — R, let {p1,p2,...} be a probability distribution, and assume that for some function % : {1,2,...} — R such
that hm (i) < k(i) for all m and i, we have > 5, p;h(i) < co. Then

oo oo
i, 3 )= 3t ).
i= i=

We give the proof, which is simple in the discrete distribution case considered here: Let h be the pointwise limit of {h.,}, ie., h(i) =

limyn— o0 hm (2) for all <. Since {h.m,} is nonincreasing, we have

> pihm() =D pih(i),  YVm=0,1,...,
=1 =1

so that
oo

(oo}
im D pihm(i) > leih(i)-
=

i=1



so that

ueul}f(’x)E{ (x,u,w)—l—j(f(a:,u,w))}Zj(a:), VaoeX™ (20)

Thus by combining Egs. (I8), (19), and 20), we see that

j(z):ueul}f('w)E{ (a:,u,w)—l—J(f(a:,u,w))}, VzeX,

and that .J is a solution of Bellman’s equation.
We will next show that J; — J starting from every initial Jy € W [cf. part (b)]. Indeed, for xg € X and any
7 = {po, pu1, ...} € I, let {z},} be the generated sequence starting from . Since from the definition of the VI

sequence {Ji} [cf. Eq. @], we have forall z € X, u € U(x), k=1,2,...,

Ji(x) < E{g(m,u,w) + Jr_1 (f(:v,u,w))},

it follows that

k—1
Jr(wo) < E7, {Jo(xk) + Z g(wm,um(:vm),wm)} )

m=0
Since Jy € W we have E7 {JO Tk } — 0, so by taking the limit as ¥ — oo in the preceding relation, it follows that
limsupy, ., Jx(20) < Jx(z0). By taking the infimum over all 7 € IL,,, we obtain limsup,,_, . Ji(z0) < J(x0).
Conversely, since J < Jo and J is a solution of Bellman’s equation (as shown earlier), it follows by induction that
J < Jj for all k. Thus j(:vo) < liminfy_, o0 Ji(20), implying that Jy(zo) — j(xo) for all z¢ € X. We also have
J < Jj, for all k, so that J(zg) = Jy () = oo for all zy ¢ X. This completes the proof of part (b). Finally, since

J €W and J is a solution of Bellman’s equation, part (b) implies the uniqueness assertion of part (a).

(c) If u is proper at all x € X and Eq. (T2 holds, then

j(:v)zE{g(x,u(x),w)—i—j(f(:v,u(:v),w))}, z e X.

By Prop. [I{b), this implies that J,, < J, so p is optimal over the set of proper policies. Conversely, assume that p

is proper at all z € X and Jy = J. Then by Prop. [[lb), we have

j(a:):E{g(x,,u(x),w)—i—j(f(:z:,u(a:),w))}, r € X,

Conversely, since }_L(z) — hm () > 0 for all m, we have for every N > 1
N

Zpl — hm(4)) Z (h(5) = hm(4)),

and hence
N

mlgnooz:pl(h — hm(i)) > hm Zpl h(i) — hn(3)),

so that

N N
Zplh(Z - hm sz m(Z ZZ —Zpih(i)

By taking the limit as N — oo and using the fact that 3 °°, p;h(i) is finite (so we can cancel it from both sides of the inequality), we obtain

oo oo
lim Y " pihm (i) < > pih(i)
i=1 =1

thus completing the proof.



and since [by part (b)] J is a solution of Bellman’s equation,

j(x):ueixl}f(’x)E{g(x,u,w)—I—j(f(:c,u,w))}, x € X.

Combining the last two relations, we obtain Eq. (7). O

Let us also state our main result under an alternative assumption, which makes the connection with our earlier

deterministic results of the paper [3], where an assumption such as Eq. (I6) is not needed.
Proposition 6. Assume that the disturbance set W is finite. Then the conclusions of Prop. [ hold.

Proof. The monotone convergence argument for the proof of Eq. (20) goes through using the finiteness of W in

place of the assumption (16). O

We note that some additional assumption, like Eq. (T6) or the finiteness of W, is necessary to prove our results
for SSP problems. In this respect, we note that the original version of the proposition, which appeared in the IEEE
Trans. on Aut. Control, was flawed in that it was valid only for the case where W is finite. This was pointed out

to us by Yi Zhang (private communication), who constructed the following example.

