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Finite Horizon Deterministic Problem

......

Permanent trajectory P k Tentative trajectory T k

Control uk Cost gk(xk, uk) xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

1
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Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)
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(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

1

Permanent trajectory P k Tentative trajectory T k

Stage k Future Stges

Control uk Cost gk(xk, uk) xk xk+1 xN xN x′
N
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System
xk+1 = fk (xk , uk ), k = 0, 1, . . . ,N − 1

where xk : State, uk : Control chosen from some set Uk (xk )

Cost function:

gN(xN) +
N−1∑
k=0

gk (xk , uk )

For given initial state x0, minimize over control sequences {u0, . . . , uN−1}

J(x0; u0, . . . , uN−1) = gN(xN) +
N−1∑
k=0

gk (xk , uk )

Optimal cost function J∗(x0) = min uk∈Uk (xk )
k=0,...,N−1

J(x0; u0, . . . , uN−1)
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DP Algorithm: Solving Progressively Longer Tail Subproblems

Go backward to compute the optimal costs J∗
k (xk ) of the xk -tail subproblems

Start with
J∗N(xN) = gN(xN), for all xN ,

and for k = 0, . . . ,N − 1, let

J∗k (xk ) = min
uk∈Uk (xk )

[
gk (xk , uk ) + J∗k+1

(
fk (xk , uk )

)]
, for all xk .

Then optimal cost J∗(x0) is obtained at the last step: J∗0 (x0) = J∗(x0).

Go forward to construct optimal control sequence {u∗
0 , . . . ,u

∗
N−1}

Start with

u∗0 ∈ arg min
u0∈U0(x0)

[
g0(x0, u0) + J∗1

(
f0(x0, u0)

)]
, x∗1 = f0(x0, u∗0 ).

Sequentially, going forward, for k = 1, 2, . . . ,N − 1, set

u∗k ∈ arg min
uk∈Uk (x∗k )

[
gk (x∗k , uk ) + J∗k+1

(
fk (x∗k , uk )

)]
, x∗k+1 = fk (x∗k , u

∗
k ).

Approximation in value space approach: We replace J∗k with an approximation J̃k .
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Finite-State Problems: Shortest Path View
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minal Cost AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB
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...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn
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0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2
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x2
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Stochastic Problems

1

Nodes correspond to states xk

Arcs correspond to state-control pairs (xk , uk )

An arc (xk , uk ) has start and end nodes xk and xk+1 = fk (xk , uk )

An arc (xk , uk ) has a cost gk (xk , uk ). The cost to optimize is the sum of the arc
costs from the initial node s to the terminal node t .

The problem is equivalent to finding a minimum cost/shortest path from s to t .
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Discrete-State Deterministic Scheduling Example
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Tail problem approximation u1
k u2

k u3
k u4

k u5
k Constraint Relaxation U U1 U2

At State xk

Empty schedule

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

Extrapolation by a Factor of 2 T (λ) = P (c) · T = T · P (c)

Extrapolation Formula T (λ) = P (c) · T = T · P (c)

Multistep Extrapolation T (λ) = P (c) · T = T · P (c)

1

Find optimal sequence of operations A, B, C, D (A must precede B and C must precede D)

DP Problem Formulation
States: Partial schedules; Controls: Stage 0, 1, and 2 decisions; Cost data shown
along the arcs

Recall the DP idea: Break down the problem into smaller pieces (tail subproblems)

Start from the last decision and go backwards
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DP Algorithm: Stage 2 Tail Subproblems
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A Stage 2
Subproblem

Solve the stage 2 subproblems (using the terminal costs - in red)
At each state of stage 2, we record the optimal cost-to-go and the optimal decision
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A Stage 1
Subproblem

Solve the stage 1 subproblems (using the optimal costs of stage 2
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At each state of stage 1, we record the optimal cost-to-go and the optimal decision
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DP Algorithm: Stage 0 Tail Subproblems
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Combinatorial Optimization: Traveling Salesman Example
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE

ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=
Ps
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�
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Cost: g(xk, uk) � 0 VI converges to Ĵp from within Wp

1
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General Discrete Optimization

Artificial ...
.........

