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1. INTRODUCTION

1.1 Decision Making

This is a course about learning to make decisions in an interactive, data-driven fashion.
When we say interactive decision making, we are thinking of problems such as:

e Medical treatment: based on a patient’s medical history and vital signs, we need to
decide what treatment will lead to the most positive outcome.

e Controlling a robot: based on sensor signals, we need to decide what signals to send
to a robot’s actuators in order to navigate to a goal.

For both problems, we (the learner/agent) are interacting with an unknown environment.
In the robotics example, we do not necessarily a-priori know how the signals we send to
our robot’s actuators change its configuration, or what the landscape it’s trying to navigate
looks like. However, because we are able to actively control the agent, we can learn to
model the environment on the fly as we make decisions and collect data, which will reduce
uncertainty and allow us to make better decisions in the future. The crux of the interactive
decision making problem is to make decisions in a way that balances (i) exploring the
environment to reduce our uncertainty and (ii) maximizing our overall performance (e.g.,
reaching a goal state as fast as possible).

Figure 1 depicts an idealized interactive decision making setting, which we will return
to throughout this course. Here, at each round t, the agent (doctor) observes the medical
history and vital signs of a patient, summarized in a context x*, makes a treatment decision
7', and then observes the outcomes of the treatment in the form of a reward r*, and an
auxiliary observation o' about, say, illness progression. With time, we hope that the doctor



will learn a good mapping from contexts to decisions. How can we develop an automated
system that can achieve this goal?
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Figure 1: A general decision making problem.

The decision making framework in Figure 1 generalizes many interactive decision mak-
ing problems the reader might already be familiar with, including multi-armed bandits,
contextual bandits, and reinforcement learning. We will cover the foundations of algorithm
design and analysis for all of these settings from a unified perspective, with an emphasis on
sample efficiency (i.e., how to learn a good decision making policy using as few rounds of
interaction as possible).

1.2 A Spectrum of Decision Making Problems
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Figure 2: Landscape of decision making problems.

To design algorithms for general interactive decision making problems such as Figure 1,
there are many complementary challenges we must overcome. These challenges correspond
to different assumptions we can place on the underlying environment and decision making
protocol, and give rise to what we describe as a spectrum of decision making problems,
which is illustrated in Figure 2. There are three core challenges we will focus on throughout
the course, which are given by the axes of Figure 2.



e Interactivity. Does the learning agent observe data passively, or do the decisions
they make actively influence what data we collect? In the setting of Figure 1, the
doctor observes the effects of the prescribed treatments, but not the counterfactuals
(the effects of the treatments not given). Hence, doctor’s decisions influence the data
they can collect, which in turn may significantly alter the ability to estimate the effects
of different treatments. On the other hand, in classical machine learning, a dataset is
typically given to the learner upfront, with no control over how it is collected.

e Function approximation and generalization. In supervised statistical learning
and estimation, one typically employs function approzimation (e.g., models such as
neural networks, kernels, or forests) to generalize across the space of covariates. For
decision making, we can employ function approximation in a similar fashion, either
to generalize across a space of contexts, or to generalize across the space of decisions.
In the setting of Figure 1, the context x' summarizing the medical history and vital
signs might be a highly structured object. Likewise, the treatment 7* might be a high-
dimensional vector with interacting components, or a complex multi-stage treatment
strategy.

e Data. Is the data (e.g., rewards or observations) observed by our learning algorithm
produced by a fixed data-generating process, or does it evolve arbitrarily, and even
adversarially in response to our actions? If there is fixed data-generating process,
do we wish to directly model it, or should we instead aim to be agnostic? Do we
observe only the labels of images, as in supervised learning, or a full trajectory of
states/actions/rewards for a policy employed by the robot?

As shown in Figure 2, many basic decision making and learning frameworks (contextual
bandits, structured bandits, statistical learning, online learning) can be thought of as ideal-
ized problems that each capture one or more of the possible challenges, while richer settings
such as reinforcement learning encompass all of them.

Figure 2 can be viewed as a roadmap for the course. We start with a brief introduction
to Statistical Learning (Section 1.4) and Online Learning (Section 1.6); the concepts and
results stated here will serve as a backbone for the rest of the course. We will then study, in
order, the problems of Multi-Armed Bandits (Section 2), Contextual Bandits (Section 3),
Structured Bandits (Section 4), Tabular Reinforcement Learning (Section 5), General Deci-
sion Making (Section 6), and Reinforcement Learning with General Function Approximation
(Section 7). Each of these topics will add a layer of complexity, and our aim is to develop a
unified approach to all the aforementioned problems, both in terms of statistical complexity
(the number of interactions required to achieve the goal), and in terms of algorithm design.

1.3 Minimax Perspective

For much of the course, we take a minimaz point of view. Abstractly, let M be a set of possi-
ble models (or, choices for the environment) that can be encountered by the learner/decision
maker. The set M can be thought of as representing the prior knowledge of the learner
about the underlying environment. Let Alg denote a learning algorithm, and Perfr(Alg, M)
be some notion of performance of algorithm Alg on model M € M after T rounds of inter-
action (or—in passive learning—after observing 7' datapoints). We would like to develop
algorithms that perform well, no matter what the model M € M is, in the sense that Alg



approximately solves the minimax problem

rglllgn max Perfr(Alg, M). (1.1)
Understanding the statistical complexity (or, difficulty) of a given problem amounts to
establishing matching (or nearly matching) upper bounds ¢ (M) and lower bounds QT(M)
on the minimax value in (1.1). While developing such upper and lower bounds for specific
model classes M of interest might be a simple task, the grand aim of this course is to
develop a more fundamental, unified understanding of what makes any model class M easy
verus hard, and to give sharp results for all (or nearly all) M.

On the algorithmic side, we would like to better understand the scope of optimal algo-
rithms that solve (1.1). While the minimax problem is itself an optimization problem, the
space of all algorithms is typically prohibitively large. One of the key insights to be lever-
aged in this course is that for general decision making problems, we can restrict ourselves
to algorithms that interleave a type of supervised learning called online estimation (this
will be described in Sections 1.4 and 1.6), with a principled choice of exploration strategy
that balances greedily maximizing performance (exploitation) with information acquisition
(exploration). As we show, such algorithms achieve or nearly achieve optimality in (1.1) for
a surprisingly wide range of decision making problems.

1.4 Statistical Learning: Brief Recap

We begin with a short refresher on the statistical learning problem. Statistical learning is a
purely passive problem in which the learner does not directly interact with the environment,
but captures the challenge of generalization and function approximation the context of
Figure 2.

In the statistical learning problem, we receive examples (x',y'),..., (z7,y") € X x Y,
iid. from a (unknown) distribution M*. Here z' € X are features (sometimes called
contexts or covariates), and X is the feature space. y' € ) are called outcomes, and ) is the
outcome space. Given (x',y'),...,(z7,y"), the goal is to produce a model (or, estimator)
f: X — ) that will do a good job predicting outcomes from features for future examples
(x,y) drawn from M*.!

To measure prediction performance, we take as given a loss function £ : ) x Y — R.
Standard examples include:

e Regression, where common losses include the square loss £(a,b) = (a — b)?> when
Y=YV =R
e Classification, where ) = )’ = {0,1} and we consider the indicator (or 0-1) loss

l(a,b) =1{a # b}.

e Conditional density estimation with the logarithmic loss (log loss). Here )’ = A(Y),
the set of distributions on Y, and for p € )/,

log(p,y) = —log p(y). (1.2)

For a function f : X — ), we measure the prediction performance via the population
(or, “test”) loss:

L(f) := B y)mnr [€(f (2), )] (1.3)

Note that we allow the outcome space Y to be different from the prediction space )'.




Letting H” := {(2%,y")}L_, denote the dataset, a (deterministic) algorithm is a map
that takes the dataset as input and returns a function/predictor:

~

fG;HD) x =)V (1.4)

The goal in designing algorithms is to ensure that E[L(f)] is minimized, where E[-] denotes
expectation with respect to the draw of the dataset H*. Without any assumptions, it is not
possible to learn a good predictor unless the number of examples T" scales with |X| (this is
sometimes called the no-free-lunch theorem). The basic idea behind statistical learning is
to work with a restricted class of functions

FCAf: X =V}

in order to facilitate generalization. The class F can be thought of as (implicitly) encoding
prior knowledge about the structure of the data. For example, in computer vision, if the
features x' correspond to images and the outcomes y’ are labels (e.g., “cat” or “dog”), one
might expect that choosing F to be a class of convolutional neural networks will work well,
since this encodes spatial structure.

Remark 1 (Conditional density estimation): For the problem of conditional den-
sity estimation, we shall overload the notation and interchangeably write f(z) and
f(-]z) for the conditional distribution. In this setting, the learner is required to com-
pute a distribution for each x rather than form a point estimate (see Figure 3). For an
outcome y, the loss is the negative log of the conditional density for the outcome.

x

Figure 3: Conditional density estimation.

Empirical risk minimization and excess risk. The most basic and well-studied algo-
rithmic principle for statistical learning is Empirical Risk Minimization (ERM). Define the
empirical loss for the dataset H” as

1 T

L(f) = 7 Uy fa)) (15)
=1

Then, the empirical risk minimizer with respect to the class F is given by

f € argmin L(f). (1.6)
fer



To measure the performance of ERM and other algorithms that attempt to learn with
F, we consider excess loss (or, regret)

E(f) =L(f) - gleiI}L(f’)' (1.7)

Intuitively, the quantity mingc 7 L(f’) in (1.7) captures the best prediction performance any
function in F can achieve, even with knowledge of the true distribution. If an algorithm
f has low excess risk, this means that we are predicting future outcomes nearly as well as
any algorithm based on samples can hope to perform. ERM an other algorithms can ensure

~

that £(f) is small in expectation or with high probability over draw of the dataset H”.

Connection to estimation. An appealing feature of the formulation in (1.7) is that it
does not presuppose any relationship between the class F and the data distribution; in
other words, it is agnostic. However, if F does happen to be good at modeling the data
distribution, the excess loss has an additional interpretation based on estimation.

Definition 1: For prediction with square loss, we say that the problem is well-specified
(or, realizable) if the regression function f*(x):= E[Y|X = z] is in F.

The regression function f* can also be seen as a minimizer of L(f) over measurable functions
f, for the same reason that E(Z — a)? is minimized at a = E[Z].

Lemma 1: For the square loss, if the problem is well-specified, then for all f : X — Y,
E(f) =E[(f(X) = [*(X))?] (1.8)

Proof of Lemma 1. Adding and subtracting f* in the first term, we have

E(f(X) = Y)* = E(f*(X) - Y)? = E(f(X) — £*(X))* + 2E[(f*(X) = Y)(f(X) = f*(X))].
O

Inspecting (1.8), we see that achieving low excess loss implies that we are estimating the
true regression function f*. In this case, the aim of prediction and estimation coincide.

Guarantees for ERM. We give bounds on the excess loss of ERM for perhaps the
simplest special case, in which F is finite.

Proposition 1: For any finite class F, empirical risk minimization satisfies

~

E[E(f)] S comp(F,T), (1.9)
where
1. For any bounded loss (including classification), comp(F,T) = %.
2. For square loss regression, if the problem is well-specified, comp(F,T) = 1°gT'f‘.



In addition, there exists a (different) algorithm that achieves comp(F,T) = % for
both square loss regression and conditional density estimation, even when the problem
is not well-specified.

The rate comp(F,T) = % above is sometimes referred to as a slow rate, and is

optimal for generic losses. The rate comp(F,T) = long is referred to as a fast rate, and

takes advantage of additional structure (curvature, or strong convexity) of the square loss.
Critically, both bounds scale only with the cardinality of F, and do not depend on the size
of the feature space X, which could be infinite. This reflects the fact that working with
a restricted function class is allowing us to generalize across the feature space X. In this
context the cardinality log|F| should be thought of a notion of capacity, or expressiveness
for F. Intuitively, choosing a larger, more expressive class will require a larger amount of
data, but will make the excess loss bound in (1.7) more meaningful, since the benchmark
will be stronger.

Remark 2 (From finite to infinite classes): Throughout these lecture notes, we
restrict our attention to finite classes whenever possible in order to simplify presentation.
If one wishes to move beyond finite classes, a well-developed literature within statistical
learning provides various notions of complexity for F that lead to bounds on comp(F,T)
for ERM and other algorithms. These include the Vapnik-Chervonenkis (VC) dimension
for classification, Rademacher complexity, and covering numbers. Standard references
include Bousquet et al. [16], Boucheron et al. [15], Anthony and Bartlett [8], Shalev-
Shwartz and Ben-David [66].

1.5 Refresher: Random Variables and Averages

To prove Proposition 1 and similar generalization bounds, the main tools we will use are
concentration inequalities (or, tail bounds) for random variables.

Definition 2: A random variable Z is sub-Gaussian with variance factor (or variance
proxy) o2 if
¥y € R, E en(Z-ElZ]) < go™n?/2,

Note that if Z ~ N(0,02) is Gaussian with variance o2, then it is sub-Gaussian with vari-
ance proxy o2. In this sense, sub-Gaussian random variables generalize the tail behavior of
Gaussians. A standard application of Chernoff method yields the following result.

Lemma 2: If Z;,..., Zp are i.i.d. random variables with variance proxy o2, then

1 & Tu?
P(T;Zi—E[Z} Zu) Sexp{—w} (1.10)



Applying this result with Z and —Z and taking a union bound yields the following two-sided

guarantee.
T
1 Tu?
P(T E Z; — E[Z] Zu)SZeXp{— “ } (1.11)
i=1

202
This implies that for any § € (0,1), with probability at least 1 — 0,

202 log(2/6)

< )
- T

(1.12)

1 T
T > Zi - E[Z]
=1

to see this, set the right-hand side of (1.11) to ¢ and solve for u.

Remark 3 (Union bound): The factor 2 under the logarithm in (1.12) is the result
of applying union bound to (1.10). Throughout the course, we will frequently apply
the union bound to multiple—say N—high probability events involving sub-Gaussian
random variables. In this case, the union bound will read as log(N/§). The mild
logarithmic dependence is due to the sub-Gaussian tail behavior of the averages.

The following result shows that any bounded random variable is sub-Gaussian.

Lemma 3 (Hoeffding’s inequality): Any random variable Z taking values in [a, 0]
is sub-Gaussian with variance proxy (b — a)?/4, i.e.

2 b— 2
Vn e R, InEexp{—n(Z —E[Z])} < 7](8a). (1.13)
As a consequence, for i.i.d. random variables Zi,..., Zp taking values in [a,b] almost
surely, with probability at least 1 — 4,
1 & log(1/5)
_ . < (ph— oA T .
o Z Zi —E[Z) < (b—a)\| =7 (1.14)

Using Hoeffding’s inequality, we can prove now prove Part 1 (the slow rate) from Propo-
sition 1.

Lemma 4 (Proposition 1, Part 1): Let F = {f : X — )} be finite, and assume
Lo f €[0,1] almost surely. Then with probability at least 1 — §, ERM satisfies

L(f) = min L(f) < 2\/10‘(;(22’;/5)-

Proof of Lemma 4. For any f € F, we can write

~ ~ ~ ~

L) — () = [L) = L] + [LH - L(H)| + [L() - L]

10



Observe that for all f: X — ), we have

T
L) = E(0)] = [BUFX).Y) = 5 D (X0, Vi)

By union bound and Lemma 3, with probability at least 1 — |F|J,

EO(f(X),Y) — & S U(f(X), ¥7)| </ B0 (1.15)

VfeF, < 5T

O]

To deduce the in-expectation bound of Proposition 1 from the high-probability tail bound
of Lemma 4, a standard technique of “integrating out the tail” is employed. More precisely,
for a nonnegative random variable U, it holds that E[U] < 7+ [*°P (U > z) dz for all 7 > 0;
choosing 7 < T~/2 concludes the proof.

To prove the Part 2 (the fast rate) from Proposition 1, we need a more refined con-
centration inequality (Bernstein’s inequality), which gives tighter guarantees for random

variables with small variance.

Lemma 5 (Bernstein’s inequality): Let Z1,..., Zp, Z bei.i.d. with variance V(Z;) =
02, and range |Z — E Z| < B almost surely. Then with probability at least 1 — 4,

T
1 2 log(1 Blog(1
> Zi-EZ<o Og;/5)+ 055/5). (1.16)
=1

The proof for Part 2 is given as an exercise in Section 1.7. We refer the reader to Ap-
pendix A.1 for further background on tail bounds.

1.6 Online Learning/Prediction

We now move on to the problem of online learning, or sequential prediction. The online
learning problem generalizes statistical learning on two fronts:

e Rather than receiving a batch dataset of 1" examples all at once, we receive the
examples (z',y") one by one, and must predict y* from z' only using the examples we
have already observed.

e Instead of assuming that examples are drawn from a fixed distribution, we allow
examples to be generated in an arbitrary, potentially adversarial fashion.

Online Learning Protocol
fort=1,...,7 do
Compute predictor ]/t\t X =Y
Observe (z',y") € X x Y

11



In more detail, at each timestep ¢, given the examples

H T ={(z"y"),..., (" y )} (1.17)

observed so far, the algorithm produces a predictor

fr=Fe1n,
which aims to predict the outcome y' from the features x‘. The algorithm’s goal is to
minimize the cumulative loss over T' rounds, given by

T o~
S UF @), y)
t=1

for a known loss function £ : )’ x ) — R; the cumulative loss can be thought of as a sum
of “out-of-sample” prediction errors. Since we will not be placing assumptions on the data-
generating process, it is not possible to make meaningful statements about the cumulative
loss itself. However, we can aim to ensure that this cumulative loss is not much worse than
the best empirical explanation of the data by functions in a given class F. That is, we
measure the algorithm’s performance via regret to F:

T T
Reg = » ((f'(2"),y") —min Y ((f(2"),y"). (1.18)
t=1 rer i
Our aim is to design prediction algorithms that keep regret small for any sequence of
data. As in statistical learning, the class F should be thought of as capturing our prior
knowledge about the problem, and might be a linear model or neural network. At first
glance, keeping the regret small for arbitrary sequences might seem like an impossible task,
as it stands in stark contrast with statistical learning, where data is generated i.i.d. from
a fixed distribution. Nonetheless, we will that algorithms with guarantees similar to those
for statistical learning are available.

Let us remark that it is often useful to apply online learning methods in settings where
data is not fully adversarial, but evolves according to processes too difficult to directly
model. For example, in the chapters that follow, we will apply online methods as a sub-
routine with more sophisticated algorithms for decision making. Here, the choice of past
decisions, while in our purview, does not look like i.i.d. or simple time-series data.

Remark 4 (Proper learning, improper learning, and_ randomization): The
online learning protocol does not require that f* lies in F (f* € F). A method that
chooses functions from F will be called proper, and the one that selects predictors
outside of F will be called improper. It will also be useful to allow for randomized
predictions of the form

Fre g (M),
where ¢' is a distribution on functions, typically on elements of F. For randomized
predictions, we slightly abuse notation and write regret as

T T

Reg =Y Bp_,[0F (@) 1")] —min 0/ (). ). (1.19)
=1 i=1

12



The algorithms we introduce in the sequel below ensure small regret even if data are ad-
versarially and adaptively chosen. More precisely, for deterministic algorithms, (z*,y")
may be chosen based on ft and all the past data, while for randomized algorithms,
Nature can only base this choice on ¢.

In the context of Figure 2, online learning generalizes statistical learning by considering
arbitrary sequences of data, but still allows for general-purpose function approximation and
generalization via the class /. While the setting involves making predictions in an online
fashion, we do not think of this as an interactive decision making problem, because the
predictions made by the learning agent do not directly influence what data the agent gets
to observe.

1.6.1 Connection to Statistical Learning

Online learning can be thought of as a generalization of statistical learning, and in fact,
algorithms for online learning immediately yield algorithms for statistical learning via a
technique called online-to-batch conversion. This result, which is formalized by the following
proposition, rests on two observations: the cumulative loss of the algorithm looks like a
sum of out-of-sample errors, and the minimum empirical fit to realized data (over F) is,
on average, a harder (that is, smaller) benchmark than the minimum expected loss in

F.

Proposition 2: Suppose the examples (z',y'), ..., (z",y") are drawn i.i.d. from a dis-
tribution M™*, and suppose the loss function a — ¢(a, b) is convex in the first argument
for all b. Then for any online learning algorithm, if we define

Fla) = =3 Fia)
t=1
we have 1
E[S(f)] < T - E[Reg].

Proof of Proposition 2. Let (z,y) ~ M* be a fresh sample which is independent of the
history H”. First, by Jensen’s inequality,

et (5 70)) <2

T
E % ZE(xt,yt) 14 (ﬁ(mt), yt>] (1.21)
t=1

since f is a function of H'~! and (z,y) and (z',y") are i.i.d. Second,

ZE ] %1}1—26 ] (1.22)

T

Z e £ (@), y)] (1.20)

=1

E[L(f)| =E

which is equal to

inL(f) = E
5%3 (f) = mln
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In light of Proposition 2, one can interpret regret as generalizing the notion of excess risk
from i.i.d. data to arbitrary sequences.

