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CHAPTER 3 SOLUTIONS

3.1

A customer that carries out the order (eats in the restaurant) stays for 5 mins (25 mins).
Therefore the average customer time in the system is T = 0.5*5 + 0.5%25 = 15. By Little's

Theorem the average number in the system is N = A*¥T = 5*15=75.

3.2

We represent the system as shown in the figure. The number of files in the entire system is
exactly one at all times. The average number in node i is A;R; and the average number in
node 3 is AjP; + A2P>. Therefore the throughput pairs (A1,A2) must satisfy (in addition to
nonnegativity) the constraint

AR +Pp+ 12(32 +P))=1,

If the system were slightly different and queueing were allowed at node 3, while
nodes 1 and 2 could transmit at will, a different analysis would apply. The transmission

bottleneck for the files of node 1 implies that
A 1

< —
1 R1

Similarly for node 2 we get that

A< L

2 R

Node 3 can work on only one file at a time. If we look at the file receiving service at node 3
as a system and let N be the average number receiving service at node 3, we conclude from

Little's theorem that



A.lpl'l' 12 P2 =N

and N<1
This implies that
KIPI + lsz <1

3.3

Working Machines
o==] Machines f=m=—g -Waiting
Repair
R Q

Repairmen

‘We represent the system as shown in the figure. In particular, once a machine breaks
down, it goes into repair if a repairperson is available at the time, and otherwise waits in a
queue for a repairperson to become free. Note that if m=1 this system is identical to the one
of Example 3.7.

Let A be the throughput of the system and let Q be the average time a broken down
machine waits for a repairperson to become free. Applying Little's theorem to the entire
system, we obtain

AR+Q+P)=N 1)
from which
A(R+P) <N 2)

Since the number of machines waiting repair can be at most (N-m), the average waiting
time AQ is at most the average time to repair (N-m) machines, which is (N-m)P. Thus,
from Eq. (1) we obtain

AR+(N-mP+P)>2N 3
Applying Little's theorem to the repairpersons, we obtain

AP<m 4



The relations (2)-(4) give the following bounds for the throughput A

N s fm_ N
rroe mrop << { Pelis) 5

Note that these bounds generalize the ones obtained n Example '3.7 (see Eq. (3.9)).
By using the equation T=N/A for the average time between repairs, we obtain from Eq. (5)

min{NP/m,R + P} S T<R + (N - m +1)P

3.4

If A is the throughput of the system, Little's theorem gives N = AT, so from the relation T=
o. + BN2 we obtain T = o +BA2T2 or

A=./1-0a '
BT 1)
This relation betweeen A ands T is plotted below.
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The maximum value of A is attained for the value T* for which the derivative of (T - o)/BT2
is zero (or 1/(BT2) - 2(T - a)/(BT3) = 0). This yields T* = 20 and from Eq. (1), the
corresponding maximal throughput value

A =L : .
Yo )

(b) When A < A*, there are two corresponding values of T: a low value corresponding to an
uncongested system where N is relatively low, and a high value corresponding to a
congested system where N is relatively high. This assumes that the system reaches a
steady-state. However, it can be argued that when the system is congested a small increase
in the number of cars in the system due to statistical fluctuations will cause an increase in
the time in the system, which will tend to decrease the rate of departure of cars from the
system. This will cause a further increase in the number in the system and a further increase
in the time in the system, etc. In other words, when we are operating on the right side of



the curve of the figure, there is a tendency for instability in the system, whereby a steady-
state is never reached: the system tends to drift towards a traffic jam where the car depature
rate from the system tends towards zero and the time a car spends in the system tends
towards infinity. Phenomena of this type are analyzed in the context of the Aloha
multiaccess system in Chapter 4.

3.5
The expected time in question equals
E{Time} = (5 + E(stay of 2nd student})*P{1st stays less or equal to 5 minutes}

+ (E{stay of 1st | stay of 1st 2 5} + E{stay of 2nd})*
P{1st stays more than 5 minutes}.

We have E (stay of 2nd student} = 30, and, using the memoryless property of the
exponential distribution,

E({stay of 1st | stay of 1st > 5} = 5 + E{stay of 1st} = 35.

Also

P{1st student stays less or equal to 5 minutes) = 1 - e-580

P{1st student stays more than 5 minutes }= e-530,
By substitution we obtain

E{Time} = (5 + 30)*(1 - -3R0) + (35 + 30)* e-5/30=35 + 30%e-530 = 60.394.
3.6

(a) The probability that the person will be the last to leave is 1/4 because the exponential
distribution is memoryless, and all customers have identical service time distribution. In
particular, at the instant the customer enters service, the remaining service time of each of
the other three customers served has the same distribution as the service time of the
customer.

(b) The average time in the bank is 1 (the average customer service time) plus the expected
time for the first customer to finish service. The latter time is 1/4 since the departure
process is statistically identical to that of a single server facility with 4 times larger service
rate. More precisely we have

P{no customer departs in the next t mins} = P{1st does not depart in next t mins}
* P{2nd does not depart in next t mins}
* P{3rd does not depart in next t mins}
* P{4th does not depart in next t mins)
= (e-l)4 = e-4!.

Therefore

P{the first departure occurs within the next t mins} = 1- e,



and the expected time to the next depature is 1/4. So the answer is 5/4 minutes.

(c) The answer will not change because the situation at the instant when the customer
begins service will be the same under the conditions for (a) and the conditions for (c).

3.7

In the statistical multiplexing case the packets of at most one of the streams will wait upon
arrival for a packet of the other stream to finish transmission. Let W be the waiting time ,
and note that 0 < W < T/2. We have that one half of the packets have system time T/2 + W
and waiting time in queue W. Therefore

Average System Time = (1/2)T/2 + (1/2)(T/2+W) = (T+W)/2
Average Waiting Time in Queue = W/2
Variance of Waiting Time = (1/2)(W/2)2+(1/2)(W/2)2 = W2/4.

So the average system time is between T/2 and 3T/4 and the variance of waiting time is
between 0 and T%/16.

3.8
Packet Arrivals
l ‘ l l Time
P w— s >
T 1 T 2

Fix a packet. Let r; and r, be the interarrival times between a packet and its immediate
predecessor, and successor respectively as shown in the figure above. Let X; and X, be the
lengths of the predecessor packet, and of the packet itself respectively. We have:

P{No collision w/ predecessor or successor} =P{r; > X,, 1, > X,}
= P{rl > XI}P{rZ > XZ}.

P{No collision with any other packet} = P; P{r, > X}

where

P, = P{No collision with all preceding packets}.
(a) For fixed packet lengths (= 20 msec)

P{r; > X} =P(r, > X,) = €420 = ¢:00120 _ ¢:02
Pl = P{rl 9(1}.

Therefore the two probabilities of collision are both equal to e04 = 0.67.



(b) For X exponentially distributed packet length with mean 1/ we have

Plr, >X,}=P(r,>X,} = [ P(r, > X1X, = X}p(X, = X)dX

-8 oL

;) A+u

Substituting A = 0.01 and p= 0.05 we obtain P{r; > X,} = P{r, > X,} = 5/6, and
P{No collision w/ predecessor or successor} = (5/6)2 = 0.694.

Also P, is seen to be the steady-state probability of a customer finding an empty system in
the M/M/es system with arrival and service rate A and | respectively. Therefore Py = e-Mi =
€92, Therefore

P{No collision with any other packet} = e025/6 = 0.682.

3.9

(a) For each session the arrival rate is A = 150/60 = 2.5 packets/sec. When the line is
divided into 10 lines of capacity S Kbits/sec, the average packet transmission time is 1/p=
0.2 secs. The corresponding utilization factor is p = A/i = 0.5. We have for each session

p2/(1-p)=05, N=p/(1 - p)=1, and T = N/A = 0.4 secs. For all sessions
co(flecuvcly Nq and N must be multiplied by 10 to give Ng =5 and N = 10.

When statistical multiplexing is used, all sessions are merged into a single session with 10
times larger A and u; A = 25, 1/4 = 0.02. We obtain p=0.5,Ng=0.5,N=1,and T =
0.04 secs. Therefore Ng, N, and T have been reduced by a factor of 10 over the TDM
case.

(b) For the sessions transmitting at 250 packets/min we have p = (250/60)*0.2 = 0.833
and we have Nq = (0.833)%/(1 - 0.833) = 4.158, N = 5, T = N/A = 5/(250/60) = 1.197

secs. For the sessions transmitting at 50 packets/min we have p = (50/60)*0.2 = 0.166, NQ
=0.033, N =0.199, T = 0.199/(50/60) = 0.239.

The corresponding averages over all sessions are Ng = 5%(4.158 + 0.033) =21, N =5*(5
+0.199) = 26, T = N/A = N/(5*A,+ 5*4,) = 26/(5*(250/60)+5*(50/60)) = 1.038 secs.

When statistical multiplexing is used the arrival rate of the combined session is 5*(250 +
50) = 1500 packets/sec and the same values for Ng, N, and T as in (a) are obtained.

3.10



(a) Lett, be the time of the nth arrival, and T,=t,,; - t,. We have fors 20

P{1,>s) =P{A(ty +5) - Atp)=0) =4
(by the Poisson distribution of arrivals in an interval). So
P{t,<s} =1-e*s
which is (3.11).