...
...

...
...

. . .

. . .

. . .

. . .

States
States States States

Cost G(u)

s

Stage 1
Stage 2

Stage 3 Stage N

Initial State

(u0)
(u0, u1) (u0, u1, u2) u = (u0, . . . , uN−1)

u0

u1
u2 uN−1

Minimize G(u) subject to u ∈ U

Assume that each solution u has N components: u = (u0, . . . , uN−1)

View the components as the controls of N stages

Define xk = (u0, . . . , uk−1), k = 1, . . . ,N, and introduce artificial start state x0 = s

Define just terminal cost as G(u); all other costs are 0

This formulation typically makes little sense for exact DP, but often makes a lot of sense
for approximate DP/approximation in value space
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Stochastic DP Problems - Perfect State Observation
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
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V̂0(i)

1

Iteration Index k PI index k Jµk J⇤ 0 1 2 . . . Error Zone Width (✏ + 2↵�)/(1 � ↵)2

Policy Q-Factor Evaluation Evaluate Q-Factor Qµ of Current policy µ Width (✏ + 2↵�)/(1 � ↵)
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N x00
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k u00

k xk+1 x0
k+1 x00

k+1
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x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from
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Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u
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�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1
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1

System xk+1 = fk (xk , uk ,wk ) with random “disturbance" wk (e.g., physical noise,
market uncertainties, demand for inventory, unpredictable breakdowns, etc)

Cost function:

E

{
gN(xN) +

N−1∑
k=0

gk (xk , uk ,wk )

}

Policies π = {µ0, . . . , µN−1}, where µk is a “closed-loop control law" or “feedback
policy"/a function of xk . Specifies control uk = µk (xk ) to apply when at xk .

For given initial state x0, minimize over all π = {µ0, . . . , µN−1} the cost

Jπ(x0) = E

{
gN(xN) +

N−1∑
k=0

gk
(
xk , µk (xk ),wk

)}

Optimal cost function J∗(x0) = minπ Jπ(x0)
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The Stochastic DP Algorithm

Produces the optimal costs J∗
k (xk ) of the tail subproblems that start at xk

Start with J∗N(xN) = gN(xN), and for k = 0, . . . ,N − 1, let

J∗k (xk ) = min
uk∈Uk (xk )

E
{

gk (xk , uk ,wk ) + J∗k+1
(
fk (xk , uk ,wk )

)}
, for all xk .

The optimal cost J∗(x0) is obtained at the last step: J∗0 (x0) = J∗(x0).

The optimal control function µ∗k is constructed simultaneously with J∗k , and
consists of the minimizing u∗k = µ∗k (xk ) above.

Online implementation of the optimal policy, given J∗
1 , . . . , J

∗
N−1

Sequentially, going forward, for k = 0, 1, . . . ,N − 1, observe xk and apply

u∗k ∈ arg min
uk∈Uk (xk )

E
{

gk (xk , uk ,wk ) + J∗k+1
(
fk (xk , uk ,wk )

)}
.

Issues: Need to compute J∗k+1 (possibly off-line), compute expectation for each uk ,
minimize over all uk

Approximation in value space: Use J̃k in place of J∗k ; approximate E{·} and minuk .
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Linear-Quadratic Problems - An Important Favorable Special Case

Linear-quadratic problems involve: multidimensional linear system, quadratic cost,
unconstrained controls, independent disturbances

Initial

Oven 1
Temperature

u0

Oven 2
Temperature

u1

Final
x1

Temperature Temperature
x0 x2

System: xk+1 = (1− a)xk + auk + wk (wk are random, independent, and 0-mean)

Cost: E
{

r(xN − T )2 +
∑N−1

k=0 u2
k
}

A very favorable structure: The optimal policy µ∗k (xk ) is a linear function of xk ; it is
the same as if w1 and w0 were set to their expected values (= 0). Can be
computed by exact DP

This is called certainty equivalence

Certainty equivalence is a common approximation idea for other problems
(replace the original stochastic problem with a deterministic version)
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DP Algorithm for Q-Factors