Similar to statistical learning, the regret for online learning has an additional interpre-
tation in terms of estimation if the outcomes for the problem are well-specified.

Lemma 6: Suppose that the features z',..., 27 are generated in an arbitrary fashion,
but that for all ¢,

Ely' | 2" = a] = f*()

for some f* € F. Then for the problem of prediction with square loss,
T
E[Reg] > E Z *(2))?].

Notably, this result holds even if the features 2, ..., 2" are generated adversarially, with no
prior knowledge of the sequence. This is a significant departure from classical estimation
results in statistics, where estimation of an unknown function is typically done over a fixed,

known sequence (“design”) x',...,z", or with respect to an i.i.d. dataset.

1.6.2 The Exponential Weights Algorithm

The main online learning algorithm is the Exrponential Weights algorithm, which is appli-
cable to finite classes F. At each time ¢, the algorithm computes a distribution ¢' € A(F)
via

q'(f) O<e><p{ 7726 } (1.23)

where n > 0 is a learning rate. Based on ¢*, the algorithm forms the prediction f* We give
two variants here of the method here.

Exponential Weights (averaged) Exponential Weights (randomized)
fort=1,...,T do fort=1,...,T do

Compute ¢" in (1.23). Compute ¢' in (1.23).

Let f* = Ep g [f]. R Sample f! ~ g'.

Observe (z',y"), incur £(f*(z"),y"). Observe (z*, y'), incur £(f*(z*),y").

The only difference between these variants lies in whether we compute the prediction Ja
from ¢' via

-~

Fr=Epplfl, o fi~g, (1.24)

The latter can be applied to any bounded loss functions, while the former leads to faster
rates for specific losses such as the square loss and log loss, but is only applicable when )’ is
convex. Note that the averaged version is inherently improper, while the second is proper,
yet randomized. From the point of view of regret, the key difference between these two
versions is the placement of “E;.+”: For the averaged version it is inside the loss function,
and for the randomized version it is outside (see (1.19)). The averaged version can therefore
take advantage of the structure of the loss function, such as strong convexity, leading to
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faster rates. The following result shows that Exponential Weights leads to regret bounds
for online learning, with rates that parallel those in Proposition 1.

Proposition 3: For any finite class F, the Exponential Weights algorithm (with ap-
propriate choice of 1) satisfies

1
TReg < comp(F,T) (1.25)
for any sequence, where:

1. For arbitrary bounded losses (including classification), comp(F,T) = \/@.
This is achieved by the randomized variant.

2. For regression with the square loss and conditional density estimation with the
log loss, comp(F,T') = log fl . This is achieved by the averaged variant.

We now turn to the proof of Proposition 3. Since we are not placing any assumptions
on the data generating process, we cannot hope to control the algorithm’s loss at any
particular time ¢, but only cumulatively. It is then natural to employ amortized analysis
with a potential function.

In more detail, the proof of Proposition 3 relies on several steps, common to standard
analyses of online learning: (i) define a potential function, (i7) relate the increase in potential
at each time step, to the loss of the algorithm, (iii) relate cumulative loss of any expert
f € F to the final potential. For the Exponential Weights Algorithm, the proof relies on
the following potential for time ¢, parameterized by n > 0:

—logZexp{—nZﬁ(f(mi),yi)} . (1.26)
=1

fer

The choice of this potential is rather opaque, and a full explanation of its origin is beyond
the scope of the course, but we mention in passing that there are principled ways of coming
up with potentials in general online learning problems.

Proof of Proposition 3. We first prove the second statement, focusing on conditional density
with the logarithmic loss; for the square loss, see Remark 6 below.

Proof for Part 2: Log loss. Recall that for each z, f(z) is a distribution over ), and
bog(f(),y) = —log f(y|xz) where we abuse the notation and write f(x) and f(-|z) inter-
changeably. With n = 1, the averaged variant of exponential weights satisfies

exp { = YU g (0. )

fi(y'|z") q'(N)f(y'lz") fy'lz") ;o (L.27)
];: J;f Zfe]—‘ exp{—Zf;} elog(f(xi)7yi)}
and thus
log(F(2'),y") = —log ['(y'[a") = @} — @} (1.28)
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Hence, by telescoping
T
Zglog(f(l’t)u yt) = (I)f - (I)(l)
t=1

Finally, observe that ®9 = —log |F| and, since — log is monotonically decreasing, we have

T T
o7 < —logexp {— S g (F5(2), w} =3 g (F* (). ). (1.20)
=1 =1

for any f* € F. This establishes the result for conditional density estimation with the log
loss. As already discussed, the above proof follows the strategy: the loss on each round
related to change in potential (1.28), and the cumulative loss of any expert is related to the
final potential (1.29). We now aim to replicate these steps for arbitrary bounded losses.

Proof for Part 1: Generic loss. To prove this result, we build on the log loss result above.
First, observe that without loss of generality, we may assume that o f € [0,1] for all f € F
and (x,y), as we can always re-scale the problem. The randomized variant of exponential
weights (1.24) satisfies

exp{—n Sl e(F(2h),
Eftht[é(ﬁ(xt)ayt)] = Zf(f(l‘t),yt) p{ nzz—l (f( ) y)}

. (1.30)
fer S jerexp {—n LIZH A (@), v |

Hoeffding’s inequality (1.13) implies that

_ exp{—nl(f(z'),y")}exp{ —n L L(f(@'),y) | 2
NEs_ (F (), y")] < —log Y i_l 1 : } + %-
fF Teren{-n X @) 0}

(1.31)
Note that the right-hand side of this inequality is simply
2

- n
o — 07 + X
establishing the analogue of (1.28). Summing over ¢, this gives

T

n Z ]EJ?tht [4(

t=1

(@'),y")] < @, — D) + ——. (1.32)

As in the first part, for any f* € F, we can upper bound

while ®) = —log |F|. Hence, we have that for any f* € F,

T
> B U )] — e )f) < T 8L
t=1
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With n = 8IO§‘F|, we conclude that

D Ea (P @),y = (), ) < ) = (1.33)

O]

Observe that Hoeffding’s inequality was all that was needed for Lemma 4. Curiously
enough, it was also the only nontrivial step in the proof of Proposition 3. In fact, the
connection between probabilistic inequalities and online learning regret inequalities (that
hold for arbitrary sequences) runs much deeper.

Remark 5 (Beyond finite classes): As in statistical learning, there are (sequential)
complexity measures for F that can be used to generalize the regret bounds in Propo-
sition 3 to infinite classes. In general, the optimal regret for a class F will reflect the
statistical capacity of the class [60].

Remark 6 (Mixable losses): We did not provide a proof of Proposition 3 for square
loss. It is tempting to reduce square loss regression to density estimation by taking the
conditional density to be a Gaussian distribution. Indeed, the log loss of a distribution
with density proportional to exp{—(ft(:ct) —1%)?} is, up to constants, the desired square
loss. However, the mixture in (1.27) does not immediately lead to a prediction strategy
for the square loss, as the expectation appears in the wrong location. This issue is fixed
by a notion known as mizability.

We say that a loss ¢ is mizable with parameter 7 if there exists a constant ¢ > 0
such that the following holds: for any z and a distribution ¢ € A(F), there exists a

~

prediction f(z) € )’ such that for all y € Y,

~

ﬁ(f(w),y)s—%log S a(f) exp{-nl(f(z), )} | - (1.34)

fer

If loss is mixable, then given the exponential weights distribution ¢, the best prediction
y' = f*(«") can be written (by bringing the right-hand side of (1.34) to the left side) as
an optimization problem

. ~ .t c
arg minmax | (7', y') + —log | > q"(f) exp{—nt(f ("), y")} (1.35)
gtey’ ytey n fer
which is equivalent to
t

argminmax | ((7",y") + ~log [ Y exp{—n Y e(f(x).4)} (1.36)
gey vy K feF i=1
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once we remove the normalization factor. With this choice, mixability allows one to
replicate the proof of Proposition 3 for the logarithmic loss, with the only difference
being that (1.27) (after applying — log to both sides) becomes an inequality. It can be
verified that square loss is mixable with parameter n = 2 and ¢ = 1 when Y = )’ = [0, 1],
leading to the desired fast rate for square loss in Proposition 3. The idea of translating
the English statement “there exists a strategy such that for any outcome...” into a
min-max inequality will come up again in the course.

Remark 7 (Online linear optimization): For the slow rate in Proposition 3, the
nature of the loss and the dependence on the function f is immaterial for the proof. The
guarantee can be stated in a more abstract form that depends only on the vector of losses
for functions in F as follows. Let |F| = N. For timestep ¢, define £} = £(f(x'),y") and
&=L, L)€ RYN for F = {f1,..., fn}. For a randomized strategy q' € A([N]),
expected loss of the learner can be written as

Ep 67 (@), 9)] = ('€,
and the expected regret can be written as
T T

Reg = Z (¢",€") — min Z (ej,2") (1.37)

t:l ]6{17"'7N} t:1

where e; € RY is the standard basis vector with 1 in jth position. In its most general
form, the exponential weights algorithm gives bounds on the regret in (1.37) for any
sequence of vectors £',...,£", and the update takes the form

t—1
q'(k) o< exp {—77 th(k)} :
i=1

This formulation can be viewed as a special case of a problem known as online linear
optimization, and the exponential weights method can be viewed as an instance of an
algorithm known as mirror descent.

1.7 Exercises

Exercise 1 (Proposition 1, Part 2.): Consider the setting of Proposition 1, where (2, y'),..., (7, y")
are iid.,, F = {f : X — [0,1]} is finite, the true regression function satisfies f* € F, and

Y; € [0,1] almost surely. Prove that empirical risk minimizer f with respect to square loss
satisfies the following bound on excess risk. With probability at least 1 — 9,

o < los(1F)/9)

e(f) T (1.38)

Follow these steps:
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1. For a fixed function f € F, consider the random variable
Zi(f) = (f(&') —y")? = (f* (=) —y')°
fori=1,...,T. Show that

2. Show that for any fixed f € F, the variance V(Z;(f)) is bounded as
V(Zi(f)) < 4E(f(a') — f*(a))*.

3. Apply Bernstein’s inequality (Lemma 5) to show that with for any f € F, with probability
at least 1 — ¢,

£(7) < 2L() — L) + LB (1.39)

for an absolute constant C, where L(f) = & S1_ (f(z*) — y*)>.

4. Extend this probabilistic inequality to simultaneously hold for all f € F by taking the
union bound over f € F. Conclude as a consequence that the bound holds for f, the empirical
minimizer, implying (1.38).

Exercise 2 (ERM in Online Learning): Consider the problem of Online Supervised Learn-
ing with indicator loss ¢(f(x),y) =1{f(x) #y}, Y =Y ={0,1}, and a finite class F.

1. Exhibit a class F for which ERM cannot ensure sublinear growth of regret for all sequences,

i.e. there exists a sequence (x*,4*), ..., (z%,y") such that
T
Z o f HllIl Z U(f(zr),yr) = QT),
t=1
where f’ is the empirical minimizer for the indicator loss on (z*,y'),..., (x*,y*). Note: The

construction must have |F| < C, where C is an absolute constant that does not depend on T'.

2. Show that if data are i.i.d., then in expectation over the data, ERM attains a sublinear
bound O(4/T log|F|) on regret for any finite class F.

Exercise 3 (Low Noise): 1. For a nonnegative random variable X, prove that for any n > 0,
2
InEexp{—n(X — E[X])} < %E[Xﬂ. (1.40)

Hint: use the fact that Inz <z — 1 and exp(—z) <1 —x + 22/2 for x > 0.

2. Consider the setting of Proposition 3, Part 1 (Generic Loss). Prove that the randomized
variant of the Exponential Weights Algorithm satisfies, for any f* € F,

T
ZEftht [Z(Ja(mt) O] = f* (@

for any sequence of data. Hint: replace Hoeffding’s Lemma by (1.40).

T
Z (z'),y')?] + log;ﬂ. (1.41)

l\'>\3
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3. Suppose £(f(x),y) € [0,1] for all z € X, y € Y, and f € F. Suppose that there is a
“perfect expert f* € F such that £(f*(x:),y:) = 0 for all ¢ € [T]. Conclude that the above
algorithm, with an appropriate choice of 7, enjoys a bound of O(log|F|) on the cumulative loss

of the algorithm (equivalently, the fast rate % for the average regret). This setting is called
“zero-noise” or “realizable.”

4. Consider the binary classification problem with indicator loss, and suppose F contains a
perfect expert, as above. The Halving Algorithm maintains a version space F; = {f € F :
f(zs) = ys, s < t} and, given z;, follows the majority vote of remaining experts in F;. Show
that this algorithm incurs cumulative loss at most O(log|F|). Hence, the Exponential Weights
Algorithm can be viewed as an extension of the Halving algorithm to settings where the optimal
loss is non-zero.

2. MULTI-ARMED BANDITS

This chapter introduces the multi-armed bandit problem, which is the simplest interactive
decision making framework we will consider in this course.

Multi-Armed Bandit Protocol
fort=1,...,7 do
Select decision 7" € IT:={1,..., A}
Observe reward 7t

The protocol (see above) proceeds in T rounds. At each round ¢ € [T], the learning agent
selects a discrete decision? 7 € Il = {1,..., A} using the data

Ht—l — {(7_‘_1’ ,r,l)’ el (ﬂt_l,rt_l)}

collected so far; we refer to 11 as the decision space or action space, with A € N denoting the
size of the space. Based on the decision 7*, the learner receives a reward r*, and their goal is
to maximize the cumulative reward across all T rounds. As an example, one might consider
an application in which the learner is a doctor (or personalized medical assistant) who aims
to select a treatment (the decision) in order to make a patient feel better (maximize reward);
see Figure 4.

The multi-armed bandit problem can be studied in a stochastic framework, in which re-
wards are generated from a fixed (conditional) distribution, or an non-stochastic/adversarial
framework in the vein of online learning (Section 1.6). We will focus on the stochastic frame-
work, and make the following assumption.

Assumption 1 (Stochastic Rewards): Rewards are generated independently via
rt o~ M*(- | ), (2.1)
where M*(- | -) is the underlying model (conditional distribution).

We define
f(m) =E[r|n] (2.2)

2In the literature on bandits, decisions are often referred to as actions. We will use these terms inter-
changeably throughout this section.
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as the mean reward function under r ~ M*(- | ). We measure the learner’s performance
via regret to the action 7* := argmax cp f*(7) with highest reward:

T T
Reg = Y f*(7*) =Y Epop (). (2.3)
t=1 t=1

Regret is a natural notion of performance for the multi-armed bandit problem because
it is cumulative: it measures not just how well the learner can identify an action with
good reward, but how well it can maximize reward as it goes. This notion is well-suited
to settings like the personalized medicine example in Figure 4, where regret captures the
overall quality of treatments, not just the quality of the final treatment. As in the online
learning framework, we would like to develop algorithms that enjoy sublinear regret, i.e.
M —0 as T — oo.
T

The most important feature of the multi-armed bandit problem, and what makes the
problem fundamentally interactive, is that the learner only receives a reward signal for the
single decision 7w € II they select at each round. That is, the observed reward r* gives a
noisy estimate for f*(7*), but reveals no information about the rewards for other decisions
m # 7w'. For example in Figure 4, if the doctor prescribes a particular treatment to the

P o
@ decision ! &
- reward rt Q
j 03

Figure 4: An illustration of the multi-armed bandit problem. A doctor (the learner) aims
to select a treatment (the decision) to improve a patient’s vital signs (the reward).

\/

patient, they can observe whether the patient responds favorably, but they do not directly
observe whether other possible treatments might have led to an even better outcome. This
issue is often referred to as partial feedback or bandit feedback. Partial feedback introduces
an element of active data collection, as it means that the information contained in the
dataset H' depends on the decisions made by the learner, which we will see necessitates
exploring different actions. This should be contrasted with statistical learning (where the
dataset is generated independently from the learner) and online learning (where losses may
be chosen by nature in response to the learner’s behavior, but where the outcome y‘— and
hence the full loss function £(-, y')—is always revealed).

In the context of Figure 2, the multi-armed bandit problem constitutes our first step
along the “interactivity” axis, but does not incorporate any structure in the decision space
(and does not involve features/contexts/covariates). In particular, information about one
action does not reveal information about any other actions, so there is no hope of using
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function approximation to generalize across actions.® As a result, the algorithms we will
cover in this section will have regret that scales with Q(|II|) = ©Q(A). This shortcoming is
addressed by the structured bandit framework we will introduce in Section 4, which allows
for the use of function approximation to model structure in the decision space.*

Remark 8 (Other notions of regret): It is also reasonable to consider empirical
regret, defined as

maXZrt(ﬂ') - Zrt(wt), (2.4)

eIl
™ t—1

where, for 7 # x', r'(7) denotes the counterfactual reward the learner would have
received if they had played 7 at round ¢. Using Hoeffding’s inequality, one can show
that this is equivalent to the definition in (2.3) up to O(v/T) factors.

2.1 The Need for Exploration

In statistical learning, we saw that the empirical risk minimization algorithm, which greedily
chooses the function that best fits the data, leads to interesting bounds on excess risk. For
multi-armed bandits, since we assume the data generating process is stochastic, a natural
first attempt at designing an algorithm is to apply the greedy principle here in the same
fashion. Concretely, at time ¢, we can compute an empirical estimate for the reward function
f* via

Fi(m) = ! ZTS]I {m* ==}, (2.5)

n' (ﬂ-) s<t

where n'(r) is the number of times 7 has been selected up to time ¢.° Then, we can choose
the greedy action R
' = argmax f'(m).
well
Unfortunately, due to the interactive nature of the bandit problem, this strategy can fail,
leading to linear regret (Reg = Q(7')). Consider the following problem with IT = {1,2}
(A=2).

e Decision 1 has reward % almost surely.
e Decision 2 has reward Ber(3/4).

Suppose we initialize by playing each decision a single time to ensure that n'(7) > 0, then
follow the greedy strategy. One can see that with probability 1/4, the greedy algorithm will
get stuck on action 1, leading to regret (7).

The issue in this example is that the greedy algorithm immediately gives up on the
optimal action and never revisits it. To address this, we will consider algorithms that

3 Another way to say this is that we take F = R*, so that f* € F.

4Throughout the lecture notes, we will exclusively use the term “multi-armed bandit” to refer to bandit
problems with finite action spaces, and use the term “structured bandit” for problems with large action
spaces.

5If n'(r) = 0, we will set f*(m) = 0.
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deliberately explore less visited actions to ensure that their estimated rewards are not
misleading.

2.2 The ¢-Greedy Algorithm

The greedy algorithm for bandits can fail because it can insufficiently explore good decisions
that initially seem bad, leading it to get stuck playing suboptimal decisions. In light of this
failure, a reasonable solution is to manually force the algorithm to explore, so as to ensure
that this situation never occurs. This leads us to what is known as the e-Greedy algorithm.

Let € € [0, 1] be the exploration parameter. At each time ¢ € [T], the e-Greedy algorithm
computes the estimated reward function ft as in (2.5). With probability 1—e¢, the algorithm
chooses the greedy decision

7 = argmax f'(7), (2.6)
™
and with probability € it samples a uniform random action 7' ~ unif({1,..., A}). As the
name suggests, e-Greedy usually plays the greedy action (exploiting what it has already
learned), but the uniform sampling ensures that the algorithm will also explore unseen
actions. We can think of the parameter € as modulating the tradeoff between exploiting
and exploring.

Proposition 4: Assume that f*(7) € [0,1] and r* is 1-sub-Gaussian. Then for any 7,
by choosing € appropriately, the e-Greedy algorithm ensures that with probability at
least 1 — 4,

E[Reg] < AY3T2/3 .10g!/3(AT/$).

EB%]

This regret bound has — 0 with T' — oo as desired, though we will see in the sequel

that more sophisticated strategies can attain improved regret bounds that scale with /AT

Proof of Proposition /. Recall that 7" := arg max ft(ﬂ') denotes the greedy action at round
t, and that p* denotes the distribution over 7*. We can decompose the regret into two terms,
representing the contribution from choosing the greedy action and the contribution from
exploring uniformly:

Reg Z Eﬂt’vp f (W*) - f*(’frt)]
1
= T T
1 - 5 Z f* %t) te Z Eﬂ'tNul’lif([A]) [f*(ﬂ.*) - f*(%t)]
t=1 t=1

)+ €T

nfﬂﬂ

In the last inequality, we have simply written off the contribution from exploring uniformly
by using that f*(m) € [0,1]. It remains to bound the regret we incur from playing the

5Note that VAT < AY3T?/3 whenever A < T, and when A > T both guarantees are vacuous.
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greedy action. Here, we bound the per-step regret in terms of estimation error using a
similar decomposition to Lemma 4 (note that we are now working with rewards rather than
losses):

) = PE) = 170 = P+ [P = PEIHPE) - @) @)
<0
<2_mwx [f(m) ~ F(x)| < 2max| () = F' (). (2.8

we{m*,mt}

Note that this regret decomposition can also be applied to the pure greedy algorithm, which
we have already shown can fail. The reason why e-Greedy succeeds, which we use in the
argument that follows, is that because we explore, the “effective” number of times that each
arm will be pulled prior to round ¢ is of the order et/A, which will ensure that the sample
mean converges to f*. In particular, we will show that the event

Alog(AT/6) }

- (2.9)

& = {mgxu*(w) - Pl s

occurs for all ¢ with probability at least 1 — 4.