To show that t,, T, . . . are independent, note that (using the independence of the numbers
of arrivals in disjoint intervals)

P{1, > s |, =1} =P{0 arrivals in (1, T+s] | T; = T}
= P{0 arrivals in (t, T+s]} = e*s=P{1, > s}

Therefore T, and T, are independent.
To verify (3.12), we observe that
P{A(t+8)-A®t) =0) = ¢33
50 (3.12) will be shown if
limg o (e - 1+2A8)/6=0
Indeed, using L'Hospital's rule we have

lim8_,o (C'A'8 -1+ 7»8)/8 = lims_,o (-;\,C‘l'8 + )‘.) =0

To verify (3.13) we note that
P{A(t+8)- A(t) =1} =A8eM
so (3.13) will be shown if
limg_,5 (ASe-24 - A8)/5 =0
This is equivalent to
limg .o Ae*-2)=0
which is clearly true.
To verify (3.14) we note that
P{A(t+d)-A(t)22} =1-P{A(t+3)-A(t)=0}-P{A(t+d)-A) =1}



=1-(1-2A8 + o(d))-(Ad + o(8))=0(d)

(b) LetN;, N, be the number of arrivals in two disjoint intervals of lengths T, and 1,. Then

P{N;+N; =n} =3In,_,P(N,; =k, N, =n-k} = 2, _P{N; = k}P{N, = n-k}
AT (AT, k! e A2 (At,)m-K)/(n-k)!]
= Ml + 2)ER o[ (AT )HAT) @Ok (n-k)!]
= e Mt + Q[ (A7, + AT,)Vn!]
(The identity
0 _o[akb@X)]/[k!(n-k)!] = (a + b)"/n!
can be shown by induction.)

(c) The number of arrivals of the combined process in disjoint intervals is
clearly independent, so we need to show that the number of arrivals in an
interval is Poisson distributed, i.e.

PlA|t+D+...+ A t+7T) - Ai(D-...- Ay(t) =n)
=e@l+...+ N[, +.. .+ A)T]vn!

For simplicity let k=2; a similar proof applies for k > 2. Then

P{A(t+7T) + Ax(t+T) - Ay(t) - Ax(t) =n}
=20 _oP{A(t+T)- Aj(t)=m, Ay(t+1) - Ax(t) =n-m}
=20 _oP{A(t+1T)- Ay(t) =m}P{Ax(t+ 1) - Ay(t)=n-m]}

and the calculation continues as in part (b). Also

P{1 arrival from A, priorto t 1 occured}
= P{1 arrival from A,, 0 from A, }/P{1 occured}

= (Ayte-MiegA2Z)/teM) = A,/A

(d) Let t be the time of arrival. We have

P{t<s| 1 arrival occured} = P{t<s, 1 arrival occured]/P{l arrival occured)
= P{1 arrival occured in {t;, s), O arrivals occured in {s, t,]}/P{1 arrival occured]

= (A(s - ty)e-Ms - e-Ms -2))/ (A(1, - t;)eM2- ) = (s - t; )/t~ t;)
This shows that the arrival time t is uniformly distributed in [t;, t5].

3.11



(a) Let us call the two transmission lines 1 and 2, and let N; (t) and N,(t) denote the
respective numbers of packet arrivals in the interval [0,t]. Let also N(t) = N;(t) + N,(1). We
calculate the joint probability P{N;(t) = n, N,(t) = m}. To do this we first condition on N(t)
to obtain

P{N;(t) =n, Np(t) =m} = X, __=P{N;(t) = n, No(t) =m | N(t) =k}P{N(t) = k]}.
Since

P{(N;(®)=n,Ny() =mIN(t) =k} =0 when k#n+m
we obtain

P{N;(t) = n, Ny(t) =m} = P{N;(t) =n, Ny(t) =m | N(t) = n + m}P{N(t) = n + m}
= P{N;(t) = n, Ny(t) = m | N(t) = n + m}e-"M[(A)y»*™/(n + m)!]

However, given that n+m arrivals occurred, since each arrival has probability p of being a
line 1 arrival and probability 1-p of being a line 2 arrival, it follows that the probability that
n of them will be line 1 and m of them will be line 2 arrivals is the binomial probability

(e

Thus
n m — A. nH+m
P{N;(t) = n, Ny() = m} = (n—;m\P (1-p)™e **___Enfm)!
= e"‘“’——()‘:p!) ¢ M(1-p) 0\‘(:!1))) o
Hence

P{N,® =n}= D P{Ny®=n, Ny®) =m}
m=0

_ o)’ z M- A l—lp))“’
m=0

(n)! m

= e_}‘xp ()\'tp)n

(n)!

That is, {N;(t), t 2 0} is a Poisson process having rate Ap. Similarly we argue that {N,(t),
t2 0} is a Poisson process having rate A(1 — p). Finally from Eq. (1) it follows that the
two processes are independent since the joint distribution factors into the marginal
distributions.



(b) Let A, A1, and A3 be as in the hint. Let I be an interarrival interval of A and consider
the number of arrivals of A; that lie in I. The probability that this number is n is the

probability of n successive arrivals of A; followed by an arrival of Az, which is p(1 - p).
This is also the probability that a customer finds upon arrival n other customers waiting in
an M/M/1 queue. The service time of each of these customers is exponentially distributed

with parameter [, just like the interarrival times of process A. Therefore the waiting time of
the customer in the M/M/1 system has the same distribution as the interarrival time of
process Aj. Since by part (a), the process A3 is Poisson with rate p - A, it follows that the
waiting time of the customer in the M/M/1 system is exponentially distributed with
parameter 1 - A.

3.12
For any scalar s we have using also the independence of 71 and T2
P(min{t1,12} 2s)=P(1125,1225)=P(112s) P(12 = 5)

= e‘;"ls e-'l\as = e'(kl +A)s
Therefore the distribution of min{t;,72) is exponential with mean 1/(A1 + A2).

By viewing 71 and 13 as the arrival times of the first arrivals from two independent

Poisson processes fwith rates Aj and Ay, we see that the equation P('cl <12) —11/(7»1 +A2)
follows from Problem 3.10(c).

Consider the M/M/1 queue and the amount of time spent in a state k>0 between
transition into the state and transition out of the state. This time is min{t;,t2}, where 1 is

the time between entry to the state k and the next customer arrival and 13 is the time
between entry to the state k and the next service completion. Because of the memoryless
property of the exponential distribution, T1 and 12 are exponentially distributed with means
1/A and 1/u, respectively. It follows using the fact shown above that the time between
entry and exit from stae k is exponentially distributed with mean 1/(A-+t). The probability
that the transition will be from k to k+1 is A/(A+}1) and that the transition will be from k to
k-1 is p/(A-+u). For state 0 the amount of time spent is exponentially distributed with mean
1/A and the probability of a transition to state 1 is 1. Because of this it can be seen that

M/M/1 queue can be described as a continuous Markov chain with the given properties.
3.13
(a) Consider a Markov chain with state
n = Number of people waiting + number of empty taxi positions
Then the state goes from n to n+1 each time a person arrives and goes from n to n-1 (ifn 2

1) when a taxi arrives. Thus the system behaves like an M/M/1 queue with arrival rate 1 per
min and departure rate 2 per min. Therefore the occupancy distribution is



P=(1-p)/p"

where p=1/2. State n, for 0 < n < 4 corresponds to 5, 4, 3, 2, 1 taxis waiting while n > 4
corresponds to no taxi waiting. Therefore

P{5 taxis waiting} = 1/2
P{4 taxis waiting} = 1/4
P{3 taxis waiting} = 1/8
P{2 taxis waiting} = 1/16
P{1 taxi waiting} = 1/32

and P{no taxi waiting} is obtained by subtracting the sum of the probabilities above from
unity. This gives P{no taxi waiting} = 1/32.

(b) See the hint.
(c) This system corresponds to taxis arriving periodically instead of arriving according to a
Poisson process. It is the slotted M/D/1 system analyzed in Section 6.3.

3.14

(a) The average message transmission time is 1/t = L/C so the service rate is p = C/L.
When the number of packets in the system is larger than K, the arrival rate is A;. We must

.. have

OsA<p
0<),

in order for the arrival rate at node A to be less than the service rate for large state values.
For these values, therefore, the average number of packets in the system will stay bounded.

(b) The corresponding Markov chain is as shown in the figure below. The steady-state
probabilities satisfy

M¥hy  Mthy A+,

@T"OT’O:M

=p"p, for n<k
Pn=P1"*P*po for n>k

where p = (A; + A/, p; = A,/p. We have

2“n=opn= 1

or

PoXne0P” + T PP HPE = 1



from which we obtain after some calculation
Po=[(1 - pX(1 - p)V1 - p; - PX(P-py)] forp <1
and
Po = (1 - p1)/I1 + k(1 - pp)] forp=1
For packets of source 1 the average time in A is
T =(1/WA +N)
where
N=2=pnp,
is the average number in the system upon arrival. The average number in A from source 1
is _
N;=MT,
For packets of source 2 the average time in A is
T, = (1/w)(1+ N)
where

k-1
2, 1p,

N' = n=0
k-1

2 P

n=0
is the average number in the system found by an accepted packet of source 2. To find the
average number in the system from source 2 we must find the arrival rate into node A of
packets from source 2. This is
A'; = A,P{arriving packet from source 2 is accepted} = A,Zx1__p,
and the average number from source 2in A is

Nz = l’sz

3.15



The transition diagram of the corresponding Markov chain is shown in the figure. We have
introduced states 1', 2', . (k-l) correspondmg to situations where there are customers
in the system waiting for service to begin again after the system has emptied out. Using
global balance equations between the set of states {1', 2, . . . ,i') and all other states, for i'

=1,..., (k-1), we obtain Apy=Ap;=Apy=.. -7~P<k-1)" s0

Po=Pr=pPzr=-... = Px-1y
Also by using global balance equations we have

1p; =Apg
1p, = A(p; + Py) = A(p; + Po)

PP =Mpp + Pa-1y) = MPx.1 + Po)
Hp;y1 = Ap; izk.

By denoting p = A/u we obtain

Pi=p(l+p+...4p)py 1<i<k
p; =Pl +p+...+pk1)p, i>k.
Substituting these expressions in the equation py- +. .. +Ppg. 1y +Po+p; +... =1 we
obtain Po
Po(k'*' p(l—p) p(1+p+ )J
=1 1- —P

-1
2
po=k+ (B> a-ph+ —F— (l-p))
° ( Z 1-p)?