Optimal Q-factors are given by

Q∗k (xk , uk ) = E
{

gk (xk , uk ,wk ) + J∗k+1
(
fk (xk , uk ,wk )

)}
They define optimal policies and optimal cost-to-go functions by

µ∗k (xk ) ∈ arg min
uk∈Uk (xk )

Q∗k (xk , uk ), J∗k (xk ) = min
uk∈Uk (xk )

Q∗k (xk , uk )

DP algorithm can be written in terms of Q-factors

Q∗k (xk , uk ) = E
{

gk (xk , uk ,wk ) + min
uk+1

Q∗k+1
(
fk (xk , uk ,wk ), uk+1

)}
Some math magic: With E{·} outside the min, the right side can be approximated
by sampling and simulation. (Can be exploited in stochastic iterative algorithms
called Q-learning.)

Approximately optimal Q-factors Q̃k (xk , uk ), define suboptimal policies and
suboptimal cost-to-go functions by

µ̃k (xk ) ∈ arg min
uk∈Uk (xk )

Q̃k (xk , uk ) J̃k (xk ) = min
uk∈Uk (xk )

Q̃k (xk , uk )
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Infinite Horizon Problems - An Overview

......
Permanent trajectory P k Tentative trajectory T k

Control uk Cost gk(xk, uk) xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)
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Random Transition xk+1 = fk(xk, uk, wk) Random cost gk(xk, uk, wk)
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u Q̃k(xk, u) Qk(xk, u) uk ũk Qk(xk, u) � Q̃k(xk, u)

x0 xk x1
k+1 x2

k+1 x3
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u Q̃k(xk, u) Qk(xk, u) uk ũk Qk(xk, u) � Q̃k(xk, u)
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k+1 x2
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Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost Heuristic “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors Current State xk

x0 x1 xk xN x0
N x00

N uk u0
k u00

k xk+1 x0
k+1 x00

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
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(x)

1

xk+1 = f(xk, uk, wk) g(xk, uk, wk)

Termination State

Aggregate Problem Approximation Jµ(i) J̃µ(i) u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Con-

straint Relaxation

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Constraint Relaxation d`i

�j`

Learned from scratch ... with 4 hours of training! Current “Improved”

AlphaZero (Google-Deep Mind) Plays much better than all computer programs F (i) Cost Ĵ
�
F (i)

�

Plays di↵erent! Approximate Value Function Player Features Mapping

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk,µk+1,...,µk+`�1

E
n

gk(xk, uk, wk) +

k+`�1X

m=k+1

gk

�
xm, µm(xm), wm

�
+ J̃k+`(xk+`)

o

Subspace S = {�r | r 2 <s} x⇤ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (�)(x) = T (x) x = P (c)(x)

x � T (x) y � T (y) rf(x) x � P (c)(x) xk xk+1 xk+2 Slope = �1

c

T (�)(x) = T (x) x = P (c)(x)

1

xk+1 = f(xk, uk, wk) ↵kg(xk, uk, wk)

Termination State

Aggregate Problem Approximation Jµ(i) J̃µ(i) u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Con-

straint Relaxation

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Constraint Relaxation d`i

�j`

Learned from scratch ... with 4 hours of training! Current “Improved”

AlphaZero (Google-Deep Mind) Plays much better than all computer programs F (i) Cost Ĵ
�
F (i)

�

Plays di↵erent! Approximate Value Function Player Features Mapping

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk,µk+1,...,µk+`�1

E
n

gk(xk, uk, wk) +

k+`�1X

m=k+1

gk

�
xm, µm(xm), wm

�
+ J̃k+`(xk+`)

o

Subspace S = {�r | r 2 <s} x⇤ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (�)(x) = T (x) x = P (c)(x)

x � T (x) y � T (y) rf(x) x � P (c)(x) xk xk+1 xk+2 Slope = �1

c

T (�)(x) = T (x) x = P (c)(x)

1

xk+1 = f(xk, uk, wk) αkg(xk, uk, wk)

Termination State Infinite Horizon

Aggregate Problem Approximation Jµ(i) J̃µ(i) u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Con-

straint Relaxation

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Constraint Relaxation dℓi

φjℓ

Learned from scratch ... with 4 hours of training! Current “Improved”