To prove that (2.9) holds, we first use Hoeffding’s inequality for adaptive stopping times
(Lemma 35), which gives that for any fixed 7, with probability at least 1 — 0 over the draw
of rewards,

21og(27/6)

*() _ i < 2.1
1) =~ Pl <\ (210)
From here, taking a union bound over all ¢ € [T] and 7 € II ensures that
- 2log(2AT?/4)
*(m) = f* <G| ——— 2.11
) = Pl <[ 7B (211)

for all 7 and ¢ simultaneously. It remains to show that the number of pulls n'(7) is suffi-
ciently large.

Let e' € {0,1} be a random variable whose value indicates whether the algorithm
explored uniformly at step ¢, and let m’(7) = [{i < t : 7 = m, e’ = 1}|, which has
n'(w) > m'(m). Let Z' =1{n* = m, e’ = 1}. Observe that we can write

m(m) = Z A
i<t
In addition, Z* ~ Ber(e/A), so we have E[m'(m)] = e(t —1)/A. Using Bernstein’s inequality

(Lemma 5) with Z*, ..., Z'""! we have that for any fixed 7 and all u > 0, with probability
at least 1 — 274,

mt () — E(t; 1) < VIVZ]i = TDu+ g < 25(15; 1u +§ < €(t2j41) n Z%u’

where we have used that V[Z] = ¢/A - (1 —¢/A) < ¢/A, and then applied the arithmetic
mean-geometric mean (AM-GM) inequality, which states that \/zy < 3 + § for z,y > 0.
Rearranging, this gives

e(t—1) _du (2.12)

t >
mi(r) = =54 3
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Setting u = log(2AT/J) and taking a union bound, we are guaranteed that with probability
at least 1 — 0, for all # € IT and ¢ € [T]

e(t—1) 4log(2AT/9)
24 3 '

As long as et 2 Alog(AT'/6) (we can write off the rounds where this does not hold), this
yields

mt(m) > (2.13)

Taking a union bound and combining with (2.11), this implies that with probability at least

1 -9, for all ¢,
Alog(AT/6)
et ’

max [ f*(r) — f'(m)] <

which leads to the overall regret bound

T T
Al AT 0)
RegSZmaX]f*(w) )| 4+ T Z\/ 08(AT/9)
= " =1
<\ /ATIOg—AT/é) +eT. (2.14)
£

To balance the terms on the right-hand side, we set

N <Alog(1:4T/6)>l/37

which gives the final result. O

This proof shows that the e-Greedy strategy allows the learner to acquire information
uniformly for all actions, but we pay for this in terms of regret (specifically, through the
eT factor in the final regret bound (2.14)). This issue here is that the e-Greedy strategy
continually explores all actions, even though we might expect to rule out actions with very
low reward after a relatively small amount of exploration. To address this shortcoming, we
will consider more adaptive strategies.

Remark 9 (Explore-then-commit): A relative of e-Greedy is the explore-then-
commit (ETC) algorithm, which uniformly explores actions for the first N rounds,
then estimates rewards based on the data collected and commits to the greedy action
for the remaining 7T'— N rounds. This strategy can be shown to attain Reg < AY3T2/3
for an appropriate choice of N, matching e-Greedy.

2.3 The Upper Confidence Bound (UCB) Algorithm

The next algorithm we will study for bandits is the Upper Confidence Bound (UCB) algo-
rithm. The UCB algorithm attains a regret bound of the order O(v/AT), which improves
upon the regret bound for e-Greedy, and is optimal (in a worst-case sense) up to logarithmic
factors. In addition to optimality, the algorithm offers several secondary benefits, including
adaptivity to favorable structure in the underlying reward function.
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The UCB algorithm is based on the notion of optimism in the face of uncertainty,
which is a general principle we will revisit throughout this text in increasingly rich settings.
The idea behind the principle is that at each time ¢, we should adopt the most optimistic
perspective of the world possible given the data collected so far, and then choose the decision
7t based on this perspective.

To apply the idea of optimism to the multi-armed bandit problem, suppose that for each
step ¢, we can construct “confidence intervals”

f,ft 11 — R, (2.15)
with the following property: with probability at least 1 — 4,
Ve Tl mell, f(x)e[f(x), Fx). (2.16)

We refer to f* as a lower confidence bound and f' as a upper confidence bound, since we are

Figure 5: Illustration of the UCB algorithm. Selecting the action 7" optimistically ensures
that the suboptimality never greater exceeds the confidence width.

guaranteed that with high probability, they lower (resp. upper) bound f*. Given confidence
intervals, the UCB algorithm simply chooses 7" as the “optimistic” action that maximizes
the upper confidence bound:

7t = argmax f'(7).
mell

The following lemma shows that the instantaneous regret for this strategy is bounded by
the width of the confidence interval; see Figure 5 for an illustration.

Lemma 7: Fix t, and suppose that f*(«) € [f*(r), ()] for all 7. Then the optimistic
action

7' = arg max f*(7)
well

has
() = f(7') < fi(x) = f(n") < fi(m') = fi(n). (2.17)

Proof of Lemma 7. The result follows immediate from the observation that for any ¢ € [T]
and any 7* € II, we have

fAr) < (@) < fin') and = fH(a) < —fH(n).
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Lemma 7 implies that as long as we can build confidence intervals for which the width
fi(nt) — f*(r*) shrinks, the regret for the UCB strategy will be small. To construct such
intervals, here we appeal to Hoeffding’s inequality for adaptive stopping times (Lemma 35).7
As long as r* € [0, 1], a union bound gives that with probability at least 1 — 0, for all ¢ € [T
and 7 € II,

- 2log(212A/9)

Fm) = Pl <[ (2.13)

where we recall that f' is the sample mean and n'(w) = >.._,I{m" = n}. This suggests

that by choosing

Fim = Fim + [ 2O and i) = i) - | 2EEEA (29

we obtain a valid confidence interval. With this choice—along with Lemma 7—we are in a
favorable position, because for a given round ¢, one of two things must happen:

1<t

e The optimistic action has high reward, so the instantaneous regret is small.

e The instantaneous regret is large, which by Lemma 7 implies that confidence width
is large as well (and n'(7") is small). This can only happen a small number of times,
since n'(7*) will increase as a result, causing the width to shrink.

Using this idea, we can prove the following regret bound.

Proposition 5: Using the confidence bounds in (2.19), the UCB algorithm ensures
that with probability at least 1 — ¢,

Reg < /AT log(AT/9).

This result is optimal up to the log(AT') factor, which can be removed by using the same
algorithm with a slightly more sophisticated confidence interval construction [9]. Note that
compared to the statistical learning and online learning setting, where we were able to
attain regret bounds that scaled logarithmically with the size of the benchmark class, here
the optimal regret scales linearly with |II| = A. This is the price we pay for partial/bandit
feedback, and reflects that fact that we must explore all actions to learn.

Proof of Proposition 5. Let us condition on the event in (2.18). Whenever this occurs, we
have that f*(w) € [f'(r), f!()] for all t € [T] and 7 € II, so the confidence intervals are
valid. As a result, Lemma 7 bounds regret in terms of the confidence width:

T

T
Zf*(ﬂ_*) _ f*(ﬂ_t) < th(ﬂt) _it(ﬂ_t) _ 22 W A1, (2.2())

t=1 t=1 t=1 nt (Trt)

here, the “A1” term appears because we can write off the regret for early rounds where
n'(r') =0 as 1.

"While asymptotic confidence intervals in classical statistics arise from limit theorems, we are interested
in valid non-asymptotic intervals, and thus appeal to concentration inequalities.
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To bound the right-hand side, we use a potential argument. The basic idea is that at
every round, n'(7) must increase for some action 7, and since there are only A actions, this
means that 1/4/n*(7*) can only be large for a small number of rounds. This can be thought
of as a quantitative instance of the pigeonhole principle.

Lemma 8 (Confidence width potential lemma): We have

;\/7M<\/ﬁ

Proof of Lemma 8. We begin by writing.

> L neyytres eyl

T t=1

(2.21)

For any n € N, we have ) ;' | \/Til A1 <1+ 2y/n, which allows us to bound by
A+2 Z v/ nT(m).

The factor of A above is a lower-order term (recall that we have A < v/ AT whenever A < T,
and if A > T the regret bound we are proving is vacuous). To bound the second term, using
Jensen’s inequality, we have

Z\/RT(TI')_ ™) = A\/T/A = VAT.

The main regret bound now follows from Lemma 8 and (2.20).

To summarize, the key steps in the proof of Proposition 5 were to:

1. Use the optimistic property and validity of the confidence bounds to bound regret by
the sum of confidence widths.

2. Use a potential argument to show that the sum of confidence widths is small.

We will revisit and generalize both ideas in subsequent chapters for more sophisticated
settings, including contextual bandits, structured bandits, and reinforcement learning.

Remark 10 (Instance-dependent regret for UCB): The O(vAT) regret bound
attained by UCB holds uniformly for all models, and is (nearly) minimax-optimal, in
the sense that for any algorithm, there exists a model M™* for which the regret must
scale as Q(\/ﬁ) Minimax optimality is a useful notion of performance, but may be
overly pessimistic. As an alternative, it is possible to show that the UCB attains what
is known as an instance-dependent regret bound, which adapts to the underlying reward
function, and can be smaller for “nice” problem instances.
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Let A(w) := f*(7*) — f*(m) be the suboptimality gap for decision w. Then, when
f*(m) € ]0,1], UCB can be shown to achieve

log(AT/9)

< _

Reg S E A
mA(m)>0

If we keep the underlying model fixed and take T — oo, this regret bound scales only
logarithmically in T, which improves upon the v/T-scaling of the minimax regret bound.

2.4 Bayesian Bandits and the Posterior Sampling Algorithm*

Up to this point, we have been designing and analyzing algorithms from a frequentist view-
point, in which we aim to minimize regret for a worst-case choice of the underlying model
M*. An alterative is to adopt a Bayesian viewpoint, and assume that the underlying model
is drawn from a known prior p € A(M).2 In this case, rather than worst-case performance,
we will be concerned with average regret under the prior, defined via

RegBayes (H) = EM*NM EM” [Reg]’

where EM*[-] denotes the algorithm’s expected regret when M* is the underlying reward
distribution.

Working in the Bayesian setting opens up additional avenues for designing algorithms,
because we can take advantage of our knowledge of the prior to compute quantities of
interest that are not available in the frequentist setting, such as posterior distribution
over m* after observing the dataset H'~'. The most basic and well-known strategy here
is posterior sampling (also known as Thompson sampling or probability matching) [70].

Posterior Sampling

fort=1,...,T do
Set p'(w) = P(r* =7 | H'™'), where H!'™! = (7, rt), ..., (7'71, rt71).
Sample 7" ~ p' and observe r*.

The basic idea is as follows. At each time ¢, we can use our knowledge of the prior to
compute the distribution P(7* = - | H'~'), which represents the posterior distribution over
7* given all of the data we have collected from rounds 1,...,¢t — 1. The posterior sampling
algorithm simply samples the learner’s action ' from this distribution, thereby “matching”
the posterior distribution of 7*.

Proposition 6: For any prior u, the posterior sampling algorithm ensures that

RegBayes(:u) < \% AT 1Og(A) (222)

In what follows, we prove a simplified version of Proposition 6; the full proof is given in
Section 2.6.

Proof of Proposition 6 (simplified version). We will make the following simplified assump-
tions:

81t is important that p is known, otherwise this is no different from the frequentist setting.
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e We restrict to reward distributions where M*(- | 7) = N'(f*(r),1). That is, f* is the
only part of the reward distribution that is unknown.

e f* belongs to a known class F, and rather than proving the regret bound in Proposi-
tion 6, we will prove a bound of the form

RegBayes(lu) 5 \% AT 10g|]:‘?

which replaces the log A factor in the proposition with log|F]|.

Since the mean reward function f* is the only part of the reward distribution M™* that is
unknown, we can simplify by considering an equivalent formulation where the prior has the
form p € A(F). That is, we have a prior over f* rather than M*.

Before proceeding, let us introduce some notation. The process through which we sample
f* ~ p and the run the bandit algorithm induces a joint law over (f*,H”), which we call
P. Throughout the proof, we use E[-] to denote the expectation under this law. We also
define E;[-] = E[- | H'] and P;[-] = P[- | H'].

We begin by using the law of total expectation to express the expected regret as

T
REgBayes(M) =E ZEtfl[f*(ﬂ-f*) - f*(ﬂ-t)] :
t=1

Above, we have written 7* = 7+ to make explicit the fact that this is a random variable
whose value is a function of f*.

We first simplify the expected regret for each step t. Let p'(f) := P(f* = f | H'™*) be the
posterior distribution at timestep ¢. The learner’s decision 7 is conditionally independent
of f* given H' ', so we can write

Eea[f"(mpe) = £7(0)] = Bt e [ (g ) = f7(70)]-

If we define f*(m) = E s« [f*(7)] as the expected reward function under the posterior, we
can further write this as

B e gt it [[* () = F1(7")].

By the design of the posterior sampling algorithm, 7* ~ p* is identical in distribution to m p«
under f* ~ u' so this is equal to

Ef*"‘/lt [f*(ﬂ'f*) — ft(ﬂf*)] .

This quantity captures—on average—how far a given realization of f* deviates from the
posterior mean f*, for a specific decision 7 #+ which is coupled to f*. The expression above
might appear to be unrelated to the learner’s decision distribution, but the next lemma
shows that it is possible to relate this quantity back to the learner’s decision distribution
using a notion of information gain (or, estimation error).

Lemma 9 (Decoupling): We have

E oyt [ () = F(rp)] S \JA Epomp Bt [(£4(r) = Fi(m))2]. (2:23)
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Proof of Lemma 9. We will show a more general result. Namely, for any v € A(F) and
f:II = R, if we define p(w) = Py, (7y = 7), then

Ej [F(mg) = (1)) < \JA s Bnsy[((m) — F(m)2]. (2:24)

This can be thought of as a “decoupling” lemma. On the left-hand side, the random
variables f and m are coupled, but on the right-hand side, 7 is drawn from the marginal
distribution over 7y, independent of the draw of f itself.

To prove the result, we use Cauchy-Schwarz as follows:

1

_ 2(1 _
Efw [f(mf) = f(mf)] = Epes [W (f(mp) - f(Wf))]
1

For the first term, we have

B i) = g =X X =Sk =4

p(my)

For the second term, we have

E o [p(m) (F(mg) = F(m))’] < Epos lzmm(f(w)  F)?| = Bps Erny () — F())7).

Putting these bounds together yields (2.24). d

Using Lemma 9, we have that

E[Reg]

IN

T
t=1

JAT-IE

To finish up we will show that 7, E s ot Bt [(f* (") = f1(7*))?] < log|F|. To do this,
we need some additional information-theoretic tools.

IN

T
ZEf*NMt Eﬂ.twpt [(f*(ﬂt) — fi(ﬂt))z]] .
t=1

e For arandom variable X with distribution P, Ent(X) = Ent(P) := >, p(x)log(1/p(x)).

e For random variables X and Y, Ent(X [ Y = y) := Ent(Pxy—,) and Ent(X | Y) :=
Eypy [Ent(X | Y =y)].

e For distributions P and Q, Dk (P || Q) = >_, p(x)log(p(z)/q(z)).
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To keep notation as clear as possible going forward, let us use boldface script (w', 7*, f*,
') to refer to the abstract random variables under consideration, and use non-boldface
script (7, 7*, f*, H') to refer to their realizations. Our aim will be to use the conditional
entropy Ent(f* | ') as a potential function, and show that for each ¢,

%E[Ef*wt By [(F5(r1) = F1(7))%]] = Ent(f* | H'™") — Ent(£* | H'). (2.25)

From here the result will follow, because

T T
1 _
B E ZEf*Nut Bt pt [(f*(ﬂ't) — ft(wt))Q] = Z Ent(f* | H'™") —Ent(f* | H")
t=1 t=1
= Ent(f* | H°) — Ent(f* | H")
< Ent(f* [ H)
< log| 7],
where the last inequality follows because the entropy of a random variable X over a set X

is always bounded by log|X|.
We proceed to prove (2.25). To begin, we use Lemma 40, which implies that

1 _
S (P = F1(7))* < DL (Pt pe ot =1 || Pt ot 1)

and
1

5 Ef*NMt Eﬂt,\,pt [(f*(ﬂ't) — ]a (ﬂ't))Q] = Ef*NNt Eﬂtht [DKL (Prt|f*7ﬂ.t7'Ht—1 H Prtht’Ht—l)]
Since KL divergence satisfies E;p [DKL (]Py|X:x I ]P’y)] =Eypy [DKL (IP’X|y:y I ]P’X)} , this
is equal to

Ei—1 [DKL(P gt ot ggt-1 | Ppripe—1)] = By [Di (Pprppee | Ppsigge1)] (2.26)
Taking the expectation over H*™', we can write this as

]E[]Et,1 [DKL (]P)f*lHt ” P‘f*"}_‘t—l)]] == ]Eth—l EHt|7{t_1 [DKL(Pf*|Ht H P‘f*“{t—l)] .
A simple exercise shows that for random variables X,Y, Z,

E(ag)nbxy [PRL(PZIx=2y =y | Pzix=2)] = Ent(Z | X) —Ent(Z | X,Y).
Applying this result above (and using that H'™!' C H') gives
Eqi—1 EHt|'Ht—l [DKL (Pf*‘q_‘z ” Pf*"Ht—l)] = Ent(f* | %til) — Ent(f* | Ht)

as desired.

O

The analysis above critically makes use of the fact that we are concerned with Bayesian
regret, and have access to the true prior. One might hope that by choosing a sufficiently
uninformative prior, this approach might continue to work in the frequentist setting. In
fact, this indeed the case for bandits, though a different analysis is required [6, 7]. However,
one can show (Sections 4 and 6) that the Bayesian analysis we have given here extends to
significantly richer decision making settings, while the frequentist counterpart is limited to
simple variants of the multi-armed bandit.
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Remark 11 (Equivalence of min-max frequentist regret and max-min Bayesian
regret): Using the minimax theorem, it is possible to show that under appropriate
technical conditions

min max EM" [Reg] = max minEy--, E” [Reg].
Alg  M* HEA(M) Alg

That is, if we take the worst-case value of the Bayesian regret over all possible choices
of prior, this coincides with the minimax value of the frequentist regret.

2.5 Adversarial Bandits and the Exp3 Algorithm*

We conclude this section with a brief introduction to the multi-armed bandit problem with
non-stochastic/adversarial rewards, which dispenses with Assumption 1. In the context of
Figure 2, the non-stochastic nature of rewards adds a new “adversarial data” dimension to
the problem. As one might expect, the solution we will present for non-stochastic bandits
will leverage the the online learning tools introduced in Section 1.6.

To simplify the presentation, suppose that the collection of rewards

{r'(m) € [0,1] : m € [A],t € [T]}

for each action and time step is arbitrary and fixed ahead of the interaction by an oblivious
adversary. Since we do not posit a stochastic model for rewards, we define regret as in (2.4).

The algorithm we present will build upon the exponential weights algorithm studied in
the context of online supervised learning in Section 1.6. To make the connection as clear
as possible, we make a temporary switch from rewards to losses, mapping * to 1 — r*, a
transformation that does not change the problem itself.

Recall that p' denotes the randomization distribution for the learner at round ¢. As
discussed in Remark 7, we can write expected regret as

T T

Reg = (o', ¢) ~ min >~ (ex ) (2.27)
t=1 t=1

where £ € [0,1]4 is the vector of losses for each of the actions at time .

Since only the loss (equivalently, reward) of the chosen action 7" ~ p* is observed, we
cannot directly appeal to the exponential weights algorithm, which requires knowledge of
the full vector €. To address this, we build an unbiased estimate of the vector £' from
a single real-valued observation £°(w"). At first, this might appear impossible, but it is
straightforward to show that

-2

x I{n" =n} (2.28)

is an unbiased estimate for all = € [A], or in vector notation

~t

Bt [€] = 2. (2.29)
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If we apply the exponential weights algorithm with the loss vectors F, it can be shown to
attain regret

T
E[Reg] = [Z P, Et] —mlnz (er, L") (2.30)
T

[£< >] —minkE i<em?>] S VAT log A, (2.31)

t=1

This algorithm is known as Fzp3 (“Exponential Weights for Exploration and Exploitation”).
A full proof of this result is left as an exercise in Section 2.7.

2.6 Deferred Proofs

Proof of Proposition 6 (full version) . Let E[-] = E[- | H'] and P;[-] = P[- | H']. We begin
by using the law of total expectation to express the expected regret as

T
RegBayes(u) =E ZEt—l[f*(ﬂ*) - f*(ﬂt)] :

Here and throughout the proof, E[-] will denote the joint expectation over both M* ~ u and
over the sequence H” = (7', r'),..., (77, r") that the algorithm generates by interacting
with M*.