After some calculation this gives py = (1 - p)/k (An alternative way to verify this formula is
to observe that the fraction of time the server is busy is equal to p by Litte's theorem).
Therefore, the fraction of time the server is idle is (1 - p). When this is divided among the k



equiprobable states 0, 1', . . ., (k-1)' we obtain py = (1 - p)/k. The average number in the
system is

eo. k(k__l) oo .
N=p; +2py+... + (k- l)p(k_1)'+z}Pi=P0 2 +Z‘Pi
i=0 i=0

where the probabilities p; are given in the equations above. After some calculation this
yields

N = (k-1)/2 + p/(1 - p).
The average time in the system is (by Little's Theorem) T = N/A.

3.16

The figure shows the Markov chain corresponding to the given system. The local balance
equation for it can be written down as :

PoPo=P1
Y P17P2

= pn+l=pnpn= Pn1PnPng= - = G op 1 "pn)Po
but,

i=0

e {Hj(po...pk)]

k=0

Zpi =po(1+po+popl+ 1) =1



3.17

The discrete time version of the M/M/1 system can be characterized by the same Markov
chain as the continuous time M/M/1 system and hence will have the same occupancy
distribution.

3.18
1 1 1 1
2 2 2 2

p,, for l1sn<4

P(a customer arrives but has to leave) = 1/31
Hence the arrival rate of passengers who join the queue =
(1-p) A= %11 per minute =A_ (say)

T =N/A =£6/i=£

a 3031 15 nutes

3.19



We have here an M/M/m/m system where m is the number of circuits provided by the
company. Therefore we must find the smallest m for which p,, < 0.01 where p,,is given
by the Erlang B formula

_ _vi"/m!

D Oy
n=0

m

We have A =30 and p = 1/3, so A/i = 30-3 =90. By substitution in the equation above we
can calculate the required value of m.
3.20
We view this as an M/M/m problem. We have
A=0.5, EX) = 1/p = 3, m="? so that W<0.5

We know that the utilization factor has to be less than 1 or m has to be greater than or equal
to 2. By the M/M/n results we have

A p
w= 2H . %
AQ-Ay mu-i
my
pp A"
where P = —— M
m! (1 -2
mp
1
T ow” ™
and Py = o + ,
= m! (1- A/p)

As can be seen from the expressions above m should be at most 5 because at m=5 , W is
less than 0.5 because P is less than 1.

The following C program calculates the optimum m.

double PO(lambda,mu,m){
mrho = lambda/mu;
rho = mrho/m; _
for(n=0; n<m; n++)
templ = pow(mrho,n)/ fact(n);



temp2 = pow(mrho,m)/(fact(m)*(1-rho));
return(1/( temp1 + temp2 )); /* this returns py */

}

int fact(n){
if (n==0) return (1);
else
return(n* fact (n-1));

}

double W(lambda,mu,m){
PQ = PO(lambda,mu,m) * pow(mrho,m) /

(fact(m) * (1-rho));
return(PQ/(m *mu - lambda));
} /* this returns W for a given m */
main() {
lambda = 0.5; mu = 0.333; previous_W = 100.0;
for(m=2; m<=5; m++)
if ((temp = W(lambda,mu,m)) < Previous_W)
previous_W = temp;
else
{ print(m-1);
break;

3.21
We have p;, = pPpg where p = A/p. Using the relation

m
2 =1
n=0
we obtain
-1 __1-p
m 1- +1
S 1P
n=0
“Thus
Pn:fn(;,,:ff’ 0<n<m
3.22

(a) When all the courts are busy, the expected time between two departures is 40/5 = 8
minutes. If a pair sees k pairs waiting in the queue, there must be exactly k+1 departures
from the system before they get a court. Since all the courts would be busy during this
whole time, the average waing time required before k+1 departures is 8(k+1) minutes.



(b) Let X be the expected waiting time given that the courts are found busy. We have
A =1/10, H = 1/40, p=2A/(5u) =028
and by the M/M/m results

__PPQ
A(1-p)

Since W = XPq, we obtain X = W/Pq = p/[A(1 - p)] = 40 min.

3.23

Let

Pm = P{the 1st m servers are busy}
as given by the Erlang B formula. Denote

I,, = Arrival rate to servers (m+1) and above
A, = Arrival rate to server m.

We have

Tm = Pt
Ap =Tm1 - I; = (Pme1 - Pm)A-

The fraction of time server m is busy is

by = A/l

3.24

We will show that the system is described by a Markov chain that is identical to the M/IM/1
chain. For small & we have

P{k arrivals and j departures} = 0(3) if k+j22

P{Q arrivals and 1 departure | starting state =1 2}
= P{0 arrivals | starting state i > 1} ¢ P{1 departure | starting state i = 1}



We have
P{ 0 arrivals | starting state i 2 1} = P{0 arrivals} = 1 - A3 + 0(5).
The probability P{1 departure | starting state i > 1} is obtained from the binomial

distribution or sum of i Bernoulli trials, each with a probability of success equal to (L/5) o
+ 0(6). We need the probability of one success, which is

oy
( 1 )(1- (i) 8+ 0(3))- ((wA) 5 +0(3))

Therefore

- P{ 0arriva1§ aﬁd 1 departure | starting state =i 21}
i _
= ( 1 )(1- (W/A) 3 + 0(8))i! ((W/i) & + 0(3))e (1-A3 + 0(8)) = ud + 0(d)
Similarly

P{1 arrival and O departure | starting state =i}
=P{1 arrival} e P{0 departure | starting state =i}

-_-.(}.,8+0(6))0[‘(1))(1-(Wi)5 +0(8))1] =15+ 0(3)

Thus the transition rates are the same as for the M/M/1 system.

3.25

Let n; be the number of radio-to-radio calls and n7 be the number of radio-to-nonradio calls
which have not finished yet. Then we have the following Markov chain:



all states such that

n <
2n1+ 2 £m

The occupancy distribution p(nj,n2) is of the form

p(n;,n,) = p'l“(l-p l)p;’(l -p 5)/G, for2n;+n,<m

and 0 otherwise (it is easy to check that this formula satisfies the global balance equations).
To calculate G note that

2 Ep("l"b)" 1=G= X PP pp3U-p)=

{0 2n pn <m} {(ayn )20 pn £m]
] =, | 7 j-p ™20
>3 0™ (1-p pp2(1p ) = Z pTU—-p )1-p 2)——37—
n-ﬂ nﬂ 2

5] 5]

=(1_p ])Zp Z(l_p lp m+1 (pl)

Pz



m
oa
=1_pl2J+ -(1-p P10 >
1-—
P
m m
e me1.2| 2| Pibj " Plfjﬂ
= 1-p 1 - (l-p 1)p2 2
P2-Py
r
m m+2 _ m/2+
l-p?L1 —(1-p p 2p2—-——p—1— if m even
1 2
P2-Py
=G= m+l
mel Py -p 2
1p 2 —(1-p Jpi———— ifmodd
1 2
L P2-P,
Let
p1 = blocking probability of radio-to-radio calls
p2 = blocking probability of radio-to-nonradio calls
Then
P,= Y, Pnyn)
2n 0 =m
p,= D, Pppn)=p,+ D  p@yny).
m1< 2n +n Sm 2np4n,=m1
But
2] B

P,=2p(y, m2n)= Y, pI-p )7 "1-p )G =

n 20
fy

LY
_ (- )1-p)pT 1-fp l/pal2J
G Py

and



1-
(1-p Y1-p Jp 5 (pz

% 2
P=P,+ Zp(nl,m-l-2n1)= p,+ G .
n‘d) _E_l_
P2

3.26

Define the state to be the number of operational machines. This gives a Markov chain,
which is the same as in an M/M/1/m queue with arrival rate A and service rate pi. The
required probability is simply pg for such a queue.

3.27
Assume Py > o .

We have the following Markov chain:

horizontal cut

Let state 1 represent 1 customer in the system being served by server 1
Let state 1' represent 1 customer in the system being served by server 2

1) Flow across a vertical cut

pi-1  foriz2

pi= A
Ty + 2

Therefore



i-2
) pp  foriz2

Pi (ul + 12
ii) Flow in and out of state 1'

(A +12) P =p2 11

Therefore

T
P1'=Pp2 7~+ll2

iii) Flow across horizontal cut

P1A=(1r+P) 2

Therefore

pl=%(p2_+pz x—%ﬂ)=pz%(l + —”—‘—)

iv) Flow in and out of state 0

POA =T W] + P1' K2

Therefore
=1 (R1p2 3] Bip2

PO=3 pz( A (l +2.+p.2)+ 3\.+u2)
We have

Zpi=1

1
from which

1 (1 !
b= 1 . (1 + (ua/A)) 1 , G (R1/A)) B2 .
A A+ U2 A A+ U2

H1 + R2

3.28



We have

R A —

= E{n}(s2- I®) + E{n*}I"
Since
E{n} = My, E{n } =02+ /) =M+ (M)
we obtain |

of= E{f'} - F*= E{f’} ~ M= Mu2- I + [(Mw) + W - 1’
= (Mw)s?

so finally

or= (M s,

3.29

For each value of x, the average customer waiting time for each of the two types of
customers (x items or less, vs more than x) is obtained by the P-K formula for an M/G/1
system with arrival rate and service time parameters depending on x. By computing the
overall customer waiting time for each x in the feasible range [1,40], we can numerically
compute the optimal value of x.

Here is a program to find x to minimize the average waiting time:

Lambda=1; Past_T= 1000000; T=0; x=-1;
while (x<=40) do
if (T> Past_T) do
begin
Past T=T;
X =x+1;
lambdal = lambda * x/40;
E_service_time_1 = (1+x)/2;
E_service_time_2 = (41+x)/2;
E_service_time_squarel = 0;
E_service_time_square2 = 0;
fori=1to x do
E_service_time_squarel =
E_service_time_squarel+(i*i);



for i=x+1 to 40 do
E_service_time_square2 =
E_service_time_square2+(i*i);
E_service_time_squarel =
E_service_time_squarel/x;
E_service_time_square2 =
E_service_time_square2/(40-x);
T1 =E_service_time_1 +
(lambda*E_service_time_square1/(2.0*(1-
lambdal*E_service_time_1)));
T2 =E_service_time_2 +
(lambda*E_service_time_square2/(2.0%(1-
lambda2*E_service_time_2)));
T = (T1*x + T2*(40-x))/40;
end;
print(x);

3.30

From Little's Theorem (Example 1) we have that P{the system is busy} = AE{X} .
Therefore P{the system is empty} =1 - AE{X]}.