Example 1. Let X = {¢,0,1,2,...}, where t is the termination state, and let g(x,u,w) = 0, so that J*(x) = 0.
There is only one control at each state, and hence only one policy. The transitions are as follows:

From each state x = 2,3, ... we move deterministically to state x — 1, from state 1 we move deterministically to
state t, and from state 0 we move to state x = 1,2, ..., with probability p, such that .~ | xp, = oo [so at state
0, the assumption (L6) and the finiteness of W are violated].

Here the unique policy is proper at all & = 1,2, ..., and we have J(x) = J*(x) = 0. However, the policy is
not proper at x = 0, since the expected number of transitions from x = 0 to termination is .| Tp; = 00. As a

result the set ﬁo is empty and we have J (0) = oco. Thus J does not satisfy the Bellman equation for x = 0, since
0o = J(0) # E{g(O,u,w) + j(f(O,u,w))} = prj(x) = 0.
r=1

Suppose now that the set of proper policies is sufficient in the sense that it can achieve the same optimal cost
as the set of all policies, i.e., J = J*. Then, Prop. [3 or Prop. [@] (under the corresponding assumptions) imply that
J* is the unique solution of Bellman’s equation within W, and the VI algorithm converges to J* starting from any
Jo € W. Under additional conditions, such as finiteness of U(x) for all x € X [cf. Prop. [le)], the VI algorithm

converges to J* starting from any Jo € J with ET {J(z))} — 0, for all (, ) € €.

IV. THE MULTIPLICITY OF SOLUTIONS OF BELLMAN’S EQUATION

Let us now discuss the issue of multiplicity of solutions of Bellman’s equation within the set of functions
J={Je&r(X)|J(t)=0}.

We know from Prop. [[{a) and Prop. [5la) (or Prop. [6) that J* and J are solutions, and that all other solutions .J
must satisfy either J* < J < Jor.J ¢ w.
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In the special case of a deterministic problem (one where the disturbance wy, takes a single value), it was shown in
the paper [3] that J is the largest solution of Bellman’s equation within g, so all solutions J € J satisfy J* < J < J.
Moreover, it was shown through examples that there can be any number of solutions that lie between J* and J:a
finite number, an infinite number, or none at all.

In stochastic problems, however, the situation is strikingly different. There can be an infinite number of solutions
J € J such that J # J and J > J, even when the set W is finite, as illustrated by the following example. Of

course, by Prop. Bla) or Prop. [l under the corresponding assumptions, these solutions must lie outside w.

Example 2. Let X = R, t = 0, and assume that there is only one control at each state. The disturbance wy, takes
two values: 1 and 0 with probabilities o« € (0,1) and 1 — «, respectively. The system equation is

WLk
IkJrl - @ )

and there is no cost at each state and stage [g(x,u,w) = 0]. Thus from state xj, we move to xy,/« with probability
a and to the termination state t = 0 with probability 1 — a. Here, the only admissible policy is proper, and we
have

J*(x) = J(z) =0, VaoelX.
Bellman’s equation has the form

J(@) = (1 - a)J(0) +aJ (2) . zeX,

and has an infinite number of solutions within J in addition to J* and J: any positively homogeneous function,
such as, for example, J(x) = ~|z|, v > 0, is a solution. Consistently with Prop. [a), none of these solutions
belongs to VAV since xy, is either equal to xo/a” (with probability o*) or equal to 0 (with probability 1 — o), and,

for example, E{~|x|} = ~|xo| for all k.

Let us also note that in the case of linear-quadratic problems, the number of solutions of the Riccati equation
has been the subject of considerable investigation, starting with the papers by Willems [18] and Kucera [19], [20],
which were followed up by several other papers. These works adopt various assumptions relating to controllability
and observability. Because of these assumptions and also because solutions of the Riccati equation give rise to
solutions of the Bellman equation, but not reversely, it appears that the full characterization of the set of solutions

of the Bellman equation remains an interesting open research question at present.