We first simplify the (conditional) expected regret for each step . Let f*(7) := E;_1[f*(7)]
denote the posterior mean reward function at time ¢, which should be thought of as
the expected value of f* given everything we have learned so far. Next, let ffr, (m) =
Ei—1[f*(m) | 7* = 7'], which is the expected reward given everything we have learned so far,
assuming that 7 = 7/. We proceed to write the expression

Eea[f* (%) — f*(7")]

in terms of these quantities. For the learner’s reward, we observe that f* is conditionally
independent of 7* given H'™', we have

Ee1[f*(n")] = Epope [ (7).

For the reward of the optimal action, we begin by writing

Etq[f* (7 Z]Ptlﬂ—ﬂEt L[f () | 7% = ]
well

= S P (n* = 1) f(m)

mell

= Erpt [fw(W)L

where we have used that p* was chosen to match the posterior distribution over n*. This
establishes that

Ee1[f*(7*) = f*(7")] = Egnpe [ f2 () = F1(m)].
We now require a decoupling-type lemma, which can be proven through the same reasoning
as Lemma 9.
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Lemma 10:

Bt [F(1) = F{(m)] < \JA- By [(Foa () = 1 (m)2]. (2.32)

To keep notation as clear as possible going forward, let us use boldface script (7, w*, f*,
') to refer to the abstract random variables under consideration, and use non-boldface
script (7f, 7, f*, H') to refer to their realizations. As in the simplified proof, we will
show that the right-hand side in (2.32) is related to a notion of information gain (that is,
information about 7* acquired at step t). Using Pinsker’s inequality, we have

Eﬂ.t’ﬂ,*Npt [(j:fr* (7Tt) - ft(ﬂt))2] S ]Et,1 [DKL (]P),,.tlﬂ*,ﬂtﬂ_lt—l || ]P)rt‘ﬂt’;{t—l)] .
Since KL divergence satisfies Ex [DkL (Py|x || Py)] = Ey [DxL(Px)y || Px)], this is equal to
Bt 1 [DRL(Prrrt ot pgt—1 | Prexppge=1) | = oot [ Dii (Prerppae | Prerppee—1) |- (2.33)

This is quantifying how much information about 7* we gain by playing 7* and observing r*
at step t, relative to what we knew at step ¢t — 1. Applying Lemma 10 and (2.33), we have

T T
ZEﬂNpt [J?ftr(ﬁ) - Ja<7r)] < Z \/A B rpt [(ﬁtr* (m) = Ja(ﬂ))Q]

T
<3 A Bt [P (P | Py
t=1

T

< \|AT Y E[Dre (P pper | Pros )|
t=1

We can write
E[DKL(P‘K*U-U H ]P,T*|Ht—1)] = Ent(ﬂ'* ‘ 7‘071) - Ent(ﬂ'* | 7‘0),

so telescoping gives

T
ZE[DKL(}P’,,*mt | Prxjzqe—1)] = Ent(z* | #°) — Ent(z* | H") < log(A).
t=1

2.7 Exercises

Exercise 4 (Adversarial Bandits): In this exercise, we will prove a regret bound for adver-
sarial bandits (Section 2.5), where the sequence of rewards (losses) is non-stochastic. To make
a direct connection to the Exponential Weights Algorithm, we switch from rewards to losses,
mapping r* to 1 — r*, a transformation that does not change the problem itself. To simplify
the presentation, suppose that a collection of losses

{€(m) € [0,1]: 7 € [A],t € [T]}

for each action 7 and time step ¢ is arbitrary and chosen before round t = 1; this is referred to
as an oblivious adversary. We denote by £ = (£°(1),...,£(A)) the vector of losses at time ¢.
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The protocol for the problem of adversarial multi-armed bandits (with losses) is as follows:

Multi-Armed Bandit Protocol

fort=1,...,7 do
Select decision «* € II := {1,..., A} by sampling 7* ~ p
Observe loss £ (")

Let p* be the randomization distribution of the decision-maker on round ¢. Expected regret
can be written as

E[Reg] =E

T T
Z@zm] — min > (e, £). (2.34)

Since only the loss of the chosen action 7* ~ p* is observed, we cannot directly appeal to the
Exponential Weights Algorithm. The solution is to build an unbiased estimate of the vector £°
from the single real-valued observation £ (7).

1. Prove that the vector Zt( | 7*) defined by

is an unbiased estimate for £€'(m) for all w € [A]. In vector notation, this means

x I{n* =7} (2.35)

Eninpr [€ (- 7)) = £

Conclude that

E[Reg| =

£ (7)) - mige[S

Above, we use the shorthand = £(- | 7).

3 Ertp <eﬂ, >] (2.36)

t=1

2. Show that given 7/,

. t(, _1\2 ~t
Erep [£(n] 7)) = ‘;D t(g;,)) . sothat By By [ (| 7)) < A (2.37)

3. Define
p' () cxexp{ nz<em >}

which corresponds to the exponential weights algorithm on the estimated losses ‘. Apply
(1.41) to the estimated losses to show that for any = € [4],

E i Eﬂtht <pt,?>‘|
t=1

Hence, the price of bandit feedback in the adversarial model, as compared to full-information
online learning, is only v/A.

[ B, <em?>] < JATiogd
t=1
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3. CONTEXTUAL BANDITS

In the last section, we studied the multi-armed bandit problem, which arguably the simplest
framework for interactive decision making. This simplicity comes at a cost: few real-world
problems can be modeled as a multi-armed bandit problem directly. For example, for the
problem of selecting medical treatments, the multi-armed bandit formulation presuppose
that one treatment rule (action/decision) is good for all patients, which is clearly unreason-
able. To address this, we augment the problem formulation by allowing the decision-maker
to select the action 7" after observing a context x*; this is called the contextual bandit prob-
lem. The context z', which may also be thought of as a feature vector or collection of

"‘ ) context  Z'

- L o
@ decision t &
reward T 9

Figure 6: An illustration of the contextual multi-armed bandit problem. A doctor (the
learner) aims to select a treatment based on the context (medical history, symptoms).

A

\/

A

covariates (e.g., a patient’s medical history, or the profile of a user arriving at a website),
can be used by the learner to better maximize rewards by tailoring decisions to the specific
patient or user under consideration.

Contextual Bandit Protocol
fort=1,...,T7 do
Observe context z* € X.
Select decision 7* € I = {1, ..., A}.
Observe reward rt € R.

As with multi-armed bandits, contextual bandits can be studied in a stochastic frame-
work or in an adversarial framework. In this course, we will allow the contexts z',...,x"
to be generated in an arbitrary, potentially adversarially fashion, but assume that rewards
are generated from a fixed conditional distribution.

Assumption 2 (Stochastic Rewards): Rewards are generated independently via
rt~ M*(- |zt 7, (3.1)
where M*(- | -,-) is the underlying model (or conditional distribution).
This generalizes the stochastic multi-armed bandit framework in Section 2. We define

f(x,m) =E[r|z, 7 (3.2)
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as the mean reward function under r ~ M*(- | z, ), and define 7*(z) := argmax .y f*(z, 7)
as the optimal policy, which maps each context x to the optimal action for the context. We
measure performance via regret relative to 7*:

T T
Reg:= Y [ (@', 7" (x") = > Epeop[f*(a', 7)), (3.3)
t=1 t=1

where p* € A(II) is the learner’s action distribution at step ¢ (conditioned on the H'™*
and z'). This provides a (potentially) much stronger notion of performance than what we
considered for the multi-armed bandit: Rather than competing with the reward of the single
best action, we are competing with the reward of the best sequence of decisions tailored to
the context sequence we observe.

Remark 12 (Contextual bandits versus reinforcement learning): To readers
already familiar with reinforcement learning, the contextual bandit setting may appear
quite similar at first glance, with the term “context” replacing “state”. The key dif-
ference is that in reinforcement learning, we aim to control the evolution of z*, ..., z7
(which is why they are referred to as state), whereas in contextual bandits, we take
the sequence as a given, and only aim to maximize our rewards conditioned on the
sequence.

Function approximation and desiderata. If X', the set of possible contexts, is finite,
one might imagine running a separate MAB algorithm for each context. In this case, the
regret bound would scale with |X|,” an undesirable property which reflects the fact that
this approach does not allow for generalization across contexts. Instead, we would like to
share information between different contexts. After all, a doctor prescribing treatments
might never observe exactly the same medical history and symptoms twice, but they might
see similar patients or recognize underlying patterns. In the spirit of statistical learning
(Section 1) this means assuming access to a class F that can model the mean reward
function, and aiming for regret bounds that scale with log|F| (reflecting the statistical
capacity of F), with no dependence on the cardinality of X'. To facilitate this, we will
assume a well-specified /realizable model.

Assumption 3: The decision-maker has access to a class F C {f : X x II — R} such
that f* € F.

Using the class F, we would like to develop algorithms that can model the underlying reward
function for better decision making performance. With this goal in mind, it is reasonable to
try leveraging the algorithms and respective guarantees we have already seen for statistical
and online supervised learning. At this point, however, the decision-making problem—with
its exploration-exploitation dilemma—appears to be quite distinct from these supervised
learning frameworks. Indeed, naively applying supervised learning methods, which do not
account for the interactive nature of the problem, can lead to failure, as we saw with the

9For example, one can show that running an independent instance of UCB for each context leads to regret

O(\/AT - |X]).
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greedy algorithm in Section 2. In spite of these apparent difficulties, in the next few lectures,
we will show that it is possible to leverage supervised learning methods to develop provable
decision making methods, thereby bridging the two methodologies.

3.1 Optimism: Generic Template

What algorithmic principles should we employ to solve the contextual bandit problem? One
approach is to adapt solutions from the multi-armed bandit setting. There, we saw that the
principle of optimism (in particular, the UCB algorithm) led to (nearly) optimal rates for
bandits, so a natural question is whether optimism will continue to succeed in the presence
of contexts. The answer to this last question is: it depends. We will first describe a some
positive results under assumptions on F, then provide a negative example, and finally turn
to an entirely different algorithmic principle.

Optimism via confidence sets. Let us describe a general approach (or, template) for
applying the principle of optimism to contextual bandits. Suppose that at each time, we
have a way to construct a confidence set

FICF

based on the data observed so far, with the property that f* € F*. Given such a confidence
set we can define upper and lower confidence functions f*, f*: X x II — R via

f(e.m) = min f(@.x), . = max f(.m). (3.4)

These functions generalize the upper and lower confidence bounds we constructed in Sec-
tion 2. Since f* € F*, they have the property that

f'(z,m) < f*(a,m) < fi(z,7)

for all x € X, € II. As such, if we consider a contextual analogue of the UCB algorithm,
given by

7t = argmax f'(a', ), (3.5)
well

then as in Lemma 7, the optimistic action satisfies
frat,m™) = fratnt) < fiat ) — fiat ).

That is, the suboptimality is bounded by the width of the confidence interval at (z',n"),
and the total regret is bounded as

T
Reg < > fi(a',n") — f'(a', 7). (3.6)
t=1

To make this approach concrete and derive sublinear bounds on the regret, we need a way to
construct the confidence set F*, ideally so that the width in (3.6) shrinks as fast as possible.
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Constructing confidence sets with least squares. We construct confidence sets by
appealing to a supervised learning method, empirical risk minimization with the square loss
(or, least squares). Assume that f(z,a) € [0,1] for all f € F, and that r* € [0,1] almost
surely. Let

t—1
7t : i7 ARV 3.7
f al"?erjgm;(f (2, 7') =) (3.7)

be the empirical risk minimizer at round ¢, and with 8 := 8log(|F|/d) define F' = F and
t—1 =1
Ft= {f €F: Z(f(a;z,ﬂz) —r)? < Z(ft(xi,ﬂ'i) —r)2 4 ,3} (3.8)
1=1

for ¢ > 1. That is, our confidence set F* is the collection of all functions that have empirical
squared error close to that of f*. The idea behind this construction is to set 5 “just large
enough”, to ensure that we do not accidentally exclude f*, with the precise value for
informed by the concentration inequalities we explored in Section 1. The only catch here is
that we need to use variants of these inequalities that handle dependent data, since x‘ and
7' are not i.i.d. in (3.7). The following result shows that F* is indeed valid and, moreover,
that all functions f € F* have low estimation error on the history.

Lemma 11: Let 7',..., 77 be chosen by an arbitrary (and possibly randomized)
decision-making algorithm. With probability at least 1 — 4§, f* € F* for all t € [T].
Moreover, with probability at least 1 — ¢, for all 7 < T, all f € F7 satisfy:

T—1
D Entep [(fat,7) = f(2',7)?] < 48 (3.9)
t=1

This result establishes validity of the confidence bounds used within the UCB algorithm,
but this is not yet enough to show that the algorithm attains low regret. Indeed, to bound
the regret, we need to control the confidence widths in (3.6), but there is a mismatch: for
step t, the regret bound in (3.6) considers the width at («*,7"), but (3.9) only ensures
closeness of functions in F* under (z*,7'),..., (z'!, 7*~*). We will show in the sequel that
for linear models, it is possible to control this mismatch, but that this is not possible in
general.

Proof of Lemma 11. For f € F, define

U'(f) = (fla' ') = ') = (f*(a',7") — ') (3.10)
It is straightforward to check that!'®
E—1 U'(f) = B (f(2',7') = f*(a',7))?, (3.11)

where E;_1[-] := E[- | H*"',2']. Then Z'(f) =E;—1 U'(f) — U*(f) is a martingale difference
sequence and Y ;_; Z'(f) is a martingale. Since increments Z*(f) are bounded as | Z'(f)| <1

10We leave E;—; on the right-hand side to include the case of randomized decisions 7* ~ p.
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(this holds whenever f € [0,1],r* € [0,1]), according to Lemma 36 with n = %, with
probability at least 1 — 4, for all 7 < T,

> z(f) < ZEt 1 2] + 8log(5 7). (3.12)
t=1
To control the right-hand side, we again use that f,r* € [0, 1] to bound
B [2°(F?] < B [((F(at7) = )% = (£, m) = 1))’ (3.13)
<AEa[(f(af ') = f* (@t 7)) = 4B U'(S) (3.14)

Then, after rearranging, (3.12) becomes

1 T
§§ E o U'(f) < § :Uf ) +8log(67h). (3.15)
t=1

Since the left-hand side is nonnegative, we conclude that with probability at least 1 — 4,

T

D (fr @t <Z )2 4 8log(671). (3.16)

t=1
Taking a union bound over f € F, gives that probability at least 1 — 9,

T

VfeF,vrelT], > (ff@'x <Z )2+ 8log(|F|/6), (3.17)

t=1
and in particular

T—1 T—l

Vre[T+1], ) (fa,m)—r)? < — )%+ 8log(|F|/8);  (3.18)
t=1 :1

~

that is, we havef* € F™ for all 7 € {1,...,T + 1}, proving the first claim. For the second
part of the claim, observe that any f € F™ must satisfy

T—1
YU <B
t=1

since the empirical risk of f* is never better than the empirical risk of the minimizer ft
Thus from (3.15), with probability at least 1 — 4, for all 7 < T,

T—1
> E 1 U'(f) <28+ 16log(67). (3.19)

The second claim follows by taking union bound over f € F* C F, and by (3.11). O

3.2 Optimism for Linear Models: The LinUCB Algorithm

We now instantiate the general template for optimistic algorithms developed in the previous
section for the special case where F is a class of linear functions.
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Linear models. We fix a feature map ¢ : X x II — B4(1), where BZ(1) is the unit-norm
Euclidean ball in R?. The feature map is assumed to be known to the learning agent. For
example, in the case of medical treatments, ¢ transforms the medical history and symptoms
x for the patient, along with a possible treatment 7, to a representation ¢(x,7) € Bg(l).
We take F to be the set of linear functions given by

F={(x,7) —~ (0,¢(zx,7)) | 0 € O, (3.20)

where © C B%(1) is the parameter set. As before, we assume f* € F; we let §* denote the
corresponding parameter vector, so that f*(z, ) = (0*, ¢(x, 7)).

To apply the technical results in the previous section, we assume for simplicity that
|©| = |F| is finite. To extend the results we will give to potentially non-finite sets, one
can work with an e-discretization or e-net, which is of size at most O(¢~%) using standard
arguments. Taking ¢ ~ 1/T ensures only a constant loss in cumulative regret relative to
the continuous set of parameters, while log |F| < dlogT.

The LinUCB algorithm. The following figure displays an algorithm we refer to as
LinUCB, which adapts the generic template for optimistic algorithms to the case where F
is linear in the sense of (3.20).

LinUCB
Input: R >0
fort=1,...,7T do
Compute the least squares solution ot (over 6§ € ©) given by

§' = arg min Z((Q, p(at, 7)) — 1)

0cO

i<t
Define
=l
Y= Z oz’ m)p(x', )T + 1.
i=1
Given z', select action
' € argmax  max (0, ¢(z", 7).

oot <n
Observe reward r?

The following result shows that LinUCB enjoys a regret bound that scales with the
complexity log|F| of the model class and the feature dimension d.

Proposition 7: Let © C B4(1) and fix ¢ : X x II — B4(1). For a finite set F of linear
functions (3.20), taking § = 8log(|F|/d), LinUCB with R = 165 + 4 satisfies, with
probability at least 1 — ¢,

Reg < /BdT log(1 + T/d) < \/dT log(|F|/6)log(1 + T/d)

T

for any sequence of contexts z',...,x”. More generally, for infinite F, we may take
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B = O(dlog(T)) and
Reg < dvVTlog(T).

Notably, this regret bound has no explicit dependence on the context space size |X|. Inter-
estingly, the bound is also independent of the number of actions |II|, which is replaced by
the dimension d; this reflects that the linear structure of F allows the learner to generalize
not just across actions, but across decisions. We will expand upon the idea of generalizing
across actions in Section 4.

Proof of Proposition 7. The confidence set (3.8) in the generic optimistic algorithm tem-
plate is equivalent to

t—1 t—1
F= {9 €0: 3 (0.0, 7)) — 1) < 3@ ot 7)) — 1) + ﬁ}, (3.21)
=1 =1

where ' is the least squares solution computed in LinUCB. According to Lemma 11, with
probability at least 1 — 0, for all ¢t € [T], all § € F* satisfy

t—1

D (0 =67, ¢(a',7)))* < 48, (3.22)

i=1

which means that F* is a subset of'!

t—1
o = {e cO:0—07|% < 4ﬂ}, where £ =3 g(a',m)p(a', 7). (3.23)
=1

6 — 6|5, < 168.
Furthermore, since 9t coC B4(1), HH — @HQ < 2. Combining the two constraints into one,
we find that ©' is a subset of

Since §' € Ft, we have that for any # € ©’, by triangle inequality,

-1
0" = {9 eR?: |60 — é\tH%t <168+ 4}, where X' = Zqﬁ(fivﬁi)(ﬁ(xivﬂiy + 1.
i=1
(3.24)

The definition of f* in (3.4) and the inclusion ©’ C ©” implies that

Flems  max  (8.¢(xm) = (B, 6(e,m) + /165 1 4 |6, m)l| 501
o005 <vTTFFE

(3.25)

and similarly f*(z,m) > <§t,¢(x,7r)> — V165 + 4Hq§(m,7r)H(§t),1. We conclude that regret
of the UCB algorithm, in view of Lemma 7, is

T T
Reg <26 [o(e, 1) gys < | BT lo(at, 750 1 (3.26)
t=1 t=1

"For a PSD matrix X = 0, we define ||z||= = /(z, 2).
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The above upper bound has the same flavor as the one in Lemma 8: as we obtain more and
more information in some direction v, the matrix >* has a larger and larger component in
that direction, and for that direction v, the term ||vH?§t),1 becomes smaller and smaller.
To conclude, we apply a potential argument, Lemma 12 below, to bound

T
Yl w11 S dlog(l+T/d).
t=1

O]

The following result is referred to as the elliptic potential lemma, and it can be thought
of as a generalization of Lemma 8.

Lemma 12 (Elliptic potential lemma): Let ay,...,ar € R? satisfy ||a;| < 1 for all
te[T], and let V; =1+ > . asa]. Then

T
> llaclly-s < 2dlog(1+T7/d). (3.27)
t=1

Proof Lemma 12 (sketch). First, the determinant of V; evolves as
det(V;) = det(Vi1) (1 + arlly, -1 ).

Second, using the identity u A1 < 2In(1 + u) for w > 0, the left-hand side of (7.38) is at
most 237, log(l + Hat”%/—1>. The proof concludes by upper bounding the determinant
t—1

of V,, via the AM-GM inequality. We leave the details as an exercise; see also Lattimore
and Szepesvari [51]. O

3.3 Moving Beyond Linear Classes: Challenges

We now present an example of a class F for which optimistic methods necessarily incur
regret that scales linearly with either the cardinality of F or with cardinality of X', meaning
that we do not achieve the desired log|F| scaling of regret that one might expect in (offline
or online) supervised learning.

Example 3.1 (Failure of optimism for contextual bandits). Let A = 2, and let N € N
be given. Let 7w, and 7, be two actions available in each context, so that A = {=,,m,},
and |A| = 2. Let X = {z,,...,zy} be a set of distinct contexts, and define a class
F ={f*fi,..., fn} of cardinality N + 1 as follows. Fix 0 < e < 1. Let f*(z,m,) =1—¢
and f*(xz,m,) =0 for any z € X. For each i € [N], fi(z;,m,) =1—¢ and f,(z;,m) =0 for
j # 14, while fi(z,,7,) =0 and f,(z;,m) = 1.