The length of an idle period is the interarrival time between two typical customer arrivals.
Therefore it has an exponential distribution with parameter A, and its average length is 1/A.

Let B be the average length of a busy period and let I be the average length of an idle
period. By expressing the proportion of time the system is busy as B/(I + B) and also as

AE{X} we obtain
B = E{X}/(1 - AE{X}).
From this the expression 1/(1 - AE{X}) for the average number of customers served in a

busy period is evident.

3.31

The problem with the argument given is that more customers arrive while long-service
customers are served, so the average service time of a customer found in service by another
customer upon arrival is more than E{X}.

3.32

Following the hint we write for the ith packet



N,
U =R;+ zxi—j

j=1

where

U;: Unfinished work at the time of arrival of the ith customer
R; : Residual service time of the ith customer

N;: Number found in queue by the ith customer

X : Service time of the jth customer

Hence
Nj
E{U;} =ER;}+ B D E(Xi; IN;}
F1
Since X; ; and N; are independent

E{U,} =E{R) + E{X}E{N,)
and by taking limit as i—es we obtain U =R + (L/)Ng =R + (V)W =R + pW, so0

W =(U-R)/p.

Now the result follows by noting that both U and R are independent of the order of
customer service (the unfinished work is independent of the order of customer service, and
the steady state mean residual time is also independent of the customer service since the
graphical argument of Fig. 3.16 does not depend on the order of customer service).

3.33

Consider the limited service gated system with zero packet length and reservation interval
equal to a slot. We have

Trpm = Waiting time in the gated system
For E{X2} =0, E{V} =1, oy2 = 0, p = 0 we have from the gated system formula (3.77)
Waiting time in the gated system = (m + 2 - 2A)/(2(1 - A)) = m/(2(1 - 1)) +1
which is the formula for Tp)\ given by Eq. (3.59).

3.34



(a) The system utilization is p, so the fraction of time the system transmits data is p.
Therefore the portion of time occupied by reservation intervals is 1 - p.

(b) If
p: Fraction of time a reservation interval is followed by an empty data interval
and M(t) is the number of reservation intervals up to time t, then the number of packets

transmitted up to time t is = (1 - p)M(t). The time used for reservation intervals is =
M@®E({V}, and for data intervals = (1 - p)M(t)E{X}. Since the ratio of these times must be

(1 - p)/p we obtain

(1-p)p=MOE{VDHAU - pPMOE{X}) = E{V}/(( - pE{X})
or

1-p=(PE{V]A( - pE{X]))
which using A = p/E{X}, yields p = (1 - p - AE{V})/(1 - p)

3.35

Consider a gated all-at-once version of the limited service reservation system. Here there

are m users, each with independent Poisson arrival rate A/u. Each user has a separate
queue, and is allowed to make a reservation for at most one packet in each reservation
interval. This packet is then transmitted in the subsequent data interval. The difference with
the limited service system of Section 3.5.2 is that here users share reservation and data

intervals.

Consider the ith packet arrival into the system and suppose that the user associated with
packet i is user j. We have as in Section 3.5.2

E(W,} =E(R;} + E{N;}/u + (1+E{Q,) - E{m,DE{V)

where W;, R;, N;, i1, E{V} are as in Section 3.5.2, Q; is the number of packets in the queue
of user j found by packet i upon arrival, and m, is the number (O or 1) of packets of user j
that will start transmission between the time of arrival of packet i and the end of the frame
in which packet i arrives. We have as in Section 3.5.2

R=lim __E(R}+E(N,}u+(1+E{Q) - E(m)E(V)
N =limi_,,, E{Nl} =AW
Q=lim;_,.. E{Q) =AW/m
so there remains to calculate lim;_,_E{m;}.

There are two possibilities regarding the time of arrival of packet i.



a) Packet i arrives during a reservation interval. This event, call it A, has steady
state probability (-p)

P{A} =

Since the ratio of average data interval length to average reservation interval length

is p/(1-p) we see that the average steady state length of a data interval is pE{V}/(1-
p). Therefore the average steady state number of packets per user in a data interval
is pE{V}/((1-p)mE{X}) = AE{V}/((I-p)m). This also equals the steady state value
of E{m,-l A} in view of the system symmetry with respect to users

AE{V)
(1-p)m

Iim E{m|A) =
1==300 1

b) Packet i arrives during a data interval. This event, call it B, has steady state
probability p

P{B} =p.
Denote
o = lim;_, E{m; | B},

oy=lim;_,_ E{m; | B, the data interval of arrival of packet i contains k
packets}.

Assuming k > 0 packets are contained in the data interval of arrival, there is equal

probability 1/k of arrival during the transmission of any one of these packets.
Therefore

k
l1k—-n k(k 1) k-1
O = ZE m m

n=1

Let P(k) be the unconditional steady-state probability that a nonempty data interval
contains k packets, and E{k}and E{kZ} be the corresponding first two moments.
Then we have using Bayes' rule

lim;_,_, P{The data interval of arrival of packet i contains k packets} = kP(k)/E{k]}.

Combining the preceding equations we have

S kP(K) ZP(k)k(k—l)_ E{(} 1

Bk &~ 2E{k}m  2mE{k} 2m"

k=1



We have already shown as part of the analysis of case a) above that
E(k} =AE{V}/(1-p)

so there remains to estimate E{k2}. We have

E{}= ) KPPK)

k=1

If we maximize the quantity above over the distribution P(k), k = 0,1,..., m subject
to the constraints Ym, _, kP(k) = E{k}, ka=o Pk) =1, P(k) 2 0 ( a simple linear -

programming problem) we find that the maximum is obtained for P(m) = E{k}/m,
P(0) =1-E{k}/m, and P(k) =0, k = 1,2,....m-1. Therefore
E{k2} <mE({k}.
Similarly if we minimize E{k2} subject to the same constraints we find that the
minimum is obtained for P(k*-1) =k' - E{k}, P(k) =1 - (k' - E{k}) and P(k") =0
fork #k'- 1, k' where k' is the integer for which k'- 1 £ E{k} < k'. Therefore
E{k2} 2 (k' -1)2(k' - E{k}) + (K)?[1 - (k' - E{k})]
After some calculation this relation can also be written

E{k2} 2 E{k} + (k' -1)2E{k} - k) for E{k} e (k'- 1,k"),
k=1,2,..m

Note that the lower bound above is a piecewise linear function of E{k]}, and equals
(E{k})? at the breakpoints k' = 1,2,....m. Summarizing the bounds we have

1
2m ’

E{k} + (k' - 1)(2E{k} -k) 1

- sas
2mE{k} 2m

N ==

where k' is the positive integer for which

k'- 1 <E{k} <k'.
Note that as E{k} approaches its maximum value m (i.e., the system is heavily

loaded), the upper and lower bounds coincide. By combining the results for cases
a) and b) above we have

m__E{m]) = P(A}lm __ E{m|A}+P(B}lim__E{m IB)



3.36

AE({V]}

= (I-p)——+pa
(1- p)m
or finally
limi__”E{m,} =A'EILV} +pa

where a satisfies the upper and lower bounds given earlier. By taking limit asi —
o in the equation

E{W;} =E{R;} + E{N;}/u + (1 + E{Q;} - E{m;DE{V}

and using the expressions derived we finally obtain

AE{V}
B’} L (-p)EVY +(1“"°“ m )E{V}

w=2(1 E{V}) (l—p ME{V})E{V} 1-p—m

L m

where o satisfies

1
2m 9’

Efk} + (k"- 1DQE({k}-k) 1

- < <
ImE (K] m =

[N] e

E{k]} is the average number of packets per data interval
E{k} =AE{V)/(1 -p)

and k' is the integer for which k'- 1 <E{k} <k'. Note that the formula for the
waiting time W becomes exact in the limit both as p — 0 (light load), and asp — 1
- AE{V}/m (heavy load) in which case E{k} > mand 00— 1/2 - 1/2m. Whenm=
1 the formula for W is also exact and coincides with the one derived for the
corresponding single user one-at-a-time limited service system.

For each session, the arrival rates, average transmission times and utilization factors for the
short packets (class 1), and the long packets (class 2) are

A; = 0.25 packets/sec, 1/p, =0.02 secs, p, =0.005
A, = 2.25 packets/sec, 1/u, =03 secs, = p,=0.675.



The corresponding second moments of transmission time are

E{X,2} = 0.0004 E{X,?} = 0.09.

The total arrival rate for each session is A = 2.5 packets/sec. The overall 1st and 2nd
moments of the transmission time, and overall utilization factors are given by

1/ = 0.1%(1/p;) + 0.9%(1/py) = 0.272
E{X2} = 0.1*E{X,2} + 0.9%¥E{X,2} = 0.081
p =ML = 2.5%0.272 = 0.68.

We obtain the average time in queue W via the P - K formula W = (AE{X2})/(2*(1 - p)) =
0.3164. The average time in the systemis T = 1/u + W = 0.588. The average number in
queue and in the system are Ng = AW =0.791, and N = AT = 1.47.

The quantities above correspond to each session in the case where the sessions are time -
division multiplexed on the line. In the statistical multiplexing case W, T, N and N are

decreased by a factor of 10 (for each session).

In the nonpreemptive priority case we obtain using the corresponding formulas:

W, = ME{X;2} + ME{X2})/(2%(1 - py)) = 0.108

Wy = (ME{X;2) + MLE{X2D/(2*(1 - py)*(1 - p; - p,)) =0.38
T,=1/p, + W; =0.128

T, =1/p, + W, = 1.055

Ngi = A*W, = 0.027 Nz = A,*W, = 0.855
N; =A,*T; =0.032 Ny = ,*T, = 2.273.

