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Low-Rank	Approximation

Distance	Matrices Result:	Algorithm

Result:	Lower	Bound

Method

Experiment:	MNIST	with	Euclidean	Distance
Error	 𝑨 − 𝑼𝑽 %

&

Input:	𝑨 ∈ ℝ)×),	integer	0 < 𝑘 ≪ 𝑛

Output:	Rank-𝑘 approximation	of	𝑨:

𝑼, 𝑽𝑻 ∈ ℝ)×2 such	that	𝑨 ≈ 𝑼𝑽

Why?Matrices	are	space	and	time	intensive

This	work:	Low-rank	approximation	of	
distance	matrices	in	𝑂5 𝑛 time

≈𝑨 𝑼
𝑽

Let	 𝓧,𝐝 be	a	metric	space
• 𝓧 = 𝑥:,… , 𝑥)
• 𝐝:𝓧×𝓧 → ℝ>?
• Symmetric

• Triangle	inequality

Distance	matrix:		
𝑨@A = 𝐝 𝑥@, 𝑥A

Many	applications:
E.g.	image	learning,	image	
understanding,	protein	structure	
analysis,	see	survey: [DPRV15]
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𝑨@A = 𝐝 𝑥@, 𝑥A

Input:	distance	matrix	𝑨 ∈ ℝ)×),	𝑘,	and	𝜖 > 0.

• Sublinear	runtime:	𝑂5 𝑛 ⋅ 𝑝𝑜𝑙𝑦 𝑘, 𝜖K:

• Approximation: returns	𝑼, 𝑽𝑻 ∈ ℝ)×2 s.t.

𝑨 − 𝑼𝑽 %
& ≤ 𝑨 − 𝑨2 %

& +	𝜖 𝑨 %
&

• Simple	and	practical

Prior	work	[BW18]:	𝑂5 𝑛:NO ⋅ 𝑝𝑜𝑙𝑦 𝑘, 𝜖K: .

Optimal	
(SVD)	error

Additional	
error	

Tight	query	complexity:

Our	algorithm	reads	𝑂 𝑛𝑘𝜖K: entries	of	𝑨.

Theorem:	Any	algorithm	with	the	same	
guarantee	must	read	Ω 𝑛𝑘𝜖K: entries	of	𝑨.

Method Comments Analytic	Time Empirical	Time

SVD Optimal	error 𝑂 𝑛Q 398.50

[CW13] Input-sparsity time	
for	arbitrary	matrices 𝑂5(𝑛&) 34.32

[BW18] Prior	work	on	
distance	matrices 𝑂5(𝑛:NO) 4.17

Ours 𝑂5(𝑛) 1.23

Theorem (Frieze,	Kannan,	Vempala 2004): For	any	matrix,

Thus	for	distance	matrices,	our	goal	is,	for	all	𝑥 ∈ 𝓧:

Estimate	 𝑨T,: &
& = ∑ 𝐝 𝑥, 𝑦 &�

W

Our	method:
• Pick 𝑍~𝓧 uniformly	at	random
• Estimate	each	distance	by	the	detour	through	𝑍:

𝐝 𝑥, 𝑦 & ≈ 𝐝 𝑥, 𝑍 & + 𝐝 𝑍, 𝑦 &

• Thus,	∑ 𝐝 𝑥, 𝑦 & ≈ 𝑛 ⋅ 𝐝 𝑥, 𝑍 & + ∑ 𝐝 𝑍, 𝑦 &�
W

�
W

This	involves	only	distances	from 𝑍 -- hence,	𝑂5 𝑛 time.

Sampling	rows	
proportionally	to	ℓ𝟐-norms

Low-rank	
approximation⇒
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≈

𝑘 =(secs,	𝑘 = 40)