Now, consider a (well-specified) problem instances in which rewards are deterministic
and given by

rt— f*(xt,ﬂ't),

which we note is a constant function with respect to the context. Since f* is the true model,
m, is always the best action, bringing a reward of 1 — ¢ per round. Any time 7, is chosen,
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the decision-maker incurs instantaneous regret 1 — . We will now argue that if we apply
the generic optimistic algorithm from Section 3.1, it will choose 7, every time a new context
is encountered, leading to () regret.

Let S* be the set of distinct contexts encountered before round ¢. Clearly, the exact
minimizers of empirical square loss (see (3.7)) are f*, and all f; where 7 is such that x; ¢ S".
Hence, for any choice of 5 > 0, the confidence set in (3.8) contains all f; for which z, ¢ S*.
This implies that for each t € [T] where ' = z;, ¢ S*, action 7, has a higher upper confidence
bound than 7, since

fi(at,m) = fi(xi,m) =1> fi(a',m,) = f(a',m,) =1—e.

Hence, the cumulative regret grows by 1 —¢ every time a new context is presented, and thus
scales as (N (1—¢)) if the contexts are presented in order. That is, since N = |X| = |F|—1,
the confidence-based algorithm fails to achieve logarithmic dependence on F (note that we
may take e = 1/2 for concreteness).

Let us remark that this failure continues even if contexts are stochastic. If the contexts
are chosen via the uniform distribution on X', then for T' > N, at least a constant proportion
of the domain will be presented, which still leads to a lower bound of

E[Reg] = Q(N) = Q(min{|F], |X]}).
<

What is behind the failure of optimism in this example? The structure of F forces
optimistic methods to over-explore, as the algorithm puts too much hope into trying the
arm 7, for each new context. As a result, the confidence widths in (3.6) do not shrink
quickly enough. Below, we will see that there are alternative methods which do enjoy
logarithmic dependence on the size of F, with the best of these methods achieving regret
O(y/ AT log|F|).

We mention in passing that even though optimism does not succeed in general, it is
useful to understand in what cases it works. We saw that the structure of linear classes
in R? only allowed for d “different” directions, while in the example above, the optimistic
algorithm gets tricked by each new context, and is not able to shrink the confidence band
quickly enough over the domain. In a few lectures (Section 4), we will introduce the eluder
dimension, a structural property of the class F which is sufficient for optimistic methods to
experience low regret, generalizing the linear setting.

3.4 The ¢-Greedy Algorithm for Contextual Bandits

Given that the principle of optimism only leads to low regret for classes F with special
structure, we are left wondering whether there are more general algorithmic principles for
decision making that can succeed for any class F. In this section and the following one,
we will present two such principles. Both approaches will still make use of supervised
learning with the class F, but will build upon online supervised learning as opposed to
offline/statistical learning. To make the use of supervised learning as modular as possible,
we will abstract this away using the notion of an online regression oracle.
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Definition 3 (Online Regression Oracle): At each time ¢ € [T], an online regression
oracle returns, given
('CL'I? 7‘-17 rl)? ttt (l’t—17 7Tt_17 rt_l)

with E[ri|z?, 7] = f*(2%,7) and 7' ~ pi, a function f': X x IT — R such that

T
> Bt (1@, 1) = f4(a', 7)) < Estsq(F, T,0)
t=1

with probability at least 1 — §. For the results that follow, p* = p'(-|a*, H'™!) will
represent the randomization distribution of a decision-maker.

For example, for finite classes, the (averaged) exponential weights method introduced in
Section 1.6 is an online regression oracle with Estsq(F, T, 6) = log(|F|/6). More generally,
in view of Lemma 6, any online learning algorithm that attains low square loss regret or the
problem of predicting of r* based on (z',n") can leads to a valid online regression oracle.

Note that we make use of online learning oracles for the results that follow because
we aim to derive regret bounds that hold for arbitrary, potentially adversarial sequences
x', ..., x7. If we instead assume that contexts are i.i.d., it is reasonable to make use of
algorithms for offline estimation, or statistical learning with F. See Section 3.5.1 for further
discussion.

The first general-purpose contextual bandit algorithm we will study, illustrated below,

is a contextual counterpart to the e-Greedy method introduced in Section 2.

e-Greedy for Contextual Bandits
Input: € € (0,1).
fort=1,...,7 do

Obtain ft from online regression oracle for (z', 7", rt),... (', 7't ri=t).

Observe z‘.

With prob. e, select " ~ unif([4]), and with prob. 1 — &, choose the greedy
action

7' = argmax f'(z', 7).
mE[A]

Observe reward 7r?.

At each step t, the algorithm uses an online regression oracle to compute a reward estimator
J?t(x, a) based on the data H'~! collected so far. Given this estimator, the algorithm uses the
same sampling strategy as in the non-contextual case: with probability 1 — e, the algorithm
chooses the greedy decision

7' = argmax f'(z', ), (3.28)

™

and with probability € it samples a uniform random action 7* ~ unif({1,...,A}). The
following theorem shows that whenever the online estimation oracle has low estimation
error Estsq(F,T,6), this method achieves low regret.
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Proposition 8: Assume f* € F and f*(z,a) € [0,1]. Suppose the decision-maker
has access to an online regression oracle (Definition 3) with a guarantee Estsq(F, T}, 9).
Then by choosing e appropriately, the e-Greedy algorithm ensures that with probability
at least 1 — 4,

Reg < AY3T3 . Estsq(F, T, 6)Y?

for any sequence z',...,x". As a special case, when F is finite, if we use the (averaged)
exponential weights algorithm as an online regression oracle, the e-Greedy algorithm
has

Reg < AY3T2/3 . 10g!/3(| F|/6).

Notably, this result scales with log|F| for any finite class, analogous to regret bounds for
offline/online supervised learning. The T2/3_dependence in the regret bound is suboptimal
(as seen for the special case of non-contextual bandits), which we will address using more
deliberate exploration methods in the sequel.

Proof of Proposition 8. Recall that p* denotes the randomization strategy on round ¢, com-
puted after observing z*. Following the same steps as the proof of Proposition 4, we can
bound regret by

Reg = ZEWW Mot m (@) = )] <D et () - a7 + T,
t=1

where the €T term represents the bias incurred by exploring uniformly.
Fix ¢ and abbreviate 7*(z') = 7*. We have

f*($t7ﬂ-*) _f (.Tt %t)
= [f*(a', 7)) — Flat, 7)) + [Fi(af, 7*) = Frat, 7] + [fi(a, 7) — fr(2', 7))
< > @) - fiat o)l

me{mt,m*}
- Z /7\/ |f l’ 7T ﬁ(xtvﬂ>"
me{mt,m*}

By the Cauchy-Schwarz inequality, the last expression is at most

1/2 1/2

> pt(lﬂ) > pt(ﬁ)(f*(ﬂctﬂr)—ft(:ct,rr))2 (3.29)

me{mt,m*} re{mt,m*}

< \/?{Empt (f*(xt, ) — Fia, wt))Q}l/Q. (3.30)

47



Summing across ¢, this gives

T

T * tﬂ-* ) — *xt 7t % — *xt 7t _/\txt ot 2 1/2
D) - £ >g\/€;{mﬁwp(f<, ) - P, >)} (3.31)
2AT < *( bt THOot t 2 v
S\/T{;Ewmpt(f (:vﬂf)—f(xm))} . (3.32)

Now observe that the online regression oracle guarantees that with probability 1 — 9,
T - 2
> Eriop ( Ft, ) — ft(:vt,wt)> < Estsq(F, T, 9).
t=1

Whenever this occurs, we have

Reg < \/ATEstSZ(f,T,5)+2€'

Choosing ¢ to balance

T \/ ATEstsq(F, T, )
€
leads to the claimed result. O

Remark 13:

3.5 Inverse Gap Weighting: An Optimal Algorithm for General Model Classes

To conclude this section, we present a general, oracle-based algorithm for contextual bandits
which achieves

Reg < /AT log| F]|

for any finite class F. As with e-Greedy, this approach has no dependence on the cardinality
|X'| of the context space, reflecting the ability to generalize across contexts. The dependence
on 1" improves upon e-Greedy, and is optimal.

To motivate the approach, recall that conceptually, the key step of the proof of Propo-
sition 8 involved relating the instantaneous regret

Ertopt [ (2, 7% (2")) = f* (2, 7")] (3.33)
of the decision maker at time ¢ to the instantaneous estimation error
~ 2
Bty ( Fot, 7 — Fi(at, ﬂ't)) (3.34)

between ft and f* under the randomization distribution p*. The e-Greedy exploration
distribution gives a way to relate these quantities, but the algorithm’s regret is suboptimal
because the randomization distribution puts mass at least £/A on every action, even those
that are clearly suboptimal and should be discarded. One can ask whether there exists a
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better randomization strategy that still admits an upper bound on (3.33) in terms of (3.34).
Proposition 9 below establishes exactly that. At first glance, this distribution might appear
to be somewhat arbitrary or “magical”’, but we will show in subsequent chapters that it
arises as a special case of more general-—and in some sense, universal—principle for designing
decision making algorithms, which extends well beyond contextual bandits.

Definition 4 (Inverse Gap Weighting [2, 32]): Given a vecto ,f (F1),.... f(A) €
R4, the Inverse Gap Weighting distribution p = IGW.,(f ( )., f(A)) with parameter

~v > 0 is defined as

p(r) = ! (3.35)

A+ 29(f(R) - f(m)
where T = argmax_ f(w) is the greedy action, and where X € [1, A] is chosen such that

Yoap(m) =1

Above, the normalizing constant A € [1, A] is always guaranteed to exist, because we have
< Y p(m) < é, and because A — Y _p(m) is continuous over [1, A].

Let us give some intuition behind the distribution in (3.35). We can interpret the
parameter v as trading off exploration and exploitation. Indeed, v — 0 gives a uniform
distribution, while v — oo amplifies the gap between the greedy action 7 and any action
with f(m) < f(7), resulting in a distribution supported only on actions that achieve the
largest estimated value f(7).

The following fundamental technical result shows that playing the Inverse Gap Weight-
ing distribution always suffices to link the instantaneous regret in (3.33) in to the instanta-
neous estimation error in (3.34).

Proposition 9: Consider a finite decision space Il = {1,..., A}. For any vector feRrA
and v > 0, define p = IGW (f( )y ,f( )). This strategy guarantees that for all
f* c RA

o~

Bl f*(7%) = [*(m)] € £ 47 By | (F(7) = £(7))?]. (3.36)

= [

Proof of Proposition 9. We break the “regret” term on the left-hand side of (3.36) into three
terms:

~

B | 5%) = £(0)| = B | PR = F0)| + B | ) = £0)| + 200 = FR)

~ (III) est error at opt
(I) exploration bias (IT) est error on policy

The first term asks “how much would we lose by exploring, if f\ were the true reward
function?”, and is equal to

& -Ffm  _A-1
2 f® - fm) ~ 2
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while the second term is at most
iy 1 Y *
VErmp(F(m) = ()2 < 5+ 2 Er(Flm) = £(m))2
The third term can be further written as

) — Ty = (F@) — ) < Loy (P = Fe) 4 o — (T8 F)

2 2vp(7)
< DBy (P(m) = F) + | 5t — (F®) = Fr*))
-2 2yp(*)
The term in brackets above is equal to
A+ 29(FE) =) oy many A A
- - (F®) = Flr) = 5 < 5

O

The simple result we just proved is remarkable. The special IGW strategy guarantees a
relation between regret and estimation error for any estimator f and any f*, irrespective of
the problem structure or the class . Proposition 9 will be at the core of the development for
the rest of the course, and will be greatly generalized to general decision making problems
and reinforcement learning.

Below, we present a contextual bandit algorithm which makes use of the Inverse Gap
Weighting distribution.

SquareCB
Input: Exploration parameter v > 0.
fort=1,....,T do
Obtain f* from online regression oracle with (x', 7', r"), ..., ("', 7"~ ri7t).
Observe x'. R R
Compute p* = IGW, (ft(x‘, 1),..., f'(z", A))
Select action 7" ~ p*.
Observe reward 7.

At each step ¢, the algorithm uses an online regression oracle to compute a reward estimator
f*(x,a) based on the data H' ' collected so far. Given this estimator, the algorithm uses
Inverse Gap Weighting to compute p* = IGW,(f*(z*,-)) as an exploratory distribution, then
samples 7" ~ p'.

The following result, which is a near-immediate consequence of Proposition 9, gives a
regret bound for this algorithm.

Proposition 10: Given a class F with f* € F, assume the decision-maker has access
to an online regression oracle (Definition 3) with estimation error Estsq(F,7,6). Then
SquareCB with v = /T A/Estsq(F, T, §) attains a regret bound of

Reg < \/ATEstsq(f, T, )

with probability at least 1 —§ for any sequence z', ..., z7. As a special case, when F is
finite, the averaged exponential weights algorithm achieves Estsq(F, T, d) < log(|.F|/9),
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leading to

Reg < /AT log(|.F|/9).

Proof of Proposition 10. We begin with regret, then add and subtract the squared estima-
tion error as follows:

T

Reg = > Enrop[f*(af,7) — f*(a', )]
t;l A
=3 By [f*(xt,w*) — @t — - () — ft(xt,wf))ﬂ + - Esteq(F, T,0).
t=1

o~

By appealing to Proposition 9 with f(z',-) and f*(z',-), for each step ¢, we have

-~ A
Eotpe [ £'smt) = fatm) =y (£ w) = Pt m))) < 2
and thus
TA
Reg < — + v - Estsq(F,T,9).
g
Choosing v to balance these terms yields the result. O

If the online regression oracle is minimax optimal (that is, Estsq(F,T,0) is the “best
possible” for F) then SquareCB is also minimax optimal for 7. Thus, IGW not only provides
a connection between online supervised learning and decision making, but it does so in an
optimal fashion. Establishing minimax optimality is beyond the scope of this course: it
requires understanding of minimax optimality of online regression with arbitrary F, as well
as lower bound on regret of contextual bandits with arbitrary sequences of contexts. We
refer to Foster and Rakhlin [32] for details.

3.5.1 Extending to Offline Regression

When z', ..., 27 are i.i.d., it is natural to ask whether an online regression method that
works for arbitrary sequences is necessary, or whether one can work with a weaker oracle
tuned to i.i.d. data. For SquareCB, it turns out that any oracle for offline regression
(defined below) is sufficient.

Definition 5 (Offline Regression Oracle): Given
(1:1,77-1, 7,,1)’ . (:Bt_l,ﬂ-t_l’rt_l)

where x',...,2'"" are i.id., 7 ~ p(z') for fixed p : X — A(Il) and E[r'|z’, 7] =
fr(z',7"), an offline regression oracle returns a function f : X x II — R such that

E, rmp(o) (0, 7) = £ (2,7))? < ¢ Bt (7, 1,0)

with probability at least 1 — 4.
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Note that the normalization ¢~ above is introduced to keep the scaling consistent with our
conventions for offline estimation.

Below, we state a variant of SquareCB which is adapted to offline oracles. Compared to
the SquareCB for online oracles, the main change is that we update the estimation oracle and
exploratory distribution on an epoched schedule as opposed to updating at every round. In
addition, the parameter ~ for the Inverse Gap Weighting distribution changes as a function
of the epoch.

SquareCB with offline oracles
Input: Exploration parameters 71,79, ... and epoch sizes 71, 7o, . ..
form=1,2,... do

Obtain f™ from offline regression oracle with

(x7'7rz—2+17 7-("'m—2+1’ 7’7'm—2+1)7 ey (af’m—l , 7r7m—1 , rTm—l)_
fort=7,-1+1,...,7, do
Observe z°.

Compute p* = IGW,,, (fm(xt, 1),..., fm(a:t, A))
Select action 7" ~ p.
Observe reward 7°.

While this algorithm is quite intuitive, proving a regret bound for it is quite non-trivial—
much more so than the online oracle variant. They key challenge is that, while the con-
texts z', ..., z" are i.i.d., the decisions 7', ..., 7% evolve in a time-dependent fashion, which
makes it unclear to invoke the guarantee in Definition 5. Nonetheless, the following remark-
able result shows that this algorithm attains a regret bound similar to that of Proposition
10.

Proposition 11 (Simchi-Levi and Xu [68]): Let 7, = 2™ and v, = \/AT/Est‘S’;F(}", Tm—1,0)
form =1,2,.... Then with probability at least 1 — ¢, regret of SquareCB with an offline

oracle is at most
[log T7]

Reg < Z \/A-Tm-ESthF<.F,Tm,(S/m2).
m=1

Under mild assumptions, above bound scales as

Reg < \/A~T-Estng(]:,rm,5/logT).

For a finite class F, we recall from Section 1 that empirical risk with the square loss (least
squares) achieves Estg‘:(}" ,T,0) < log(]F|/0), which gives

Reg < /AT log(|F|/9).

3.6 Exercises

Exercise 5 (Unstructured Contextual Bandits): Consider a contextual bandit problem
with a finite set A" of possible contexts, and a finite set of actions A. Show that running UCB
independently for each context yields a regret bound of the order O(1/|X||.A|T) in expectation,
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ignoring logarithmic factors. In the setting where F = X x A — [0, 1] is unstructured, and
consists of all possible functions, this is essentially optimal.

Exercise 6 (s-Greedy with Offline Oracles): In Proposition 8, we analyzed the e-Greedy
contextual bandit algorithm assuming access to an online regression oracle. Because we appeal
to online learning, this algorithm was able to handle adversarial contexts z',...,x". In the
present problem, we will modify the e-greedy algorithm and proof to show that if contexts are
stochastic (that is ' ~ D Vt, where D is a fixed distribution), e-greedy works even if we use
an offline oracle (Definition 5).

We consider the following variant of e-greedy. The algorithm proceeds in epochs m =
0,1,... of doubling size

{2},{3,4},{5...8},..., {2™ + 1,2m "} ... {T/24+1,T};

epoch m

we assume without loss of generality that T' is a power of 2, and that an arbitrary decision is
made on round ¢ = 1. At the end of each epoch m — 1, the offline oracle is invoked with the
data from the epoch, producing an estimated model f*. This model is used for the greedy
step in the next epoch m. In other words, for any round ¢ € [2™ + 1,2™%1] of epoch m, the
algorithm observes z' ~ D, chooses an action 7' ~ unif[A] with probability ¢ and chooses the
greedy action N
7t = argmax f™(x', 7)
TE[A]

with probability 1 — . Subsequently, the reward r* is observed.

1. Prove that for any T' € N and é > 0, by setting € appropriately, this method ensures that
with probability at least 1 — ¢,

log, T 2/3

Reg < AVATY3 [ N~ om/2Estdl(F, 2771, 6/m?)1/?

m=1

2. Recall that for a finite class, ERM achieves Estgg(}', T,6) < log(|F|/6). Show that with
this choice, the above upper bound matches that in Proposition 8, up to logarithmic in 7'
factors.

Exercise 7 (Model Misspecification in Contextual Bandits): In Proposition 10, we
showed that for contextual bandits with a general class F, SquareCB attains regret

Reg < \/AT - Estsq(F, T, ). (3.37)

To do so, we assumed that f* € F, where f*(x,a) := Epopr+(|z,q)[r]; that is, we have a well-
specified model. In practice, it may be unreasonable to assume that we have f* € F. Instead,
a weaker assumption is that there exists some function f € F such that

*
- <
Jmax |f(@,a) = fi(z,0)[ < e

for some € > 0; that is, the model is e-misspecified. In this problem, we will generalize the
regret bound for SquareCB to handle misspecification. Recall that in the lecture notes, we
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assumed (Definition 3) that the regression oracle satisfies

T
> Bt (Fi(at,7') — f4(2",7))? < Estsg(F, T.0).

In the misspecified setting, this is too much to ask for. Instead, we will assume that the oracle
satisfies the following guarantee for every sequence:

T

T
T 2 : t t t\2
;f xt mt) —rt) gc%lgt:l(f(x,ﬂ) r") §Regsq(]:,T).
Whenever f* € F, we have Estsq(F,T,0) < Regs,(F,T) +log(1/6) with probability at least
1 —§. However, it is possible to keep Regs,(F,T’) small even when f* ¢ F. For example, the
averaged exponential weights algorithm satisfies this guarantee with Regs,(F,T) < log|F]|,
regardless of whether f* € F.

We will show that for every ¢ > 0, with an appropriate choice of v, SquareCB (that is, the

algorithm that chooses p* = IGW, (f‘(xt, -))) ensures that with probability at least 1 — 4,

Reg < |/ AT - (Regs,(F,T) + log(1/0)) + & - A'/2T.
Assume that all functions in F and rewards take values in [0, 1].

1. Show that for any sequence of estimators ]?1, ceey ft, by choosing p* = IGWW(]?‘(x‘, ), we
have that

T A T R B
Reg = 3 Bt (07 () = 100", 1] S by S B [(F ') = ', 7)) T,
t=1 t=1

If we had f* = f, this would follow from Proposition 9, but the difference is that in general
(f # f*), the expression above measures estimation error with respect to the best-in-class
model f rather than the true model f* (at the cost of an extra T factor).