3.37

(@)
A = 1/60 per second
E(X) = 16.5 seconds
E(X2) = 346.5 seconds
T = E(X) + AEX2)/2(1-AEX))
= 16.5 + (346.5/60)/2(1- 16.5/60) = 20.48 seconds

(b) Non-Preemptive Priority

In the following calculation, subscript 1 will imply the quantities for the priority 1
customers and 2 for priority 2 customers. Unsubscripted quantities will refer to the overall

system.



EX)=16.5, E(X,)=4.5,E(X,)=19.5

ECC) = 346.5

R = % A E(X?) = 2.8875
p, =% E(X))=0015

p, =% E(X,) =026

= 2931

2
W, =—
1-p1

W, = R 403

l-p2

(c) Preemptive Queueing

The arrival rates and service rates for the two priorities are the same for preemptive
system as the non-preemptive system solved above.

E(xf) =225, E(xzz) =4275
R, = % A, E(X)) = 0.0075

1 2
R, =R, + 5} E(X,) = 2.8575
T EX,)(1p ) +R,
1

l-p1

r, - P )+ R,
1-p )1 -p,)

T= T, +A,To)/A =19.94



3.38

(a) The same derivation as in Section 3.5.3 applies for Wy, i.e.

We=R/I(1-py-..-p)T-py-- =Py

where p; = A;/(myt), and R is the mean residual service time. Think of the system as being
comprised of a serving section and a waiting section. The residual service time is just the
time until any of the customers in the waiting section can enter the serving section. Thus,
the residual service time of a customer is zero if the customer enters service immediately
because there is a free server at the time of arrival, and is otherwise equal to the time
between the customer's arrival, and the first subsequent service completion. Using the
memoryless property of the exponential distribution it is seen that

R =PgE{Residual service time | queueing occurs} = Po/(mjt).
(b) The waiting time of classes 1, . . ., k is not influenced by the presence of classes
(k+1),...,n. All priority classes have the same service time distribution, thus,
interchanging the order of service does not change the average waiting time. We have
Wy, = Average waiting time for the M/M/m system withrate A; +. .. + A;.

By Little's theorem we have

Average number in queue of class k = Average number in queue of classes 1 tok
- Average number in queue of classes 1 to k-1

and the desired result follows.
3.39

Let k be such that

Pr+...+PaSl<py+...+pP.

Then the queue of packets of priority k will grow infinitely, the arrival rate of each priority
up to and including k-1 will be accomodated, the departure rate of priorities above k will be
zero while the departure rate of priority k will be

- (l-pl—m'pk..))
M= X

In effect we have a priority system with k priorities and arrival rates



)"i= li fori<k

- l__ —_ e o 2
7Lk=( P1 - Pr-1)

For priorities i < k the arrival process is Poisson so the same calculation for the waiting
time as before gives

k

>

=1
W, = ,
P20 =pym el py - py)

i<k
For priority k and above we have infinite average waiting time in queue.

3.40

(a) The algebraic verification using Eq. (3.79) listed below
Wg=R/(1-p1-...-pe)1-p1-...-pY

is straightforward. In particular by induction we show that

R(p;+ +pyp
1—py— " —pg

PV + o+ P Wy =
The induction step is carried out by verifying the identity

R(py+ - +py . PR
l1=py==pr (A=py= P =pP1= """ = Pr1)

PIW+ =+ PWi + P Wi =
The alternate argument suggested in the hint is straightforward.

(b) Cost

C= ngNlQ('-—- 2 Ckkak = Z

k=1 k=1

Cx
=P . W
Xk)pk k

We know that W < W < ... < W;. Now exchange the priority of two neighboring
classes i and j=i+1 and compare C with the new cost

= C
C'=Y{=Klp. W'
;(Xk)pk )



In C' all the terms except k =i and j will be the same as in C because the interchange does
not affect the waiting time for other priority class customers. Therefore

C; X . .
C-C= 3 pWi+ S pW; - S pWi - L pW,
X, Pj¥Yj i PiYYi X, PiYYi X, Pj¥;j

We know from part (a) that

i P, Wy = constant.
P

Since Wk is unchanged for all k except k =1 and j (= i+1) we have
p,W;+ ijj = piW'i+ij'j.

Denote

B = p;W - piW; = pjW;-p;W'

Clearly we have B = 0 since the average waiting time of customer class i will be increased
if class i is given lower priority. Now let us assume that

¢ ¢
1

e

.
X

Then

Cc=Si o W'- i ' S8
C-C (pW pw,)_(prW) B(}_(_ _X_)

Therefore, only if SiSin can we reduce the cost by exchanging the priority
i i+1
order of i and i+1. Tlhus, ilf (1,2,3....,n) is an optimal order we must have

3.41

Let D(t) and T;(t) be as in the solution of Problem 3.31. The inequality in the hint is evident
from Figure 3.30, and therefore it will suffice to show that



t
. 1 ; 1
hmt_,“TzTi “hm;_,wa T; (1)

ielXt) 1=1
We first show that
Ty/ty =0 as k— oo (2)

where t, is the arrival time of the kth customer. We have by assumption
limy _, ., (k/ty) =4,

and by taking the limit as k—eo in the relation
(k+1)/tyesy - Kty = gepq - (G - 6/t ) K/t

we obtain
tk/tk-{»l -1 as k— oo (3)
We also have
k k
2T DT
- k
=1 2= T ask — oo 4)
Y L k
SO
k +1 k
i=1 R i=1 -0
t1c+1 tk
or
k

which proves (2).

Let € > 0 be given. Then, from (2), there exists k such that T; < t; € for all 1 > k. Choose t
large enough so that o(t) > k. Then



Q) . ag)

ZM, < Lr(t)dt <SOM

i=l

or
B oft)
B)is1 I 1< adi=
t (t) =Tt a(t)
Under the assumptions
A= 1im & = jjm PO
t—oo I l-—)oo t
1 k
M=k‘£';.§§.:.~'i
1=
we have
R=AM
where

R = lim lJ:r(r)dr
t—poo t

is the time average rate at which the system earns. .

(b) Take r(t) =1 for all t for which customer i resides in the system, and r;(t) = 0 for all
other t.

(c) If X; and W; are the service and queueing times of the ith customer we have

M; = XW; + (X2

where the two terms on the right above correspond to payment while in queue and service
respectively. Applying part (a) while taking expected values and taking the limnit as i1 oo,
and using the fact that X; and W; are independent we obtain _

U = ME(X )W + E((X2)/2))

where U, the rate at which the system earns, is the average unfinished work in the system.
Since the arrival process is Poisson, U is also the average unfinished work seen by an
arriving customer. Therefore U = W, and the P = K formula follows.



3.43

We have similar to Section 3.5

W=R+ pW+ W )
where the mean residual service time is

ADX2

R=2

We derive the average waiting time of a customer for other customers that arrived in the
same batch _

Wa= ) KE{Wp | batch has size j}
i
where

P; = Probability a batch has size j
1; = Proportion of customers arriving in a batch of size j

We have

. iP.
rj=_j_PJ._ i

5o
n=1

Also since the customer is equally likely to be in any position within the batch

E{Wp | bath is of size j} = 2(1:- 1)5(}-= -1z

2
k=1

Thus from (2)

iP.-DX  X(n?—-n
E{WB}=ZJ J(l-_) _X(n" -n
J 2n 2n

Substituting in (1) we obtain



_ Xt x(n® -n)
2T-p) "

2n(1 - p)

3.44

(a) Let pg be the steady state probability that an arriving packet finds the system empty.
Then, in effect, a packet has service time X with probability 1 - pg, and service ime X + A
with probability py. The fraction of time the system is busy is obtained by applying Little's
Theorem to the service portion of the system

ME{X]}(1 - p) + (E{X} + E{A})po] = M(E{X]} + E{A}po)

This is also equal to P{system busy} = 1 - py, so by solving for py, we obtain
Po = (1 - AE{X})/(1 + AE{A}) = (1 - p)/(1 + XAE{A})

where p = AE{X]}.

~ (b) Let

E{I} = average length of an idle period
E{B} = average length of a busy period

Since the arrival process is Poisson we have

E{I} = 1/A = average time betwen last departure in a busy period and the
next arrival in the system

__EI} 1A 1-AEX}
Po= E{I} + E{B} ~ 1A+ E{B} 1+ AE{A}

E{X}+E{A} E{X}+E{A}
I-E(X1A  1-p

E{B} =

(c) We calculate the mean residual time using a graphical argument



From the figure we have
M(@) N

J(:R('t)dt = Z%Xi2+ D Xighi+ %A?

i=l i=1
where Xj; is the service time of the first packet of the ith busy period, and

M(t) =#of arrivalsup to t
N(t) = # of busy periodsup to t

Taking the limit as t—eo, and using the fact
. Nw_1-pm_ M1-p)

we obtain
M(t)l N() 1
t X2 A+ =A2
J R(t)dt szl ij(x)Ax + 2A1
R = Jim 22 - fim M(t) i=1 +N(t) i=1
et ied t M) t N(t)

We have, as in Section 3.5, W =R +pW or
W=R/1-p)

Substituting the expression for R obtained previously we obtain



_AE{X} A

2 2
=30-p  TTTAEAp X+ A) ) - E{XT]

W

3.45

(a) It is easy to see that
Pr (system busy serving customers) = p
Pr (system idle) = 1-p = P(0 in system) + P(1 in idle system) + ...
+ P(k-1 in idle system)

It can be seen that

P(0 in system) = P(1 in idle system) = ... = P(k-1 in idle system) = (1-p)/k
implying that ‘
(1-p)k-1)
P(nonempty and waiting) = k

(b) A busy period in this problem is the length of time the system is nonempty. The end of
each busy period is a renewal point for the system. Between two renewal points, the
system is either waiting (with O or more customers) or serving.