AlphaZero (Google-Deep Mind) Plays much better than all computer programs F (i) Cost Ĵ
(
F (i)

)

Plays different! Approximate Value Function Player Features Mapping

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

1

Infinite number of stages, and stationary system and cost
System xk+1 = f (xk , uk ,wk ) with state, control, and random disturbance

Policies π = {µ0, µ1, . . .} with µk (x) ∈ U(x) for all x and k

Special scalar α with 0 < α ≤ 1. If α < 1 the problem is called discounted

Cost of stage k : αk g
(
xk , µk (xk ),wk

)
Cost of a policy π = {µ0, µ1, . . .}

Jπ(x0) = lim
N→∞

Ewk

{
N−1∑
k=0

αk g
(
xk , µk (xk ),wk

)}

Optimal cost function J∗(x0) = minπ Jπ(x0)

If α = 1 we assume a special cost-free termination state t . The objective is to
reach t at minimum expected cost. The problem is called stochastic shortest path
(SSP) problem
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Infinite Horizon Problems - Theory and Algorithms

Value iteration (VI): Fix horizon N, let terminal cost be 0
Let VN−k (x) be the optimal cost starting at x with k stages to go, so

VN−k (x) = min
u∈U(x)

Ew

{
αN−k g(x , u,w) + VN−k+1

(
f (x , u,w)

)}
Reverse the time index and divide with αN−k : Define Jk (x) = VN−k (x)/αN−k

Jk (x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJk−1

(
f (x , u,w)

)}
(VI)

JN(x) is equal to V0(x), which is the N-stages optimal cost starting from x

Hence, intuitively, VI converges to J∗:

J∗(x) = lim
N→∞

JN(x), for all states x (??)

The following Bellman equation holds: Take the limit in Eq. (VI)

J∗(x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJ∗

(
f (x , u,w)

)}
, for all states x (??)

Optimality condition: Let µ(x) attain the min in the Bellman equation for all x

The policy {µ, µ, . . .} is optimal (??). (This type of policy is called stationary.)
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How do we Formulate DP Problems?

An informal recipe: First define the stages and then the states
Define as state xk something that summarizes the past for purposes of future
optimization, i.e., as long as we know xk , all past information is irrelevant.

Some examples
In the traveling salesman problem, we need to include all the info (past cities
visited) in the state.

In the linear quadratic problem, when we select the oven temperature uk , the total
info available is everything we have seen so far, i.e., the material and oven
temperatures x0, u0, x1, u1, . . . , uk−1, xk . However, all the useful information at time
k is summarized in just xk .

In partial or imperfect information problems, we use “noisy" measurements for
control of some quantity of interest yk that evolves over time (e.g., the
position/velocity vector of a moving object). If Ik is the collection of all
measurements up to time k , it is correct to use Ik as state.

It may also be correct to use alternative states; e.g., the conditional probability
distribution Pk (yk | Ik ). This is called belief state, and subsumes all the information
that is useful for the purposes of control choice.
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Problems with a Terminal State: A Parking Example
V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n)

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from
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Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u
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�
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J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Garage Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Termination State

Aggregate Problem Approximation Jµ(i) J̃µ(i) u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Con-

straint Relaxation

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Constraint Relaxation dℓi

φjℓ

Learned from scratch ... with 4 hours of training! Current “Improved”

AlphaZero (Google-Deep Mind) Plays much better than all computer programs F (i) Cost Ĵ
(
F (i)

)

Plays different! Approximate Value Function Player Features Mapping

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

Extrapolation by a Factor of 2 T (λ) = P (c) · T = T · P (c)

1

Start at spot 0; either park at spot k with cost c(k) (if free) or continue; park at
garage at cost C if not earlier.

Spot k is free with a priori probability p(k), and its status is observed upon
reaching it.

How do we formulate the problem as a DP problem?