2. Show that the following inequality holds for every sequence

T T
DO et - ') < Regsy(7,7) + 23000 TN (@, 7) - Fat, 7).

t=1

3. Using Freedman’s inequality (Lemma 36), show that with probability at least 1 — 4§,
T ~ B T B
> Erep {(ft(x‘,wt) — f(a, ﬂ))ﬂ <2 (fi(a',7) = f(a',7))? + Olog(1/6)).
t=1 t=1

4. Using Freedman’s inequality once more, show that with probability at least 1 — 9,

AMH

T
2y (' —f (', 7)) (' (2", 1)~ ] Z topt { at ) — flat, wf))ﬂ +0(*T+1og(1/9)).

Conclude that with probability at least 1 — 4,

> vy |(F(a,7) = Fla',7))%| S Regsg(F,T) + €T + log(1/9).
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5. Combining the previous results, show that for any § > 0, by choosing « > 0 appropriately,
we have that with probability at least 1 — 9,

Reg < \/AT - (Reggy (F,T) +log(1/9)) + ¢ - A2

4. STRUCTURED BANDITS

Up to this point, we have focused our attention on bandit problems (with or without
contexts) in which the decision space II is a small, finite set. This section introduces
the structured bandit problem, which generalizes the basic (non-contextual) multi-armed
bandit problem by allowing for large, potentially infinite or continuous decision spaces.
The protocol for the setting is as follows.

Structured Bandit Protocol

fort=1,...,7 do
Select decision 7t € II. //1I is large and potentially continuous.
Observe reward rt € R.

This protocol is exactly the same as for multi-armed bandits (Section 2), except that we
have removed the restriction that IT = {1,..., A}, and now allow it to be arbitrary. This
added generality is natural in many applications:

e In medicine, the treatment may be a continuous variable, such as a dosage. The
treatment could even by a high-dimensional vector (such as dosages for many different
medications). See Figure 7.

e In pricing applications, a seller might aim to select a continuous price or vector or
prices in order to maximize their returns.

e In routing applications, the decision space may be finite, but combinatorially large.
For example, the decision might be a path or flow in a graph.

Both contextual bandits and structured bandits generalize the basic multi-armed bandit
problem, by incorporating function approximation and generalization, but in different ways:

e The contextual bandit formulation in Section 3 assumes structure in the context space.
The aim here was to generalize across contexts, but we restricted the decision space
to be finite (unstructured).

e In structured bandits, we will focus our attention on the case of no contexts, but will
assume the decision space is structured, and aim to generalize across decisions.

Clearly, both ideas above can be combined, and we will touch on this in Section 4.5.
Assumptions and regret. To build intuition as to what it means to generalize across
decisions, and to give a sense for what sort of guarantees we might hope to prove, let us

first give the formal setup for the structured bandit problem. As in preceding sections, we
will assume that rewards are stochastic, and generated from a fixed model.
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ot

. reward rt a |

Figure 7: An illustration of the structured bandit problem. A doctor aims to select a
continuous, high-dimensional treatment.

Assumption 4 (Stochastic Rewards): Rewards are generated independently via
rt e~ M*(- | ), (4.1)

where M*(- | -) is the underlying model.

We define
fr(m)=E[r|n] (4.2)

as the mean reward function under r ~ M*(- | ), and measure regret via

T T
Reg = 3 /(1) = 3 Epep (1)) (43)
t=1 t=1
Here, 7* := arg max .y f*(7) as usual. We will define the history as H* = (x*,r"),..., (r, 7).

Function approximation. A first attempt to tackle the structured bandit problem might
be to apply algorithms for the multi-armed bandit setting, such as UCB. This would give
regret 6(\/|H]T ), which could be vacuous if II is large relative to 7. However, with no
further assumptions on the underlying reward function f*, this is unavoidable. To allow for
better regret, we will make assumptions on the structure of f* that will allow us to share
information across decisions, and to generalize to decisions that we may not have played.
This is well-suited for the applications described above, where II is a continuous set (e.g.,
II C RY), but we expect f* to be continuous, or perhaps even linear with respect some
well-designed set of features. To make this idea precise, we follow the same approach as in
statistical learning and contextual bandits, and assume access to a well-specified function
class F that aims to capture our prior knowledge about f*.

Assumption 5: The decision-maker has access to a class F C {f : II — R} such that
frerF.
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Given such a class, a reasonable goal—particularly in light of the development in Section 1
and Section 3—would be to achieve guarantees that scale with the complexity of supervised
learning or estimation with F, e.g. log|F| for finite classes; this is what we were able to
achieve for contextual bandits, after all. Unfortunately, this is too good to be true, as the
following example shows.

Example 4.1 (Necessity of structural assumptions). Let II = [A], and let F = {f;}ic(a),
where

1 1 ‘
fi(m) == 5t §H{7r =1}.
It is clear that one needs Reg 2 A for this setting, yet log|F| = log(A), so a regret bound
of the form Reg < /T log|F| is not possible if A is large relative to T'. q

What this example highlights is that generalizing across decisions is fundamentally dif-
ferent (and, in some sense, more challenging) than generalizing across contexts. In light
of this, we will aim for guarantees that scale with log|F|, but additionally scale with an
appropriate notion of complezity of exploration for the decision space II. Such a notion of
complexity should reflect how much information is shared across decisions, which depends
on the interplay between II and F.

4.1 Building Intuition: Optimism for Structured Bandits

Our goal is to obtain regret bounds for structured bandits that reflect the intrinsic difficulty
of exploring the decision space II, which should reflect the structure of the function class F
under consideration. To build intuition as to what such guarantees will look like, and how
they can be obtained, we first investigate the behavior of the optimism principle and the
UCB algorithm when applied to structured bandits. We will see that:

1. UCB attains guarantees that scale with log|F|, and additionally scale with a notion
of complexity called the eluder dimension, which is small for simple problems such as
bandits with linear rewards.

2. In general, UCB is not optimal, and can have regret that is exponentially large com-
pared to the optimal rate.
4.1.1 UCB for Structured Bandits

We can adapt the UCB algorithm from multi-armed bandits to structured bandit by ap-
pealing to least squares and confidence sets, similar to the approach we took for contextual
bandits. Assume F = {f : Il — [0,1]} and r* € [0, 1] almost surely. Let

i—1
! — arg min ) — rH)? .
7 = g 150 )

be the empirical minimizer on round ¢, and with S := 8log(|F|/d), define confidence sets
F'=F and

t—1 t—1

Ft= {f EF: ) (fx) —r) <D (Fi(7) =) + B}. (4.5)
i=1 i=1

Defining f*(7) := max ezt f(m) as the upper confidence bound, the generalized UCB algo-

rithm is given by

= argérllqax fi(m). (4.6)
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When does the confidence width shrink? UsingProposition 7, one can see the gen-
eralized UCB algorithm ensures that f* € F* for all ¢ with high probability. Whenever this
happens, regret is bounded by the upper confidence width:

T
Reg <) fi(n') - f*(n"). (4.7)
t=1

This bound holds for all structured bandit problems, with no assumption on the structure
of II and F. Hence, to derive a regret bound, the only question we need to answer is when
will the confidence widths shrink?

For the unstructured multi-armed bandit, we need to shrink the width for every arm
separately, and the best bound on (4.7) we can hope for is O(1/|II|T"). One might hope
that if II and F have nice structure, we can do better. In fact, we have already seen one
such case: For linear models, where

F={r—0.0m)10c06cBiM)}, (4.8)

Proposition 7 shows that we can bound (4.7) by \/dT log|F|. Here, the number of decisions
ITT] is replaced by the dimension d, which reflects the fact that there are only d truly unique
directions to explore before we can start extrapolating to new actions. Is there a more
general version of this phenomenon when we move beyond linear models?

4.1.2 The Eluder Dimension

The eluder dimension [63] is a complexity measure that aims to capture the extent to which
the function class F facilitates extrapolation (i.e., generalization to unseen decisions), and
gives a generic way of bounding the confidence width in (4.7). It is defined for a class F as
follows.

Definition 6 (Eluder Dimension): Let 7 C (I — R) and f* : IT — R be given, and
define Edim.(F,¢) as the length of the longest sequence of decisions 7*,...,7¢ € II
such that for all ¢ € [d], there exists f* € F such that

(@) = () > e, and Y (fi(r') - ()P < €% (4.9)

i<t

The eluder dimension is defined as Edimy«(F,¢) = sup.s. Edim;.(F,&") v 1. We ab-
breviate Edim(F, e) = max+cr Edim g« (F, €).

The intuition behind the eluder dimension is simple: It asks, for a worst-case sequence of
decisions, how many times we can be “surprised” by a new decision 7" if we can estimate
the underlying model f* well on all of the preceding points. In particular, if we form
confidence sets as in (4.5) with 3 = €2, then the number of times the upper confidence
width in (4.7) can be larger than ¢ is at most Edims«(F,e). We consider the definition
Edimy«(F,¢) = sup.>, Edim. (F,€) V 1 instead of directly working with Edim . (F,¢) to
ensure monotonicity with respect to e, which will be useful in the proofs that follow.

The following result gives a regret bound for UCB for generic structured bandit prob-
lems. The regret bound has no dependence on the size of the decision space, and scales
only with Edim(F,¢) and log|F]|.
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Proposition 12: For a finite set of functions F C (II — [0, 1]), using 5 = 8log(|.F|/9),
the generalized UCB algorithm guarantees that with probability at least 1 — §,

Reg < Isn>i%)1{\/Edim(]-", e) - Tlog(|F|/d) + 5T} < \/Edim(]-", T-12) . Tlog(|F|/6).
(4.10)

For the case of linear models in (4.8), it is possible to use the elliptic potential lemma
(Lemma 12) to show that
Edim(F,e) < dlog(e ™).

For finite classes, this gives Reg < \/dT log(|F|/d)log(T), which recovers the guarantee in
Proposition 7. Another well-known example is that of generalized linear models. Here, we
fix link function o : [—1,+1] — R and define

F= {7r = a({0,¢(m))) |06 C Bg(l)}'

This is a more flexible model than linear bandits. A well-known special case is the logistic
bandit problem, where o(z) = 1/(1 4+ e™*). One can show [63] that for any choice of o, if
there exist u, L > 0 such that p < o/(2) < L for all z € [—1,+1], then

L2
Edim(F,e) < oz -dlog(e71). (4.11)

This leads to a regret bound that scales with %\/dT log|F|, generalizing the regret bound
for linear bandits.

In general, the eluder dimension can be quite large. Consider the generalized linear
model setup above with o(z) = +relu(z) or o(z) = —relu(z) (either choice of sign works),
where relu(z) := max{z, 0} is the ReLU function; this can be interpreted as a neural network
with a single neuron. Here, we can have ¢'(z) = 0, so (4.11) does not apply, and it turns
out [52] that

Edim(F,e) > e? (4.12)

for constant €. That is, even for a single ReLU neuron, the eluder dimension is already
exponential, which is a bit disappointing. Fortunately, we will show in the sequel that the
eluder dimension can be overly pessimistic, and it is possible to do better, but this will
require changing the algorithm.

Proof of Proposition 12. Define
F= {f EF| Y (f(x) = f*(x)* < 4ﬂ}-
i<t
By Lemma 11, we have that with probability at least 1 — 9, for all ¢:
1. fre F.
2. F' C F.
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Let us condition on this event. As in Lemma 7 , since f* € F*, we can upper bound

Now, define

which is a useful upper bound on the upper confidence width at time ¢. Since F* C F*, we
have

T
Reg < Zwt(ﬂt).
t=1

We now appeal to the following technical lemma concerning the eluder dimension.

Lemma 13 (Russo and Van Roy [63], Lemma 3): Fix a function class F, function
f* € F, and parameter § > 0. For any sequence 7', ..., w7, if we define

w'(m) = Sup{f(ﬂ) = ) Y () = () < ﬁ},

fer i<t

then for all o > 0,
- 8
Z]I{wt(wt) >atf < (2 + 1) - Edim . (F, ).
t=1 o

Note that for the special case where 3 = o2, the bound in Lemma 13 immediately follows
from the definition of the eluder dimension. The point of this lemma is to show that a
similar bound holds for all scales a simultaneously, but with a pre-factor % that grows
large when o? < f.

To apply this result, fix € > 0, and bound

T

T
D wi(rt) <> w(r){w'(x") > e} + 7. (4.13)
t=1

t=1

Let us order the indices {1,...,T} as {i1,...,ir}, so that wi(71) > w2(x'2) > ... >

w' (7'7). Consider any index 7 for which w’" (7'7) > e. For any a > ¢, if we have w'= (7'7) >
a, then Lemma 13 (since a < 1 < 3) implies that

T
4B : 56 ..
T < ;H{wt(ﬂ't) > a) < ((}2 + 1> Edim . (F,a) < EEdlmf*(]:, a). (4.14)
Since we have restricted to o > € and o — Edimy«(F, ) is decreasing, rearranging yields

W (7)) < /5ﬁEdiI’:(J—",E).
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With this, we can bound the main term in (4.13) by

T T -
Zwt(ﬂt)}l {w'(n") > e} < Z W < V/BEdim(F,e)T.
t=1 t=1

Combining this with (4.13) gives Reg < +/BEdim(F,e)T + T Since € > 0 was arbitrary,
we are free to minimize over it.

O

Proof of Lemma 13. Let us adopt the shorthand d = Edim.(F,a). We begin with a
definition. We say 7 is a-independent of 7',... «" if there exists f € F such that
|f(7) — f*(m)| > e and Sb_, (f(7) — f*(7))? < a?. We say  is a-dependent on 7', . .., 7
if for all f € F with S20_ (f(7%) — f*(7))* < o2, |f(7) — f*(7)| < e

We first claim that for any ¢, if w'(7*) > a, then m; is a-dependent on at most 3/a?
disjoint subsequences of 7', ..., 7*"'. Indeed, let f be such that |f(7*) — f*(7*)| > a. If 7
is a-dependent on a particular subsequence 71, ... 7% but w'(7") > «, we must have

(f(r'9) = f*(x'9))? = o®.

k
=1

J

If there are M such disjoint sequences, we have

so M < %

Next, we claim that for 7 and any sequence (7',...,77), there is some j such that 7’
is a-dependent on at least |7/d] disjoint subsequences of «',... ,w/"'. Let N = |7/d],
and let By,..., By be subsequences of 7',...,n". We initialize with B; = (7%). If 7V is
a-dependent on B; = (7) for all 1 < i < N we are done. Otherwise, choose i such that
N+l is a-independent of B;, and add it to B;. Repeat this process until we reach j such
that either 77 is a-dependent on all B; or 7 = 7. In the first case we are done, while in
the second case, we have Zf\; 1|Bil > 7 > dN. Moreover, |B;| < d, since each 7/ € B;
is a-independent of its prefix (this follows from the definition of eluder dimension). We
conclude that |B;| = d for all 4, so in this case 7" is a-dependent on all B;.

Finally, let (7'1,...,7'") be the subsequence 7',..., 7" consisting of all elements for
which w'i (7%) > «a. Each element of the sequence is dependent on at most 3/a? disjoint
subsequences of (7', ..., 7'7), and by the argument above, one element is dependent on at
least |7/d| disjoint subsequences, so we must have |7/d] < B/a?, and which implies that
7 < (B/a?+1)d. O

s

4.1.3 Suboptimality of Optimism

The following example shows a function class F for which the regret experienced by UCB
is exponentially large compared to the regret obtained by a simple alternative algorithm.
This shows that while the algorithm is useful for some special cases, it does not provide a
general principle that attains optimal regret for any structured bandit problem.

Example 4.2 (Cheating Code). Let A € N be a power of 2 and consider the following
function class F.
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e The decision space is I = [A]UC, where C = {c1,...,Clog,(4)} is a set of “cheating”
actions.

e For all actions # € [A], f(w) € [0,1] for all f € F, but we otherwise make no
assumption on the reward.

e For each f € F, rewards for actions in C take the following form. Let 7; € [A] denote
the action in [A] with highest reward. Let b(f) = (b1(f), -, biog,(a)(f)) € {0, 1}og2(4)
be a binary encoding for the index of 7 € [4] (e.g., if 7y =1, b(f) = (0,0,...,0), if
r=2,b(f)=1(0,0,...,0,1), and so on). For each action ¢; € C, we set

flei) = =bi(f).

The idea here is that if we ignore the actions C, this looks like a standard multi-armed
bandit problem, and the optimal regret is @(\/ﬁ ). However, we can use the actions in C
to “cheat” and get an exponential improvement in sample complexity. The argument is as
follows.

Suppose for simplicity that rewards are Gaussian with r ~ N(f*(r),1) under . For
each cheating action ¢; € C, since f*(¢;) = —b;(f*) € {0, —1}, we can determine whether the
value is b;(f*) = 0 or b;(f*) = 1 with high probability using O(1) action pulls. If we do this
for each ¢; € C, which will incur O(log(A)) regret (there are log(A) such actions and each one
leads to constant regret), we can infer the binary encoding b(f*) = b1(f*),. .., biog,(a)(f*)
for the optimal action 7 s+ with high probability. At this point, we can simply stop exploring,
and commit to playing 7y« for the remaining rounds, which will incur no more regret. If
one is careful with the details, this gives that with probability at least 1 — 9,

Reg < log?(A/d).

~ —

In other words, by exploiting the cheating actions, our regret has gone from linear to
logarithmic in A (we have also improved the dependence on T', which is a secondary bonus).
Now, let us consider the behavior of the generalized UCB algorithm. Unfortunately,
since all actions ¢; € C have f(c;) < 0 for all f € F, we have fi(¢;) < 0. As a result, the
generalized UCB algorithm will only ever pull actions in [A], ignoring the cheating actions
and effectively turning this into a vanilla multi-armed bandit problem, which means that

Reg = VAT.
N

This example shows that UCB can behave suboptimally in the presence of decisions that
reveal useful information but do not necessarily lead to high reward. Since the “cheating”
actions are guaranteed to have low reward, UCB avoids them even though they are very
informative. We conclude that:

1. Obtaining optimal sample complexity for structured bandits requires algorithms that
more deliberately balance the tradeoff between optimizing reward and acquiring in-
formation.

2. In general, the optimal strategy for picking decisions can be very different depending
on the choice of the class F. This contrasts the contextual bandit setting, where we
saw that the Inverse Gap Weighting algorithm attained optimal sample complexity for
any choice of class F, and all that needed to change was how to perform estimation.
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Remark 14 (Suboptimality of posterior sampling): Recall the Bayesian bandit
setting in Section 2.4, where we showed that the posterior sampling algorithm attains
regret O(v/AT) when T = {1,..., A}. Posterior sampling is a general-purpose algo-
rithm, and can be applied to directly to arbitrary structured bandit problems (as long
as a prior is available). However, similar to UCB, the cheating code construction in
Example 4.2 implies that posterior sampling is not optimal in general. Indeed, poste-
rior sampling will never select the cheating arms in C, as these have sub-optimal reward
for all models in F. As a result, the Bayesian regret of the algorithm will scale with
Reg > /AT for a worst-case prior.

4.2 The Decision-Estimation Coefficient

The discussion in the prequel highlights two challenges in designing algorithms and under-
standing sample complexity for structured bandits: 1) the optimal regret (in a sense, the
complexity of exploration) can depend on the class F in a subtle, sometimes surprising
fashion, and 2) the algorithms required to achieve optimal regret can heavily depend on the
choice of F. In light of these challenges, it is natural to ask whether it is possible to have
any sort of unified understanding of the optimal regret. We will now show that the answer
is yes, and this will be achieved by a single, general-purpose principle for algorithm design.

The algorithm we will present in this section reduces the problem of decision making to
that of supervised online learning/estimation, in a similar fashion to the SquareCB method
for contextual bandits in Section 3. To apply this method, we require the following oracle
for supervised estimation.

Definition 7 (Online Regression Oracle): At each time ¢ € [T'], an online regression

oracle returns, given
(7T17 rl)? ttt (ﬂ-t_lﬂ Tt_l)

with E[ri|7] = f*(r') and 7 ~ p, a function f* : II — R such that

T
Y Bty (') = [*(7))? < Estsq(F, T, 6)
t=1

with probability at least 1 — §. Here, p'(:|H'"') is the randomization distribution for
the decision-maker.

Recall, following the discussion in Section 3, that the averaged exponential weights algorithm
achieves is an online regression oracle with Estsq(F,t,d) < log(|.F|/9).

The following algorithm, which we call Estimation-to-Decisions or E2D, is a general-
purpose meta-algorithm for structured bandits.

Estimation-to-Decisions (E2D) for Structured Bandits
Input: Exploration parameter v > 0.
fort=1,...,7T do
Obtain f* from online regression oracle with (mhyrt), .o, (m et
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Compute

p' = argminmax E,, | f(my) — f(x) — - (f(x) — Fi(m))?|.
peA() fe€F

Select action 7 ~ p*.