Let W be the expected length of a waiting period.
Since arrivals are poisson, we have

Let S be the expected length of a serving period.

Then the probability that the system is serving =p = S

S+W

implying that

-1:

il

1
P
or

A
1

%]
]
5 '[%

pk
-p



Let I be the expected length of time the system is empty

The expected length of a busy period = S+ W-1

:—-——-p(k/)\') +_k__.l
p A A
_pk+(p) (kD) _k+p-l
AMl-p) Ad-p)
—pl (l_dg) is k times the average length of an M/G/1 busy period and 1%:1_

is the average time from the first arrival until the system starts serving.

(c) We will call the k packets that are in the system at the beginning of the busy period
"old" packets. Those that come during the busy period (and are therefore served during
this period) are called "new" packets.

We consider the following service discipline: the server transmits old packets only when it
doesn't have new packets available at that moment (so it's not FCFS). Since this discipline
doesn't depend on the length of the packets it will give the same average number of packets
in the system. Thus a busy period looks as illustrated below:

D +1< i >I<— '<—bk;1><————>bk
L U LU U O B B

old 1 new old 2 new old3 oldk-1 new oldk new
" >
Busy period

In a subperiod b;j of the busy period, the old packet i and the new packets combine to give
the same distribution as a normal M/G/1 busy period except that there are an extra k-i old
packets in the system. It is easy to see that the distribution of the length of by,by, ... b is
the same since each of them is exactly like an M/G/1 busy period.

= E(N | serving) = E(N | bj) P(by | serving) + ... + E(N | bx) P(bk | serving)

P(b; | serving) =TI(-



E(N | b)) = E(NM/G/1 | busy) + k-i
implying that

=1

k
E(N | serving) = (k E(Nm/G/1 | busy) + 3 (k-i))

k-1
==5—+ E(Nm/G/1 | busy)
We have
E(Nm/G/1) = E(NMG/1 | busy) p
from which

EQNmyc71 | busy) = E—‘Nﬂpﬁi’

or

E(N | serving) = —&D-E(Nhg ) +-k—i-1-

E(N | busy waiting) = E(N | waiting with 1) P(waiting with 1 | busy waiting) + ...
+ E(N | waiting with k-1) P(waiting with k-1 | busy waiting)
P(waiting with i | busy waiting) '

= P(waiting with j | busy waiting) = - forall 0<i,j <k

from which

.. 1 kl k
E(N | busy waiting) = BT .2]1 =5
1=

(d) E(N) = E(N | busy waiting) P(busy waiting) + E(N | busy serving) P(busy serving)

_k GeD(-p) , (EMNmgn | k-1
77 k p 2 )P

k-1
= E(NWG/I) + -2—



3.46
We have

W =R/A1-p)

where
M(v) L)
R = lim 12 X2+ - v
T oo 14 15 ™ 1 17
1= 1=

where L(t) is the number of vacations (or busy periods) up to time t. The average length of
an idle period is

o0 v o
I=j p(v{'[ vAe MdT+ J ‘tke’“dt]dv
0

0 v

and it can be seen that the steady-state time average number of vacations per unit ime

. L) 1-
i, = 152

‘We have
o,
>
Lo -+
tim 1Y Yot (LOF 2 ., LOV_Vd-p
g2 =0 LY >t 2 21
Therefore
—
R oAX?, V(-p)
R=—+—7
and
A2 V2
W=sa-p T2
3.47

(a) Since arrival times and service times are independent, the probability that there was an
arrival in a small interval  at time T - x and that this arrival is still being served at time T is

AS[1 - Fx(x)].



(b) We have
X= J xdFy(x)
0
and by calculating the shaded area of the figure below in two different ways we obtain
jxde(x) =I [1 - Fy(x)]dx
0 0

This proves the desired expression.

E () A

de(x)

>
I —» e X
X x + dx

(c) Let p,(x) be the steady state probability that the number of arrivals that occurred prior to
time T — x and are still present at time 1 is exactly n.

Forn 21 we have
Pax - 8) = {1- A1 - Fy(0]81pa(x) + A1 - Fx(x)]6pp1(x)
and for n =0 we have | |
Po(x - 8) = {1 - A[1 - Fx(x)18}po(x).
Thus pn(x), n .= 0, 1, 2,... are the solution of the differential equations

dpy/dx = a(x)pp(x) - a(X)py.1(X) for n21



dpy/dx = a(x)pg(x) , for n=0
where

a(x) = A[1 - Fx(x)].
Using the known conditions

Pp(e2) =0 forn>1
po(oe) =1

it can be verified by induction starting with n = 0 that the solution is

Juoy 1 ayT

p,x)=[e’ ] -LT_

. x20,n=01,2,..
Since

[atnay =2 1 - Eyoney =2E(X)
0

0
we obtain
n
p.(0)= e’”“x’&sﬂ- , n1=0,1,2, ...

Thus the number of arrivals that are still in the system have a steady state Poisson
distribution with mean AE{X]}.
3.48
(a) Denote
f(x) = Ef[(max{0,r-x})2]
and
g(x) = (E[max{0,r-x}])2:
where E{[-] denotes expected value with respect to r (x is considered constant). We will

prove that f(x)/g(x) is montonically nondecreasing for x nonnegative and thus attain its
minimum value for x=0. We have _



ag(::) ‘[:_x (mz-xx{O,r-x})2 = 2E,[max{0,r-X}' aix (max{0,r-x})/,
where
a(maxa{)?; x}) - u(-x)

where u(-) is the step function. Thus

of(x)
ox

Assume for simplicity that r has a probability density function (the solution is similar in the
more general case). Then

=—2E, [(max{0,r-x})- u(r—x)] =-2E [max{0,;r-x}]

=-2E, [max{0,r-x}] - | p@)dr

a—g(xi). = 2E r[max{0,r-x}] E,[éa; max{0,r-x}

Thus
af(") = gx) - fx )9& 2E [max{O,r—x}]E |(max(0.r-x))3[_ptr)ar

- 2E; [max (0,r-x} JE; ([max{0,r-x }])?

af(x) ag(x)

)) g(x) - f(x) === 2 0 or equivalently

For —=% (( monotonically nondecreasing we must have

E, [(max.{OJ-Xl)QJJ’ p()dr - (E;[max{0,r-x}]) 2

X

™

2
= (r-x)zp(r)er‘ pdr - ([ cx)p@dr) 20

which is true by Schwartz's inequality. Thus the ratio

f(x) _ E(max{0r-x})*]
gX)  (E[max{0,r-x)])?

is monotonically nondecreasing and attains its minimum value at x=0. On the other hand,
we have



£ _ B

since r 2 0, and the result follows.

(b) We know (cf. Eq. (3.93)) that
Ix = - min{OQ,Wy + X} - Ty} = max{0,tx — W - Xi}
= max{O,‘tk— Sk}'

where Sy is the time in the system. Since the relation in part (a) holds for any nonnegative
scalar x, we can take expected values with respect to x as well, and use the fact that for any

function of x, g(x), E(g(x)2) = E2(g(x)), and find that

Exl(max{01-x 2] 2 L= By (fmax{0;r-x}])%
@) (1)

where x is considered to be a random variable this time. By letting r = T, x = Sk, and
k—>eo, we find from (1) that

or

By using Eq. (3.97), we then obtain

7.(03+c§) Ml-p)oi
VE=um T 2




- 3.49

(a) Since the arrivals are Poisson with rate A, the mean time until the next arrival starting
from any given time (such as the time when the system becomes empty) is 1/A. The time

average fraction of busy time is AE[X]. This can be seen by Little's theorem applied to the
service facility (the time average number of customers in the server is just the time average

n
fraction of busy time), or it can be seen by letting _E,IXi represent the time the server is
1=
busy with the first n customers, dividing by the arrival time of the nth customer, and going
to the limit.

Let E[B] be the mean duration of a busy period and E[I] = 1/A be the mean duration
of an idle period. The time average fraction of busy time must be E[BJ/(E[B]+E[I]). Thus

AE[X] =E[BV/E[B]+1/A); E[B]=7 -EEEQIX]

This is the same as for the FCFS M/G/1 sysiem (Problem 3.30).

(b) If a second customer arrives while the first customer in a busy period is being served,
that customer (and all subsequent customers that arrive while the second customer is in the
system) are served before the first customer resumes service. The same thing happens for
any subsequent customer that arrives while the first customer is actually in service. Thus
when the first customer leaves, the system is empty. One can view the queue here as a
stack, and the first customer is at the bottom of the stack. It follows that E[B] is the
expected system time given a customer arriving to an empty system.

The customers already in the system when a given customer arrives receive no
service until the given customer departs. Thus the system time of the given customer
depends only on its own service time and the new customers that arrive while the given
customer is in the system. Because of the memoryless property of the Poisson arrivals and
the independence of service times, the system time of the given customer is independent of
the number of customers (and their remaining service times) in the system when the given
customer arrives. Since the expected system time of a given customer is independent of the
number of customers it sees upon arrival in the system, the expected time is equal to the
expected system time when the given customer sees an empty system; this is E[B] as
shown above.

(c) Given that a customer requires 2 units of service time, look first at the expected system
time until 1 unit of service is completed. This is the same as the expected system time of a
‘customer requiring one unit of service (i.€., it is one unit of time plus the service time of all
customers who arrive during that unit and during the service of other such customers).
When one unit of service is completed for the given customer, the given customer is in
service with one unit of service still required, which is the same as if a new customer
arrived requiring one unit of service. Thus the given customer requiring 2 units of service
has an expected system time of 2C. Extending the argument to a customer requiring n units
of service, the expected system time is nC. Doing the argument backwards for a customer
requiring 1/n of service, the expected system time is C/n. We thus conclude that E[system

time | X=x] = Cx.
(d) We have



1

E[B]=({CX dF(x) = CE[X]; C='1—:—X-E—'[§T

3.50

(a) Since {pj} is the stationary distribution, we have for all je S
o Zor T |- Zos+ Zous
S S Py €S

Using the given relation, we obtain for all jeS
pquji =§§: Py

Dividing by . p, , it follows that
3

ﬁquji = % ﬁiqij

for all je§, showing that {ﬁj} is the stationary distribution of the truncated chain.
(b) If the original chain is time reversible, we have pjq;; = p;g;j for all i and j, so the

condition of part (a) holds. Therefore, we have p;qji = pigij for all states i and j of the
truncated chain.