V. THE CASE OF BOUNDED COST PER STAGE

Let us consider the special case where the cost per stage g is bounded over X x U x W, i.e.,

sup g(x,u,w) < oo. 21
(z,u,w)EX XUXW

We will show that J is the largest solution of Bellman’s equation within the class of functions that are bounded

over the effective domain X of J [cf. Eq. (I3)].
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We say that a policy « is uniformly proper if there is a uniform bound on the expected number of steps to reach
the destination from states z € X using T
o0
sup Zrk(w, x) < 00.
zeX k=0

Since we have for all 7w € ﬁwo,

(z,u,w)EXXUXW

Jr(20) < < sup g(gc,u,w)) -Zrk(w,xo) < 00,
k=0

it follows that the cost function .J,; of a uniformly proper 7 belongs to the set B, defined by
B—{JGH suEJ(I)<oo}. (22)
z€X
When X = X, the notion of a uniformly proper policy coincides with the notion of a transient policy used in [2]
and [15], which itself descends from earlier works. However, our definition is somewhat more general, since it also
applies to the case where X is a strict subset of X.

Let us denote by Wb the set of functions
Wy, ={JeB|J<J}

The following proposition provides conditions for J to be the largest fixed solution of the Bellman equation within

B. Its assumptions include the existence of a uniformly proper policy, which implies that J belongs to B.

Proposition 7. Assume that the cost per stage g is bounded over X x U x W [cf. Eq. (Z1)], and that there exists
a uniformly proper policy. Assume further that Eq. (I6) holds or that the set W is finite. Then:

(a) J is the unique solution of the Bellman Eq. (6) within the set \/A\?b. Moreover, lfj = J*, then J* is the unique
solution of Bellman’s equation within B.

(b) If {Jx} is the sequence generated by the VI algorithm Q) starting with some Jy € B with Jy > J, then
Je — J.

Proof. Since, as noted earlier, the cost function of a uniformly proper policy belongs to B, it follows that J also

belongs to B. On the other hand, for all J € B, we have

ET {J(z)} < <suQ J(x)) crg(m,x0) = 0, iy eﬁwo.
eX
It follows that the set Wb is contained in W, while the function ./ belongs to Wb. Since by Prop. [5la) (or Prop. [6]
depending on the assumptions), J is the unique solution of Bellman’s equation within W, it follows that .J is the
unique solution of Bellman’s equation within Wb.
The proof of part (b) and that J is the unique solution of the Bellman Eq. (6) within the set VAVb follow as in
the proof of Prop. 3

Assume now that J = J*. Then from the preceding proof, J* is the unique solution of Bellman’s equation within

the set VAVb ={J € B| J* < J}. If there were another solution J’ within B, then by Prop. [[(a), we would have
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J* < J" so that J' € Wb. This shows that J' = J*, so J* is the unique solution of Bellman’s equation within
B. O

The uniqueness of solution of Bellman’s equation within B when J = J* [cf. part (a) of the preceding proposition]
is consistent with Example 21 In that example, J* and J are equal and bounded, and all the additional solutions of
Bellman’s equation are unbounded.

Note that without the assumption of existence of a uniformly proper T, J and J* need not belong to B. As an
example, let X be the set of nonnegative integers, let ¢ = 0, and let there be a single policy that moves the system

deterministically from a state 2 > 1 to the state  — 1 at cost g(z,z — 1) = 1. Then

J(x)=J (z) ==z, VaoelX,

so J and J* do not belong to B, even though g is bounded. Here the unique policy is proper at all x, but is not

uniformly proper.

VI. CONCLUDING REMARKS

We have considered nonnegative cost SSP problems, which involve arbitrary state and control spaces, and a
Bellman equation with possibly multiple solutions. Within this context, we have generalized the notion of a proper
policy and we have discussed the restricted optimization over just the proper policies. The restricted optimal cost
function J is a solution of Bellman’s equation, and if the cost per stage is bounded, J is the maximal solution
within the set of nonnegative functions that are bounded within their effective domain. By contrast, J* is the
minimal solution. When compared with their deterministic counterparts of the paper [3], the results of the present
paper highlight an interesting difference: in deterministic problems J is the maximal solution of Bellman’s equation
within all functions in J (unbounded as well as extended real-valued), whereas this need not be true for stochastic

problems.
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