At each timestep ¢, the algorithm calls invokes an online regression oracle to obtain an esti-
mator ft using the data H'™' = (7', r',..., 77 ri=") observed so far. The algorithm then
finds a distribution p* by solving a min-max optimization problem involving the estimator
ft and the class F, then samples the decision 7« from this distribution.

The minimax problem in E2D is derived from a complexity measure (or, structural
parameter) for F called the Decision-Estimation Coefficient, whose value is given by

dec,(F, f) = it maxBr-p f(mp) = f(m) =y (f(m) = (7)) | (4.15)
regret of decision  information gain for obs.
The Decision-Estimation Coefficient can be thought of as the value of a game in which
the learner (represented by the min player) aims to find a distribution over decisions such
that for a worst-case problem instance (represented by the max player), the regret of their
decision is controlled by a notion of information gain (or, estimation error) relative to a
reference model f Conceptually, f should be thought of as a guess for the true model,
and the learner (the min player) aims to—in the face of an unknown environment (the max
player)—optimally balance the regret of their decision with the amount information they
acquire. With enough information, the learner can confirm or rule out their guess ]?, and
scale parameter vy controls how much regret they are willing to incur to do this. In general,
the larger the value of dec,(F, ]?), the more difficult it is to explore.
To state a regret bound for E2D, we define

dec,(F) = sup decv(}",f). (4.16)
Feco(F)

Here, co(F) denotes the set of all convex combinations of elements in F. The reason we
consider the set co(F) is that in general, online estimation algorithms such as exponential
weights will produce improper predictions with f € co(F). In fact, it turns out (see 7?7) that
even if we allow f to be unconstrained above, the maximizer above always lies in co(F).

The main result for this section shows that the regret for E2D is controlled by the value
of the DEC and the estimation error Estsq(F, T, ) for the online regression oracle.

Proposition 13: The E2D algorithm with exploration parameter v > 0 guarantees
that with probability at least 1 — 4,

Reg < dec,(F)-T + v - Estsq(F,T,0). (4.17)

We can optimize over the parameter v in the result above, which yields

Reg < ig%{decfy(]:) T+~ - Estsq(F, T, 5)}
g

<2- 12%max{decfy(}") -T,7 - Estsq(F, T, 5)}
g
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For finite classes, we can use the exponential weights method to obtain Estsq(F,T,0) <
log(|F|/9), and this bound specializes to

Reg < 11;% max{decv(]-") Ty log(|]-"|/5)}. (4.18)
gl

As desired, this gives a bound on regret that scales only with:
1. the complexity log|F| for estimation.
2. the complexity of exploration in the decision space, which is captured by dec, (F).

Before interpreting the result further, we give the proof, which is a nearly immediate con-
sequence of the definition of the DEC, and bears strong similarity to the proof of the regret
bound for SquareCB (Proposition 10), minus contexts.

Proof of Proposition 15. We write
T
Reg =) Epoplf*(r") — f*(n")]
t=1

= ETjEN () = ()] =7 Bege [ (7(5) = (7)) + 7 - Bstsq(F. T,9).
For each t, since f* € F, we have
Entmpe[F(7) = £(7)) = 7 Bt [ (/77 = P ('))?]
< sup{ B £ (rp) = F7)) =7 B [(F() = T}
= dutsup By [£(mp) = f(r) =7+ (f() = F'(w))]
= dec, (F, 1), (4.19)

where the first equality above uses that p* is chosen as the minimizer for dec,(F, ft) Sum-
ming across rounds, we conclude that

~

Reg < supdec,(F, f) - T+~ - Estsq(F,T,6).
F

O

When designing algorithms for structured bandits, a common challenge is that the
connection between decision making (where the learner’s decisions influence what feedback
is collected) and estimation (where data is collected passively) may not seem apparent a-
priori. The power of the Decision-Estimation Coefficient is that it—by definition—provides
a bridge, which the proof of Proposition 13 highlights. One can select decisions by building
an estimate for the model using all of the observations collected so far, then sampling
from the distribution p that solves (4.15) with the estimated reward function f plugged
in. Boundedness of the DEC implies that at every round, any learner using this strategy
either enjoys small regret or acquires information, with their total regret controlled by the
cumulative online estimation error.
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Example: Multi-Armed Bandit. Of course, the perspective above is only useful if the
DEC is indeed bounded, which itself is not immediately apparent. In Section 6, we will show
that boundedness of the DEC is not just sufficient, but in fact necessary for low regret in
a fairly strong quantitative sense. For now, we will build intuition about the DEC through
examples. We begin with the multi-armed bandit, where IT = [A] and F = R4. Our first
result shows that dec,(F) < %, and that this is achieved with the Inverse Gap Weighting
method introduced in Section 3.

Proposition 14 (IGW minimizes the DEC): For the Multi-Armed Bandit setting,
where IT = [A] and F = R4, the Inverse Gap Weighting distribution p = IGWy,(f) in

(3.35) is the exact minimizer for dec,(F, f), and certifies that dec,(F, f) = %.

By rewriting Proposition 9, it is straightforward to deduce that the DEC is bounded by
%, but Proposition 14 shows that IGW is actually the best possible distribution for this
minimax problem. In this sense, the SquareCB algorithm can be seen as a (contextual)
special case of the Estimation-to-Decisions principle. Note that to attain the exact optimal
value (instead of a bound that is optimal up to constants), we use IGWy, as opposed IGW,
as in Proposition 9; the reason why this choice for « is optimal is related to the fact that
the inequality zy < z? + %y2 is tight in general.

Proof of Proposition 14. We rewrite the minimax problem as

min max B [ £(ny) = £(m) = (£(x) = F(m)]

PeA([A]) feRA

= i max max Er., [f (7%) — f(m) = ~(f(7) — (Tr))ﬂ

= min max max E,. [ ™) — f(m) — ) — Flr 2}.
min max max By () = f(r) = (f(r) = F(x)
For any fixed p and 7*, first-order conditions for optimality imply that the choice for f that
maximizes this expression is

~ 1 1
1) = ) = 5+ gy

I{m=n"}.

This choice gives

~

Ernplf (%) = (7)) = Ernp | F(n*) = J(m)] + L=p(r)

29p(7)
e () . (1= p(r*))?
~ 1—p(r 1—p(r 1 1
By | (f(m) = F(m))?] = - -t
| (Fm) = 7)) 4y dyp(m*)  Ayp(r) Ay
Plugging in and simplifying, we compute that the original minimax game is equivalent to
N -~ 1 1
min  max < E, . [fﬂ* - 77}%—}—. 4.20
peAaA])w*e[A}{ e M) IO e~ 1 (420)

Finishing the proof: Ad-hoc approach. Observe that for any p € A(II), we have

;zleaﬁ]{Emp 7 = Fm] + %} > By [Enwp [Fr) = Fim)] + 47p1(7r*)] - i,
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so no p can attain value better than %. If we can show that IGW achieves this value, we
are done. R

Observe that by setting p = IGW4,(f), we have that for all 7*,

~ ~ N ~ Ao
Ermp | Fr*) = Flm)] + = Erwy [fln*) = )] + -+ F8) = fla) - (421)
~ A

= By | F(7) — Fm)] + 1~
Note that the value on the right-hand side is independent of 7*. That is, the inverse gap
weighting distribution is an equalizing strategy. This means that for this choice of p, we
have

4yp(7*)

WIPQ)E}{EWNP [A(W*) ~ I ] " 4vp1(7r*) } N ng&}{Emp [A(W*) N f(w)} " 471)1(%*)}
= Erop{ By [fnt) - ] + s b= 2

Hence, p = IGWy, (f) achieves the optimal value.
Finishing the proof: Principled approach. We begin by relaxing to p € Rﬁ. Define

~ . 1
g?r*(p) = (ﬂ- )+ 4’7]?(71'*)

Let v € R be a Lagrange multiplier and p € Rﬁ, and consider the Lagrangian

L(p,v) = gz~ (p) — Zp(ﬂ)f(ﬂ) +v (Zp(w) - 1) .

By the KKT conditions, if we wish to show that p € A(II) is optimal for the objective in
(4.20), it suffices to find v such that'?

0 € 9,L(p,v),

where 0, denotes the subgradient with respect to p. Recall that for a convex function
h(z) = max, g(x,y), we have 0,h(x) = co({Vg(a:,y) | g(x,y) = maxy/g(x,y’)}). As a
result, R

OpL(p,v) = 11 — [+ co{Vpgr+(p) | gr+ (p) = max gr (p)})-

~

Now, let p = IGWy,(f). We will argue that 0 € d,L(p, v) for an appropriate choice of v. By
(4.21), we know that gr(p) = g~ (p) for all =, 7" (p is equalizing), so the expression above
simplifies to

apﬁ(p, v)=vl-— f+ CO({vaW* (P)}rrem). (4.22)
Noting that Vg« (p) = —Weﬁ*, we compute

0= ;p(ﬂ)gw(]@) = {_4fy]91(7r)}7ren - {_él):y B f(%) * f(W)}weﬂ

which has 6 € co({Vpgr+(p) }r+em). By choosing v = % + f(7), we have

vl — f—l— 6 =0,
so (4.22) is satisfied.

"*If p € A(II), the KKT condition that -= £(p,v) = 0 is already satisfied.
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4.3 Decision-Estimation Coefficient: Examples

We now show how to bound the Decision-Estimation Coefficient for a number of examples
beyond finite-armed bandits—some familiar and others new—and show how this leads to
bounds on regret via E2D.

Approximately solving the DEC. Before proceeding, let us mention that to apply
E2D, it is not necessary to exactly solve the minimax problem (4.15). Instead, let us say
that a distribution p = p(f,~) certifies an upper bound on the DEC if, given f and v > 0,
it ensures that

~

sup Enp | £(m) = f(m) =7+ (f(m) = F(m))?] < dec,(F. )

fer

for some known upper bound dec.(F, f) > decy (F, f) In this case, letting dec,(F) :=
Supfﬁv(}"7 f), it is simple to see that if we use this distribution p* = p(f*,~) within E2D,
we have

Reg < dec,(F) - T + v - Estsq(F, T, 06).

4.3.1 Cheating Code

For a first example, we show that the DEC leads to regret bounds that scale with log(A)
for the cheating code example in Example 4.2; that is, unlike UCB and posterior sampling,
the DEC correctly adapts to the structured of this problem.

Proposition 15 (DEC for Cheating Code): Consider the cheating code in Exam-
ple 4.2. For this class F, we have

dec,(F) S w.

v

Note that while the strategy p in Proposition 15 certifies a bound on the DEC, it is not
necessarily the exact minimizer, and hence the distributions p', ..., p" played by E2D may
be different. Nonetheless, since the regret of E2D is bounded by the DEC, this result (via
Proposition 13) implies that its regret is bounded by Reg < +/logy(A)T log|F|. Using a
slightly more refined version of the E2D algorithm [38], one can improve this to match the
log(T") regret bound given in Example 4.2.

Proof of Proposition 15. To simplify exposition, we present a bound on dec (F, f) for this

example only for ]? € F, not for f € co(F). A similar approach (albeit with a slightly
different choice for p) leads to the same bound on dec,(F). Let f € F and v > 0 be given,
and define

p=(1—¢)ms+e-unif(C).

We will show that if we choose € = 2%, this strategy certifies that

~ _ 1 A
dec,(F, f) S Ogi().
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Let f € F be fixed, and consider the value

Enmp|£(r) = £(m) =7+ (£(m) = F(m))?]:
We consider two cases. First the first, if 7, = T then we can upper bound

o~

Ernp | £(mf) = £(m) =7+ (f(1) = ()] < BanylF () = F(T)) = By | £(7) = £(m)] < 22,

since f € [—1,1].
For the second case, suppose that 7, # T We begin by bounding

~

Enmp|£(m) = £(m) =7+ (£(7) = ()] £ 2= 7+ Ernp | (f(m) = F(m)?].

using that f € [—1,1]. To proceed, we want to argue that the negative offset term above
is sufficiently large; informally, this means that we are exploring “enough”. Observe that

since 7y # T if we let by, ..., b, (4) and bi,....b o2y (A) denote the binary representations

for m¢ and 7+, there exists ¢ such that b; # b;. As a result, we have

~

€ , €

9 € N Fe))? = — )2 = .
(m)) ] = logy(A) (Fle) 2 logy(A) (b=t log,(A)

Ernp | (f(7)
We conclude that in the second case,

e [fn) = 10 =7 ()~ Flm)] <2 -0

Putting the cases together, we have

B [£(57) = 1) =7 (1) = ] < maf 22,2 -1 .

To balance these terms, we set

which leads to the result. O

4.3.2 Linear Bandits

We next consider the problem of linear bandits linear bandit [2, 10, 24, 22, 1], which is
a special case of the linear contextual bandit problem we saw in Section 3. We let II be
arbitrary, and define F = {7+ (0, ¢(7)) | 0 € O}, where © C B4(1) is a parameter set and
¢ : 1 — B4(1) is a fixed feature map that is known to the learner.

To prove bounds on the DEC for this setting, we make use of a primitive from convex
analysis and experimental design known as the G-optimal design.

Proposition 16 (G-optimal design [45]): For any compact set Z C R? with
dimspan(Z) = d, there exists a distribution p € A(Z), called the G-optimal design,
which has

Sup<2;12, z) <d, (4.23)
2€Z
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where ¥, :=E., [ZZT].

The G-optimal design ensures coverage in every direction of the decision space, generalizing
the notion of uniform exploration for finite action spaces. In this sense, it can be thought
of as a “universal” exploratory distribution for linearly structured action spaces. Special
cases include:

e When Z = A([A]), we can take p = unif(ey,...,eq) as an optimal design
e When Z = B4(1), we can again take p = unif(ey,...,e4) as an optimal design.

e For any positive definite matrix A > 0, the set Z = {2 € R?| (4z,2) <1} is an
ellipsoid. Letting A1,..., A\q and v1,...,vq denote the eigenvalues and eigenvectors for
A, respectively, the distribution p = unif()\flmvl, cel A;l/zvd) is an optimal design.

To see how the G-optimal design can be used for exploration, consider the following
generalization of the e-greedy algorithm.

e Let ¢ € A(II) be the G-optimal design for the set {¢(7)}rem.

e At each step t, obtain ]/”\t from a supervised estimation oracle. Play 7' = T with
probability 1 — ¢, and sample 7* ~ ¢ otherwise.

It is straightforward to show that this strategy gives Reg < d\/372/3 log|F| for linear
bandits. The basic idea is to replace (3.29) in the proof of Proposition 8 with the optimal
design property (4.23), using that the reward functions under consideration are linear. The
intuition is that even though we are no longer guaranteed to explore every single action
with some minimum probability, by exploring with the optimal design, we ensure that some
fraction of the data we collect covers every possible direction in action space to the greatest
extent possible.

The following result shows that by combining optimal design inverse gap weighting, we
can obtain a d/v bound on the DEC, which leads to an improved VdT regret bound.

Proposition 17 (DEC for Linear Bandits): Consider the linear bandit setting. Let
a linear function f and « > 0 be given, consider the following distribution p:

e Define ¢(7 /\/1 +7 — f(x )), where T=argmaX ey Fm).
e Let ¢ € A(TI) be the G-optimal design for the set {¢(7)}rem, and define ¢ =
20+ 3l
e For each 7 € 11, set
e

A+ 3(F(m7) — F(m)
where A € [1/2,1] is chosen such that > _p(7) = 1.

This strategy certifies that
decy(F) S

2 A
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“The normalizing constant A always exists because we have 55 <> p(m) < 1.

One can show that dec,(F) 2 % for this setting as well, so this is the best bound we can
hope for. Combining this result with Proposition 13 and using the averaged exponential

weights algorithm for estimation as in (4.18) gives Reg < +/dT'log(|F|/9).

Proof of Proposition 17. Fix f € F. Let us abbreviate n = 7. As in Proposition 9, we

break regret into three terms:

Brp| 57) = )| = By | Flp) = )| + By | Fir) = )| 4 1tng) = Finp)
(III) est error at opt

(I) exploration bias (II) est error on policy

The first term captures the loss in exploration that we would incur if fwe true the reward
function, and is equal to:

by

T A“!‘n

o) (Trp) — Tm) S
(Fimp) = Fim) ~ )

and the second term, as before, is at most

VEp(F(m) = ()2 < o+ T By (Flm) — f()?.

The third term can be written as

~ ~ ~ ~ ~ ~

() = f(mp) = flmp) = (f(mp) = f(mp)) = (0 = 0, 8(mp)) = (F(77) = f(my)),

where 6,0 € © are parameters such that f(r) = (6, ¢(n)) and f(r) = (8, ¢(r)). Defining
Yp = Erp[d(m)p(m) "], we can bound
(0= 0,0(np)) = (/20 = 0),5,"26(x))
-~ _ 0% -~ 1 _
< IZ/20 = 02015, Po(rp)ll2 < §HE}/Q(9 — 013 + g\\zp V23

Note that [|Sy/*(8 — )13 = Expl(F(m) — £(x))?] and ||S; " *6(x )13 = (d(n), =5 b (xp)),
so we have

() < 3 By (Flm) = £(0))2) + {6(m1), 55 0mp)) = (Flmp) = Flmy).
Iv)
To proceed, observe that

1 q(m) T

Xp = = — — T)o(m
225 ) — ey "

-1 ) memT = LS amdmam T = s,

2 21 4 n(flm7) - Fim) 22 2



This means that we can bound

(d(ry), 2, o(mp)) < 2o(mp), 57 o(mp))
= 2(1+n(f(w7) = F(mp))(B(ry), T7 ' Bly))

~

< 2d(1+n(f(mp) — f(7y)),
where the last line uses that ¢ is the G-optimal design for {¢(7)}ren. We conclude that

(V) < 5 + 5 Fleg) = Foep)) = (Flrp) = Fim) < 2.

Remark 15: In fact, it can be shown [34] that when © = RY, the ezact minimizer of
the DEC for linear bandits is given by

= arg max A7T i (o) € s s T
p =g { By ()] + - ogdet(Brmplom)otn) ) }

4.3.3 Nonparametric Bandits

For all of the examples so far, we have shown that

< eff-dim(F, H)’

v

where eff-dim(F,II) is some quantity that (informally) reflects the amount of exploration
required for the class F under consideration (A for bandits, log,(A) for the cheating code,
and d for linear bandits). In general though, the Decision-Estimation Coefficient does not
always shrink at a v~! rate, and can have slower decay for problems where the optimal
rate is worse than v/T. We now consider such a setting: a standard nonparametric bandit
problem called Lipschitz bandits in metric spaces [11, 47].

We take II to be a metric space equipped with metric p, and define

dec, (F)

F={f:11—0,1] | fis 1-Lipschitz w.r.t p}.

We give a bound on the Decision-Estimation Coefficient which depends on the covering
number for the space II (with respect to the metric p). Let us say that II' C II is an e-cover
with respect to p if

Vrell I’ elll st. p(mn) <e,

and let NV,(II, €) denote the size of the smallest such cover.

Proposition 18 (DEC for Lipschitz Bandits): Consider the Lipschitz bandit set-
ting, and suppose that there exists d > 0 such that N,(IL, &) < e~ for all e > 0. Let
f:II—[0,1] and v > 1 be given and consider the following distribution:

1. Let II' C IT witness the covering number N,(II,¢) for a parameter £ > 0.

72



2. Let p be the result of applying the inverse gap weighting strategy in (3.35) to f,
restricted to the (finite) decision space II'.

1
By setting € o< v~ @+1, this strategy certifies that

dec, (F, J) S 7.

d+1
Ignoring dependence on Estsq(F, T, ¢), this result leads to regret bounds that scale as T'd+2
(after tuning v in Proposition 13), which cannot be improved.

Proof of Proposition 18. Let f € F be fixed. Let II' be the e-cover for II. Since f is 1-
Lipschitz, for all 7 € II there exists a corresponding covering element «(7) € II' such that
p(m, (7)) < e, and consequently for any distribution p,

Ernplf(mf) = f(m)] < Ennplf(e(mp)) — f(m)] + 1 f(mg) — felmp))]
F(m)]+ p(mg, e(my))
f(m)] +e.

At this point, since ¢(7f) € I, Proposition 9 ensures that if we choose p using inverse gap
weighting over II', we have

[T 7

+ 9 Ernp | (f(1) = f(m))?|.

Ernplf(1(75)) = f(m)] <

From our assumption on the growth of NV,(IL,¢), [II'| < ™%, so the value is at most

c—d
e+ —.
Y

1
We choose € oc v 4+1 to balance the terms, leading to the result.

4.3.4 Further Examples
We state the following additional upper bounds on the DEC without proof.

Example 4.3 (Decision-Estimation Coefficient subsumes Eluder Dimension). Consider any
class F with values in [0, 1]. For all v > e, we have

Edim(F — F,¢)log?
im( ’ £)log (7)}_’_71_

<
dec, (F) S égg{a + (4.24)
N

As a special case, this example implies that E2D enjoys a regret bound for generalized
linear bandits similar to that of UCB.