(c) The finite capacity system is a truncation of the two independent M/M/1 queues system,

which is time reversible. Therefore, by part (b), the truncated chain is also time reversible.
The formula for the steady state probabilities is a special case of Eq. (3.39) of Section 3.4.

3.51

() Since the detailed balance equations hold, we have
Pidji = Pidij

Thus for i, j € Sk, we have

P; P;

o 9T 9 © ;T TG;5

and it follows that the &;, i € Sk satisfy the detailed balance equations. Also



E,t:%i_u_k:

s, 1 Uy Uy

Therefore, {m; |i € Sk} as defined above, is the stationary distribution of the Markov chain
with state space Sk.

(b) Obviously

K K

zuk = Z ij =L

k=1 k=1 jESk (1)
Also we have

U= 2, ;%%
j€Sx
S,

which in view of the fact zjuy = p; for je S, implies that

ulien= 2 P
jes, |
€5 @

and

Yol i = Z"ﬂjium = Z 9P = Zqij P
j€S, j€S, i€s,
i€s, i€s, jes,

@)
Since the detailed balance equations pjqji = qjjpi hold, we have

i€Sy JES, @)

Equations (2)-(4) give

Uy = Un - 5)



Equations (1) and (5) imply that {ui | k=1,...,K} is the stationary distribution of the
Markov chain with states 1,....k, and transition rates Qim.

(c) We will deal only with Example 3.13. (Example 3.12 is a special case with k=m).

For i =0,1,....k we define S; as the set of states (1,0), (i,1),..., (1,m-i), (see Figure 1).
Then the truncated chain with state space S; is

i B,

M M M

We denote by i) the stationary probability of state j of the truncated chain S; and we let

=M
pl ul'
Then
]
M1 = P17

Thus



(1) zpj =1.

or
). _1-p1
1-pr
Therefore,

x(i) = —1-2!—— p‘l i=0,1,2,...,k, j=0,192,"-vm'i
J l_plin-H'l

The transition probabilities of the aggregate chain are

) 1= Z “(Dq ‘Eﬂ’»a)’»z A1 n‘”p

JES,i€Sy,
=x j——Fl l_pl pl l_pm !
1 _pT 1 _prln 1+1
(1+1) (+1) __
Q1= Z"+ “22"j =l
J€Sm J€S

The aggregate chain is given by the following figure.

Thus we have

1
U =p2 - —-zlm uy

1-p;
from which



11'111 l—p'l'*j _ l_pml+l
Pz l_pm-j+l =P2 1__pm+1 uo

Furthermore, we have

k
ZU1= 1,
o]

or
k 1 m-1+1
z pl —p m+l =1
1,
from which
1 m+1
l10= _pl E 1
I‘Pl;ﬂ - m+l ! Pl)k
p, ')
P1
and
1- m-1+1
=Y P, 1p1m+1
Pi
Thus
n n,
R () _ ud) (l'p )p
p(nny) = nﬂl;unz— 1-p] m+1

from which we obtain the product form

p12(+1 m+1 (&)kﬂ )
1-p2

-P )
(%1

p(nny) = (1-p) PY'PY

(d) We are given that the detailed balance equations hold for the truncated chains. Thus for
i, je Sk, we have pigij = pjqgji. Furthermore,



D= DpiegEe

€Sy €8y

Thus {nj | je Sk} is the distribution for the truncated chain Sk and the result of part (a)
holds.

To prove the result of part (b), we have to prove that the global balance equations
hold for the aggregate chain, i.e.,

k k
2 = D, Ul
m=1 m=1

or equivalently
k k '
Z Z T 9= Z 2 Q;;7ilm
m=1jeS, ieS m=1 jeS i€,

For j € Sk, we have ztjuk = pj, and for i € Sy, we have wjum = pj, S0 we must show

i 2 ijji=§k: > 9P

m=1jes, ieS m=1 jeS ieS,
or
22 PA;= 2 zpiqij .
jeS,all i jes, alli ' (6)
Since {pj} is the distribution of the original chain, the global balance equations
7%= X P
alli alli
By summing over all je Sk, we see that Eq. (6) holds. Since
Zuk =1
k=1

and we just proved that the ui's satisfy the global balance equations for the aggregate
chain, {ux | k = 1,...,K} is the distribution of the aggregate chain. This proves the result

of part (b).



3.52

Consider a customer arriving at time t; and departing at time ty. In reversed system terms,
the arrival process is independent Poisson, so the arrival process to the left of t3 is
independent of the times spent in the system of customers that arrived at or to the right of
t2. In particular, t; - t; is independent of the (reversed system) arrival process to the left of
t2. In forward system terms, this means that t; - t; is independent of the departure process
to the left of ts. _

3.53

(a) If customers are served in the order they arrive then given that a customer departs at
time t from queue 1, the arrival time of that customer at queue 1 (and therefore the time
spent at queue 1), is independent of the departure process from queue 1 prior to t. Since
the departures from queue 1 are arrivals at queue 2, we conclude that the time spent by a
customer at queue 1 is independent of the arrival times at queue 2 prior to the customer's
arrival at queue2. These arrival times, together with the corresponding independent (by
Kleinrock's approximation) service times determine the time the customer spends at queue
2 and the departure process from queue 2 before the customer's departure from queue 2.

(b) Suppose packets with mean service time 1/ arrive at the tandem queues with some rate
A which is very small (A << ). Then, the apriori probability that a packet will wait in
queue 2 is very small.

Assume now that we know that the waiting time of a packet in queue 1 was
nonzero. This information changes the aposteriori probability that the packet will wait in
queue 2 to at least 1/2 (because its service time in queue 1 will be less than the service time
at queue 2 of the packet in front of it with probability 1/2). Thus the knowledge that the
waiting time in queue 1 is nonzero, provides a lot of information about the waiting time in

queue 2.

3.54

It can be verified by checking the detailed balance equations that the M/M/1/m queue is
reversible. Hence the arrival and departure process are the same. The arrival process is
Poisson but with probability pm an arrival does not enter the system. Also since an external
arnival process is independent of the state of the system, the arrival process to the sytem is

still Poisson but with rate A(1 - py). By reversibility we conclude that the departure
process is also Poisson with rate A(1 - pm).

3.55
Let



A
A M=
+ cPU Py 2
m servers -
+ Hy |
Ou, D,
2
o= —*
Py

Using Jackson's Theorem and Eqs. (3.34)-(3.35) we find that

@p )™
Po—;;l-li—' P22(1"P 2» N3Sm

P(ny,ny) = { ™
. n2(1 )’ n«{>m
Pommr P, UP2m

9

where

. -1
m-1 n m
| @py) @)

3.56 _
(a) We have

P(Xp=i) = (1-p)pi; i20; p=2Au

P(Xp=i, Dp=j) = P(Dn=j | Xp=i) P(Xp=i) = uOA(l-p)pi ; 21, j=1

; _ i=0,j=1
= (1A Lp)p; 21,70
= 1p; i=0, j=0
(b) P(Dp=1) = Xi=1 HA((1-p)p} = pAp=2A
(©) (Kl Dy=l) =Dl = (uA1-p)pi)AA = (-pipH 321

= 0; =0



(d) PXn+1=il Dp=1) = PXp=i+1l Dp=1) = (1-p)p ; i20

In the first equality above, we use the fact that, given a departure between nA and (n+1)A,
the state at (n+1)A is one less than the state at nA; in the second equality, we use part d).
Since P(Xp+1=i1) = (1-p)pl, we see that Xp.] is statistically independent of the event Dy=1.
It is thus also independent of the complementary event Dy=0, and thus is independent of
the random variable Dy,.

(¢) P(Xp+1=1, Dn+15j | Dp) = P(Dp+1=j I Xn+1=i, Dp)PXn41=i I Dp)
= P(Dn+1"-=j |Xn+l=i)P(Xn+l=i )

The first part of the above equality follows because Xp4 1 is the state of the Markov process

at time (n+1)A, so that, conditional on that state, Dy+] is independent of everything in the
past. The second part of the equality follows from the independence established in e).

This establishes that Xp4+1, Dp+1 are independent of Dy; thus their joint distribution is given
by b). '

(f) We assume the inductive result for k-1 and prove it for k; note that part f establishes the
result for k=1. Using the hint,

P(Xn+k=il Dn+k-1=1, Dn4k-2,-.., Dn) = P(Xn+x-1=i+1 Dpyk-1=1,Dnak-2,-:-» Dn)
= P(Xn+k-1=i+1, Dn+k-1=l|Dn+k-2,..., Dn)
P(Dn-l-k-l=1| Dn+k-2,---, Dn)

- P (Xn+l:.-l=i+ 1,Dpk-1=1)
P(Dn4+xk-1=1)

= P(Xn+k-1=i+1l Dpsk-1=1) = P(Xpex=i | Dpak-1=1)

The third equality above used the inductive hypothesis for the independence of the pair
(Xn+k-1,Dn+k-1) from Dpyk-2,...Dp in the numerator and the corresponding independence

of Dpyk-1 in the denominator. From part e), with n+k-1 replacing n, P(Xpsk=i | Dp4k.1) =
P(Xp+k=i), so

P (Xn+k=il Dn+k-1=1, Dn+k-2,-..» Dn) = P(Xp4k)
Using the argument in e), this shows that conditional on Dp,4x-2,..., Dp, thé variable Xp4x

is independent of the event Dyp4k-1=1 and thus also independent of Dp4k.1=0. Thus Xp.x
is independent of Dp4k-1,..., Dp. Finally,

PXn+k=i, Dp+k=j | Dn+k-15-+» Dn) = P(Dn+k=j ! Xn+k=i)P (Xn+k=i| Dn+k-15-+s D)
= P(Dn+k=) I Xn+k=1)PXn+x=i)
which shows the desired independence for k.