We have three states. F : current spot is free, F : current spot is taken, parked
state

J∗N−1(F ) = min
[
c(N − 1), C

]
, J∗N−1(F ) = C

J∗k (F ) = min
[
c(k), p(k +1)J∗k+1(F )+

(
1−p(k +1)

)
J∗k+1(F )

]
, for k = 0, . . . ,N − 2

J∗k (F ) = p(k + 1)J∗k+1(F ) +
(
1− p(k + 1)

)
J∗k+1(F ), for k = 0, . . . ,N − 2
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More Complex Parking Problems

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n)

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n)

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n) Termination State t

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n) Termination State t

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 2 i � 1 C c(1) c(i) c(n) Termination State t

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Garage Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Termination State

Aggregate Problem Approximation Jµ(i) J̃µ(i) u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Con-

straint Relaxation

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Constraint Relaxation dℓi

φjℓ

Learned from scratch ... with 4 hours of training! Current “Improved”

AlphaZero (Google-Deep Mind) Plays much better than all computer programs F (i) Cost Ĵ
(
F (i)

)

Plays different! Approximate Value Function Player Features Mapping

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

Extrapolation by a Factor of 2 T (λ) = P (c) · T = T · P (c)

1

Bidirectional parking: We can go back to parking spots we have visited at a cost

More complicated parking lot topologies

Multiagent versions: Multiple drivers/autonomous vehicles, “searchers", etc

“Relatively easy" cases: The status of already seen spots stays unchanged.
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Imperfect State Information Problems
V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n)

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n)

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n) Termination State t

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 i � 1 C c(1) c(i) c(n) Termination State t

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄` j̄`�1 j̄1

Corrected V Nodes j 2 A(j̄`) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities �iy

Transition probabilities pij(u)

States i 2 I0 States j 2 I1 States x 2 A States y 2 A

n 0 1 2 i � 1 C c(1) c(i) c(n) Termination State t

Transition probabilities Cost g(i, u, j) Cost �V (i) Cost V (j)

Is di + aij < UPPER � hj?

�jf̄ = 1 if j 2 If̄ x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

V Correction (piecewise constant or piecewise linear) s t j̄1 j̄2 j̄ℓ j̄ℓ−1 j̄1

Corrected V Garage Nodes j ∈ A(j̄ℓ) Path Pj , Length Lj · · ·

Disaggregation probabilities dxi Aggregation probabilities φiy

Transition probabilities pij(u) Destination

States i ∈ I0 States j ∈ I1 States x ∈ A States y ∈ A

n n − 1 0 1 2 i − 1 Termination State t

Transition probabilities Cost g(i, u, j) Cost −V (i) Cost V (j) C c(1) c(i) c(n)

Is di + aij < UPPER − hj?

φjf̄ = 1 if j ∈ If̄ x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1)

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parked

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Termination State

Aggregate Problem Approximation Jµ(i) J̃µ(i) u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Con-

straint Relaxation

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Constraint Relaxation dℓi

φjℓ

Learned from scratch ... with 4 hours of training! Current “Improved”

AlphaZero (Google-Deep Mind) Plays much better than all computer programs F (i) Cost Ĵ
(
F (i)

)

Plays different! Approximate Value Function Player Features Mapping

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

Extrapolation by a Factor of 2 T (λ) = P (c) · T = T · P (c)

1

A more complex type of parking example, where taken or free parking spots may
free up or get taken, respectively, at the next time step with some probability

The free/taken state of the spots is “estimated" in a “probabilistic sense" based on
the observations (the free/taken status of the spots visited ... when visited)

What should the “state" be? It should summarize all the info needed for the
purpose of future optimization

First candidate for state: The set of all observations so far. Another candidate:
The “belief state", i.e., the conditional probabilities of the free/taken status of all
the spots: p(0), p(1), . . . , p(N − 1)

Generally, partial observation problems (POMDP) can be “solved" by DP with
state being the belief state: P(xk | set of observations up to time k)
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About the Next Lecture

We will cover:
General principles of approximation in value and policy space

Brief discussion of the problem approximation approach

Introduction to rollout

CHAPTER 2 OF THE CLASS NOTES POSTED
PLEASE READ AS MUCH OF SECTIONS 2.1, 2.2 AS YOU CAN

1ST HOMEWORK (DUE IN 2 WEEKS) TO BE ANNOUNCED SHORTLY
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