(g) This shows that the departure process is Bernoulli and that the state is independent of
past departures; i.e., we have proved the first two parts of Burke's theorem without using



reversibility. What is curious here is that the state independence is critical in establishing
the Bernoulli property.

3.57

The session numbers and their rates are shown below:

Session Session number p Session rate x,
ACE 1 100/60 = 5/3
ADE 2 200/60 = 10/3
BCEF 3 500/60 = 25/3
BDEF 4 600/60 = 30/3

The link numbers and the total link rates calculated as the sum of the rates of the sessions
crossing the links are shown below:

Link Total link rate
AC Xl = 5/3

CE X1 + X3 =30/3
AD X2 = 10/3

BD X4 =10

DE Xy + X4 =40/3
BC X3 = 25/3

EF X3+ x4 = 55/3

For each link (i,j) the service rate is

H;j = 50000/1000 = 50 packets/sec,
and the propagation delay is D;; = 2 x 10-3 secs. The total arrival rate to the system is

Y= x;=5/3 + 10/3 + 25/3 + 30/3 = 70/3

The average number on each link (i, j) (based on the Kleinrock approximation formula) is:

Asj
Nj = ==+ A;D;
Ty~ Ay
From this we obtain:

Link Average Number of Packets on the Link
AC -~ (5/3)/(150/3 - 5/3) + (5/3)(2/1000) = 5/145 + 1/300
CE 1/4 + 1/50
AD 1/14 + 1/150

BD 1/4 + 1/50



DE 411 + 2175
BC 1/5 + 1/60
EF 11/19 + 11/300

The average total number in the system is N = Z;  Nj; = 1.84 packet. The average delay

over all sessions is T = Nfy = 1.84 x (3/70) = 0.0789 secs. The average delay of the
packets of an individual session are obtained from the formula

ij = M

For the given sessions we obtain applying this formula

Session p Average Delay T,
1 0.050
2 0.053
3 0.087
4 0.090

3.58

We convert the system into a closed network with M customers as indicated in the hint.
The (k+1)st queue corresponds to the "outside world". It is easy to see that the queues of
the open systems are equivalent to the first k queues of the closed system. For example,
when there is at least one customer in the (k+1)st queue (eqmvalently, there are less than M
customers in the open system) the arrival rate at queue i is

m k -
2
Fl

" Furthermore, when the (k+1)st queue is empty no external arrivals can occur at any queue
i,i=1,2,... k. If we denote with p(ny,...,nx) the steady state distribution for the open
system, we get

k
0 if JXm>M

il

M- 3n
G

p(ny,n2,...,nx) =

otherwise




where

pk+1 = k
and G(M) is the normalizing factor.

3.59

If we insert a very fast M/M/1 queue (1—e<) between a pair of queues, then the probability
distribution for the packets in the rest of the queues is not affected. If we condition on a
single customer being in the fast queue, since this customer will remain in this queue for
1/n (—0) time on the average, it is equivalent to conditioning on a customer moving from
one queue to the other in the original system.

If P(nj,...,ng) is the stationary distribution of the original system of k queues and
P'(ny,....nk,Nk+1) is the corresponding probability distribution after the insertion of the fast
queue k+1, then

" P(ny,...nx | arrival) = P'(ny,...0k, nke1 = 1 Ingeq = 1),

which by independence of nj, ...,nk, nk+1, is equal to P(nj,...,nk).

3.60

Let Uj = utility function of jth queue.

We have to prove that
: L A (M)
hmM._,.,(Uj(M)) = hmM_,..—Ju—' =1
i
But from problem 3.65 we have
_ . GM-1)
UiM=p;~Gam) -

Thus it is enough to prove that



G(M)

where pj = max{pj,..., px}. We have

. ) i 1 n; ny
GM = Y, p'l“...p;‘a..p:& ZMP?--°9?"‘p:k+ Zﬂp?-npju-Pk

n‘+_.ﬂ|.=M LA SR LR B 4
nj=0 ni‘o
= AM) + B(M)
Since pj= max{pj,...,pk} we have that
AM) _
M—rc0 BM) .
Thus, Eq. (1) implies that
n nj u
..;.apll’“pj Py
fin g 1
M= G(M) -
or, denoting n'j =nj- 1,
B2 P
lim Dy# D 4n=M-1 =1
M—oe G(M)
or
hmM_”&_G(_:N[:_l_). =1
GM)
3.61

We have Zpi= 1.
0

1)

The arrival rate at the CPU is A/p, and the arrival rate at the ith /O port is Ap,/po. By

Jackson's Theorem, we have



m
P(n()’ ni, ... ,nm) = H pini (1 - pl)
1=0 )

wherep:..;\’_
Ho PO

and pi=2' i fori>0
Ki Po

The équivalent tandem system is as follows:

CPU______..l/O1__> ...... —_—p /O m |—»

—
0

The arrival rate is A. The service rate for queue O is pgp, and for queue i (i > 0) is |;py/p;.

3.62
Let Ao be the arrival rate at the CPU and let A; be the arrival rate at I/O uniti. We have

Ai=pirg, i=1,..m.
Let

p;= %, i=0,1,...,m,
By Jackson's Theorem, the occupancy distribution is

. pnOPnl‘“ pnn
P(ng,ny,....0n0) =—9—Gl—(M)—"l,

where G(M)is the normalization constant corresponding to M customers,

GM)= 3, poopi..ph

a 'n,'_n_ﬂ

Let



be the utilization factor of the CPU. We have

Up=Pmng21)= z P(ng,ny,...,00)

0 _m +.en M
[ 2 | -
II.!

.y PTRIeL
n'gn +o4n =M1 G(M)

_ GM:-1) _ 1 GM-1)
“PoGaD " H, GO °

where we used the change of variables n'g =ng-1. Thus the arrival rate at the CPU is

A= GM-1)
0T TGM)
and the arrival rate at the I/O uniti is
- PIG(M-I) <
)\.i—- —G—(m—, 1—1,...,m.

3.63

(a) We have A = N/T and
T= Tl + T2 + T3
where

T; = Average time at first transmission line
T, = Average time at second transmission line
T3 =Z '

We have

X <T, SNX (1)
Y<T, <NY

SO



N N

N()—(+3.{)+Z )—(+§{+i_

>’
IA
e[
>’
A
<l

so finally

—_—'Ii_——_SlSmin{g '1' :l_-_'}
NX+Y)+Z X Y X+Y+Z

(b) The same line of argument applies except that in place of (1) we have

X<T;S(N-K+1)X

3.64

(a) The state is determined by the number of customers at node 1 (one could use node 2
just as easily). When there are customers at node 1 (which is the case for states 1, 2, and

3), the departure rate from node 1 is p1; each such departure causes the state to decrease as
shown below. When there are customers in node 2 (which is the case for states 0, 1, and

2), the departure rate from node 2 is [1; each such departure causes the state to increase.
Ky H K
Hy Hy Hy
(b) Letting p; be the steady state probability of state i, we have p; = pj.1 p, where p = L/j1;.
Thus pj = pop!. Solving for po,

po=[1+p+ p2+p3)l, pi=poph i=123.

(c) Customers leave node 1 at rate pl; for all states other than state 0. Thus the time
average rate r at which customers leave node 1 is pj(1-Pg), which is

-,

(d) Since there are three customers in the system, each customer cycles at one third the rate
at which departures occur from node 1. Thus a customer cycles at rate 1/3.

(e) The Markov process is a birth-death process and thus reversible. What appears as a
departure from node i in the forward process appears as an arrival to node i in the backward



process. If we order the customers 1, 2, and 3 in the order in which they depart a node,
and note that this order never changes (because of the FCES service at each node), then we
see that in the backward process, the customers keep their identity, but the order is reversed
with backward departures from node i in the order 3, 2, 1, 3,2, 1, ....

3.65

Since pj(m) = y; for all m, and the probability distribution for state n = (ny,...,ng) is

1 Tk
P(n) = pé;(M‘;

where

i

p;=

The utilization factor U;j (M) for queue j is

zﬁp’l“...p o
U00= 2 P®) =— gy

s.Lnl‘O
Denoting n'j = nj-1, we get

n, n', ny .
U _ n‘+.-+n§¢nlﬁlpl ."pj P k pJ B pJG(M-])
0= GO = ~Gah

3.66
Let cj indicate the class of the ith customer in queue.

We consider a state (¢y,c2,...,Cp) such that Moy # He



If the steady-state distribution has a product form then the global balance equations for this
state give :

Pc1)P(n)(Hc,; + A1+ + Ac) = p(c1)-P(Cn-1)Acn
+ (u1p(1) + p2p(2) +- + pcp(c)) p(c1)-....p(cn)

or

p(en)(icy + Aq + - +Ac) =Acp + (1p(1) + #2p(2) + -+ + Uep(c))- p(Cn)
Denote

M = pu1p(1) + H2p(2) + -+ + Hep(c)

A=Ap+ - +Ac
Then

p(Cn)(Kc1 +A) = Acn + M-p(cp)

or

Ca

L +A-M

<y

pcy =

This is a contradiction because even if 7‘01 =0, p(cp) still depends on Hey- The
contradiction gives that Hc, =M = constant for every class. Thus we can model this

~ system by a Markov chain only if 4] = p3 = = Jc.



(b) We will prove that the detailed balance equations hold. Based on the following figure

e,
(cls c2 yoor cn-l) >tcls cZ yere cn)
JR

state z state z
1 2

the detailed balance equations are

Ac, - P(z1)= e, P(22)

or

;"cnpc{"p c,_l= ucn pclpc e

which obviously holds.