Example 4.4 (Bandits with Concave Rewards). The concave (or convex, if one considers
losses rather than rewards) bandit problem [46, 31, 4, 17, 19, 49] is a generalization of the
linear bandit. We take IT C B%(1) and define

F={f:11—[0,1] | f is concave and 1-Lipschitz w.r.t {2}.
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For this setting, whenever F C (II — [0, 1]

~—

, results of Lattimore [49] imply that

dec,(F) S — - polylog(d, ) (4.25)

NES

for all v > 0. N

For the function class
F={rm) = —relu((o(x),0)) | 0 € ©  BI(1) },

(4.25) leads to a y/poly(d)T regret bound for E2D. This highlights a case where the Eluder
dimension is overly pessimistic, since we saw that it grows exponentially for this class.

4.4 Relationship to Optimism and Posterior Sampling

We close this section by highlighting some connections between the Decision-Estimation
Coefficient and E2D and other techniques we have covered so far: Optimism (UCB) and
Posterior Sampling.

4.4.1 Connection to Optimism

The E2D meta-algorithm and the Decision-Estimation Coeflicient can be combined with the
idea of confidence sets that we used in the UCB algorithm. Consider the following variant
of E2D.

Estimation-to-Decisions (E2D) with Confidence Sets
Input: Exploration parameter v > 0, confidence radius 5 > 0.
fort=1,...,T do
Obtain f* from online regression oracle with (7', r), ... (7"~', 7'~ 1).
Set

Fr= {f € ]:| ZEWini [(ﬁ(ﬂ-l) _f*(ﬂ-i))2:| < B}

Compute

p' = argminmaxE.., [f(Wf) — f(m) =~ (f(m) — ft(w))ﬂ

peA(IL) fEF!

Select action 7 ~ p*.

This strategy is the same as the basic E2D algorithm, except that at each step, we compute
a confidence set F* and modify the minimax problem so that the max player is restricted to
choose f € ]_—313 With this change, the distribution p* can be interpreted as the minimizer
for dec, (F*, f*).

To analyze this algorithm, we show that as long as f* € F* for all ¢, the same per-step
analysis as in Proposition 13 goes through, with F replaced by F*. This allows us to prove
the following result.

3Note that compared to the confidence sets used in UCB, a slight difference is that we compute F * using
the estimates f',..., f* produced by the online regression oracle (this is sometimes referred to as “online-
to-confidence set conversion”) as opposed to using ERM; this difference is unimportant, and the later would
work as well.
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Proposition 19: For any 6 € (0,1) and v > 0, if we set § = Estsq(F,T,¢), then E2D
with confidence sets ensures that with probability at least 1 — 6,

T
Reg < Y _dec,(F") + - Estsq(F, T, ). (4.26)
t=1

This bound is never worse than the one in Proposition 13, but it can be smaller if the
confidence sets F*, ..., FT shrink quickly. For a proof, see Exercise 9.

Remark 16: In fact, the regret bound in (4.26) can be shown to hold for any sequence
of confidence sets F*',..., FT, as long as f* € F* Vt with probability at least 1 —
0; the specific construction we use within the E2D variant above is chosen only for
concreteness.

Relation to confidence width and UCB. It turns out that the usual UCB algo-
rithm, which selects 7* = argmax, cy; f'(7) for f*(7) = maxsez f*(7), certifies a bound
on dec,(F*) which is never worse than usual confidence width we use in the UCB analy-
sis.

Proposition 20: The UCB strategy 7' = argmax, oy f*(7) certifies that
deco(F*) < f'(x") — f(="). (4.27)

Proof of Proposition 20. By choosing 7* = arg max_p; f*(7), we have that for any ]?,

deco(F', f) = inf sup Exp [max f(m™) — f(w)}

pEA(IL) feFt
< sup [maxf (ﬂ't)}
feFt
< sup {m x f( f(ﬂ't)}
feFtt ™
= sup [ft ] — _t(ﬂ_t) _it(ﬂ-t)'
feFt

O]

As we saw in the analysis of UCB for multi-armed bandits with IT = {1, ..., A} (Section 2.3),
the confidence width in (4.27) might be large for a given round ¢, but by the pigeonhole
argument (Lemma 8), when we sum over all rounds we have

T
Zdeco (FH) < Z ) < O(VAT).

Hence, even though UCB is not the optimal strategy to minimize the DEC, it can still lead
to upper bounds on regret when the confidence width shrinks sufficiently quickly. Of course,
as examples like the cheating code show, we should not expect this to happen in general.
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Interestingly, the bound on the DEC in Proposition 20 holds for v = 0, which only leads
to meaningful bounds on regret because F*,..., FT are shrinking. Indeed, Proposition 14
shows that with F = R4, we have

dec, (F) 2

)

= [

so the unrestricted class F has dec,(F) — oo as v — 0. By allowing for v > 0, we can
prove the following slightly stronger result, which replaces f* by f*.

Proposition 21: For any v > 0, the UCB strategy 7' = argmax, . f'(7) certifies

that
1

dec, (', ) < F(x') = Fi() + -

Proof of Proposition 21. This is a slight generalization of the proof of Proposition 20. By
choosing 7* = argmax ¢y f*(7), we have

dec, (F.F) = min mox Em[maxﬂ = fm) =

< g £ — 1) () — 1]

fEF: T

< x| F() — 1) =9 () - )]

feF

= max [ft(ﬂt) — f() =y -(F(r) = f(?rt))2] +1(7) = FH().

fE]'—t

4.4.2 Connection to Posterior Sampling

The Decision-Estimation Coefficient (4.15) is a min-max optimization problem, which we
have mentioned can be interpreted as a game in which the learner (the “min” player) aims
to find a decision distribution p that optimally trades off regret and information acquisition
in the face of an adversary (the “max” player) that selects a worst-case model in M. We
can define a natural dual (or, max-min) analogue of the DEC via

~

dec (F.f) = sup inf EjoyBEnwp|f(ms) = f(m) =7 (f(m) — F(m))?]. (4.28)
peA(F) PEA(I)

The dual Decision-Estimation Coefficient has the following Bayesian interpretation. The
adversary selects a prior distribution p over models in M, and the learner (with knowledge
of the prior) finds a decision distribution p that balances the average tradeoff between regret
and information acquisition when the underlying model is drawn from pu.

Using the minimax theorem (Lemma 42), one can show that the Decision-Estimation
Coefficient and its Bayesian counterpart coincide.

76



Proposition 22 (Equivalence of primal and dual DEC): Under mild regularity
conditions, we have

o~

dec,(F, f) = dec (F, f). (4.29)

Thus, any bound on the dual DEC immediately yields a bound on the primal DEC. This
perspective is useful because it allows us to bring existing tools for Bayesian bandits and
reinforcement learning to bear on the primal Decision-Estimation Coefficient. As an ex-
ample, we can adapt the posterior sampling/probability matching strategy introduced in
Section 2. When applied to the Bayesian DEC—this approach selects p to be the action
distribution induced by sampling f ~ p and selecting my. Using Lemma 9, one can show
that this strategy certifies that

]

for the multi-armed bandit. In fact, existing analysis techniques for the Bayesian setting
can be viewed as implicitly providing bounds on the dual Decision-Estimation Coefficient
[64, 18, 17, 65, 50, 49]. Notably, the dual DEC is always bounded by a Bayesian complexity
measure known as the information ratio, which is used throughout the literature on Bayesian
bandits and reinforcement learning [35].

Beyond the primal and dual Decision-Estimation Coefficient, there are deeper connec-
tions between the DEC and Bayesian algorithms, including a Bayesian counterpart to the
E2D algorithm itself [35].

4.5 Incorporating Contexts*

The Decision-Estimation Coefficient and E2D algorithm trivially extend to handle conteztual
structured bandits. This approach generalizes the SquareCB method introduced in Section 3
from finite action spaces to general action spaces. Consider the following protocol.

Contextual Structured Bandit Protocol

fort=1,...,T do
Observe context z* € X.
Select decision 7" € II. // 1l is large and potentially continuous.
Observe reward rt € R.

This is the same as the contextual bandit protocol in Section 3, except that we allow II to
be large and potentially continuous. As in that section, we allow the contexts ', ...,z to
be generated in an arbitrary, potentially adversarial fashion, but assume that

o~ M*( ’ xt77rt)7

and define f*(z,7) = E. pr+(|a,x)- We assume access to a function class F such that f* € F,
and assume access to an estimation oracle for F that ensures that with probability at least
1—9,

T
ZEWtht(ﬁ($t,7Tt) — (', 7))? < Esteq(F,T,0).
t=1

For f € F, we define 7¢(x) = argmax, ¢y f(z, 7).

To extend the E2D algorithm to this setting, at each time t we solve the minimax
problem corresponding to the DEC, but condition on the context x*.
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Estimation-to-Decisions (E2D) for Contextual Structured Bandits

Input: Exploration parameter v > 0.

fort=1,...,T do
Observe 2" € X.
Obtain f* from online regression oracle with (x!, 7, r), ... (', 7't ri7t).
Compute

t = argminmaxEr, | f(z!, 1y (2?) — fz!,m) — - (f(at,7) — Fi(zt,m))?|.
pea(m) feF

Select action 7" ~ p*.

For x € X, define

as the projection of F onto z € X. The following result shows that whenever the DEC is
bounded conditionally—that is, whenever it is bounded for F(z,-) for all x—this strategy
has low regret.

Proposition 23: The E2D algorithm with exploration parameter v > 0 guarantees
that

Reg < supdec,(F(z,-)) T + - Estsq(F,T,0), (4.30)
zeX

We omit the proof of this result, which is nearly identical to that of Proposition 13. The
basic idea is that for each round, once we condition on the context z*, the DEC allows us
to link regret to estimation error in the same fashion non-contextual setting.

We showed in Proposition 14 that the IGW distribution exactly solves the DEC minimax
problem when F = R4. Hence, the SquareCB algorithm in Section 3 is precisely the special
case of Contextual E2D in which F = R4,

Going beyond the finite-action setting, it is simplest to interpret Proposition 23 when
F(x,-) has the same structure for all contexts. One example is contextual bandits with
linearly structured action spaces. Here, we take

F={f(z,a) = (¢(x,a),9(x)) | g € G},

where ¢(x,a) € R? is a fixed feature map and G C (X — Bg(1)) is an arbitrary func-
tion class. This setting generalizes the linear contextual bandit problem from Section 3,
which corresponds to the case where G is a set of constant functions. We can apply
Proposition 17 to conclude that sup,cy decy(F(z,-)) < %, so that Proposition 23 gives

Reg < \/dT - Estsq(F,T,9).

4.6 Additional Properties of the Decision-Estimation Coefficient”
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Proposition 24: Using the minimax theorem, one can show that

sup decv(}",f\)g sup decv(}“,f)g sup dec,y/4(.7-",]?).
feco(F) FII-R feco(F)

4.7 Exercises

Exercise 8 (Posterior Sampling for Multi-Armed Bandits): Prove that for the standard
multi-armed bandit,

11
dec, () < I

~ )

by using the Posterior Sampling strategy (select p to be the action distribution induced by
sampling f ~ p and selecting 7¢), and applying the decoupling lemma (Lemma 9). Recall that
here, dec. (F) is the “maxmin” version of the DEC (4.28).

Exercise 9: Prove Proposition 19.

Exercise 10: Prove Proposition 24.

5. REINFORCEMENT LEARNING: BASICS

We now introduce the framework of reinforcement learning, encompasses a rich set of dy-
namic, stateful decision making problems. Consider the task of repeated medical treatment
assignment, depicted in Figure 4. To make the setting more realistic, it is natural to allow
the decision-maker to apply multi-stage strategies rather simple one-shot decisions such as
“prescribe a painkiller.” In principle, in the language of structured bandits, nothing is
preventing us from having each decision 7' be a complex multi-stage treatment strategy
that, at each stage, acts on the patient’s dynamic state, which evolves as a function of the
treatments at previous stages. As an example, intermediate actions of the type “if patient’s
blood pressure is above X then do Y” can form a decision tree that defines the complex
strategy mf. Methods from the previous lectures provide guarantees for such a setting, as
long as we have a succinct model of expected rewards. What sets RL apart from structured
bandits is the additional information about the intermediate state transitions and interme-
diate rewards. This information facilitates credit assignment, the mechanism for recognizing
which of the actions led to the overall (composite) decision to be good or bad. This extra
information can reduce what would otherwise be exponential sample complexity in terms
of the number of stages, states, and actions in multi-stage decision making.

This section is structured as follows. We first present the formal reinforcement learning
framework and present basic principles including Bellman optimality and dynamic pro-
gramming, which facilitate efficiently computing optimal decisions when the environment
is known. We then consider the case in which the environment is unknown, and give
algorithms for perhaps the simplest reinforcement learning setting, tabular reinforcement
learning, where the state and action spaces are finite. Algorithms for more complex rein-
forcement learning settings are given in Section 5.
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5.1 Finite-Horizon Episodic MDP Formulation

We consider an episodic finite-horizon reinforcement learning framework. With H denoting
the horizon, a Markov Decision Process (MDP) M takes the form

M = {8, AP iy AR Y1 da ),
where S is the state space, A is the action space,
PY:Sx A= A(S)
is the probability transition kernel at step h,
R :Sx A— A(R)

is the reward distribution, and d; € A(S;) is the initial state distribution. We allow the
reward distribution and transition kernel to vary across MDPs, but assume for simplicity
that the initial state distribution is fixed and known.

For a fixed MDP M, an episode proceeds under the following protocol. At the beginning
of the episode, the learner selects a randomized, non-stationary policy

= (m1,...,7H),

where 7, : § — A(A); we let IIgng for “randomized, non-stationary” denote the set of
all such policies. The episode then evolves through the following process, beginning from
s1~di. Forh=1,... H:

® ap ~ 7Th(8h).
o ry ~ R (sp,ap) and sppq ~ P (- | sp,ap).

For notational convenience, we take sp11 to be a deterministic terminal state. The Markov
property refers to the fact that under this evolution,

PM (sp11 = 8" | st,at) = P (se41 = 8" | 8¢, a8, 84-1, a1, - - -, 51, 01)-

The value for a policy m under M is given by

fM (7T)  EM

H
Zrh] , (5.1)

h=1
where E7[.] denotes expectation under the process above. We define an optimal policy
for model M as

7y € argmax fM (7). (5.2)
mellrns

Value functions. Maximization in (5.2) is a daunting task, since each policy 7 is a
complex multi-stage object. It is useful to define intermediate “reward-to-go” functions to
start breaking this complex task into smaller sub-tasks. Specifically, for a given model M
and policy w, we define the state-action value function and state value function via

H
g T | Sn=s].
W=h

H
2 (s,a) =EMT Z T | sp=s,ap=al, and V,"7(s)=E""
h'=h

Hence, the definition in (5.1) reads
fM (71') = Eswdl,aww(s) [ ]1M77r(37 a)] = ESNdl [VlMﬂr(S)]
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Online RL. For reinforcement learning, our main focus will be on what is called the
online reinforcement learning problem, in which we interact with an unknown MDP M™ for
T episodes. For each episode t = 1,...,T, the learner selects a policy n* € IIgns. The
policy is executed in the MDP M™, and the learner observes the resulting trajectory

= (s],al, 1), ..., (S, aly, ).

The goal is to minimize the total regret

T
Z Ewtwpt [fM* (7TM*) - fM* (ﬂt)] (53)
t=1

against the optimal policy m,»+ for M™.

The online RL framework is a strict generalization of (structured) bandits and contextual
bandits (with i.i.d. contexts). Indeed, if S = {sp} and H = 1, each episode amounts to
choosing an action a' € A and observing a reward r* with mean f*(a'), which is precisely
a bandit problem. On the other hand, taking S = X and H = 1 puts us in the setting of
contextual bandits, with d; being the distribution of contexts. In both cases, the notion of
regret (5.3) coincides with the notion of regret in the respective setting.

We mention in passing that many alternative formulations for Markov decision processes
and for the reinforcement learning problem appear throughout the literature. For example,
MDPs can be studied with infinite horizon (with or without discounting), and an alternative
to minimizing regret is to consider PAC-RL which aims to minimize the sub-optimality of
a final output policy produced after exploring for T rounds.

5.2 Planning via Dynamic Programming

In some reinforcement learning problems, it is natural to assume that the true MDP M™ is
known. This may be the case with games, such as chess or backgammon, where transition
probabilities are postulated by the game itself. In other settings, such as robotics or medical
treatment, the agent interacts with an unknown M™* and needs to learn at least some aspects
of this environment. The online reinforcement learning problem described above falls in the
latter category. Before attacking the learning problem, we need to understand the structure
of solutions to (5.2) in the case where M* is known to the decision-maker. In this section,
we show that the problem of maximizing f" () over 7 € II in a known model M (known
as planning) can be solved efficiently via the principle of dynamic programming. Dynamic
programming can be viewed as solving the problem of credit assignment by breaking down
a complex multi-stage decision (policy) into a sequence of small decisions.

We start by observing that the optimal policy 7, in (5.2) may not be uniquely defined.
For instance, if d; assigns zero probability to some state sq, the behavior of 7,, on this state
is immaterial. In what follows, we introduce a fundamental result, Proposition 25, which
guarantees existence of an optimal policy my, = (Tp1, ..., Tar ) that maximizes VlM’”(s)
over m € IIgng for all states s € S simultaneously (rather than just on average, as in (5.2)).
The fact that such a policy exists may seem magical at first, but it is rather straightforward.
Indeed, if 7y, (s) is defined for all s € S and h = 2,..., H, then defining the optimal 7, (s)
at any s is a matter of greedily choosing an action that maximizes the sum of the expected
immediate reward and the remaining expected reward under the optimal policy. Indeed,
this observation is Bellman’s principle of optimality, stated more generally as follows [13]:
To state the result formally, we introduce the optimal value functions as
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PRINCIPLE OF OPTIMALITY. An optimal policy has the property that
whatever the initial state and initial decisions are, the remaining de-
cisions must constitute an optimal policy with regard to the state resulting
Jrom the first decisions.

T

Q;"(s,a) = max E™T Z Ty | sp=s,ap =a| and V,""(s) =maxQ; (s, a).
m€llrNs hieh a

(5.4)

forall s € S, a € A, and h € [H|; we adopt the convention that Vg[_ﬁ(s) = Q%’_:l(s, a) = 0.
Since these optimal values are separate maximizations for each s, a, h, it is reasonable to
ask whether there exists a single policy that maximizes all these value functions. Indeed,
the following lemma shows that there exists m,; such that for all s, a, h,

M % M,

2 (s,a) == Q™ (s,a), and V) "(s) = VM (s). (5.5)

Proposition 25 (Bellman Optimality): The optimal value function (5.4) for MDP
M can be computed via VI_I}IJ’QM (s) :==0, and for each s € S,

VT (s) = max B [y, + VI (spa) | sn = 5, = a]. (5.6)

The optimal policy is given by

Tun(s) € arg njaXIEM [rh + V™ (sha1) | sn = s,an = al. (5.7)
ac

Equivalently, for all s € S, a € A,
Q™ (s,a) = EM |y, + max Qi (she1,d') | s =s,ap = al, (5.8)

and an the optimal policy is given by

Tarn(8) € arg max Q;\f’”M (s,a). (5.9)
acA

The update in (5.8) is referred to as value iteration (VI). It is useful to introduce a more
succinct notation for this update. For a MDP M, define the Bellman Operators T, ..., T4
via

/
75" Ql(s,a) = By, P (1s.0)rn~R (Jsia) |Th + MEX Q(Sh41, ') ] (5:10)

for any @ : S x A — R. Going forward, we will write the expectation above more succinctly
as

(73" Ql(s,a) = EY |ri(sn, an) + max Qsp41,a') | sp = s,an = a] (5.11)

In the language of Bellman operators, (5.8) can be written as

;xll,ﬂ”M — 777,MQ2{£M‘ (512)
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5.3 Failure of Uniform Exploration

The task of planning using dynamic programming—which requires knowledge of the MDP—
is fairly straightforward, at least if we disregard the computational concerns. In this course,
however, we are interested in the problem of learning to make decisions in the face of an
unknown environment. Minimizing regret in an unknown MDP requires exploration. As
the next example shows, exploration in MDPs is a more delicate issue than in bandits.

Recall that e-Greedy, a simple algorithm, is a reasonable solution for bandits and con-
textual bandits, albeit with a suboptimal rate (T%/3 as opposed to v/T). The next (classical)
example, a so-called “combination lock,” shows that such a strategy can be disastrous in
reinforcement learning, as it leads to exponential (in the horizon H) regret.

Consider the MDP depicted in Figure 8, with H + 2 states, and two actions a4 and ap,
and a starting state 1. The “good” action a, deterministically leads to the next state in the
chain, while the “bad” action deterministically leads to a terminal state. The only place
where a non-zero reward can be received is the last state H, if the good action is chosen.
The starting state is 1, and so the only way to receive non-zero reward is to select a, for
all the H time steps within the episode. Since the length of the episode is also H, selecting
actions uniformly brings no information about the optimal sequence of actions decision-
maker, unless by change all of the actions sampled happen to be good; the probability that
this occurs is exponentially small in H.This means that 7 needs to be at least O(2%) to
achieve nontrivial regret, and highlights the need for more strategic exploration.

Figure 8: Combination Lock MDP.

Given the failure of e-Greedy for this example, one can ask whether other algorithmic
principles also fail. As we will show now, the principle of optimism succeeds, and an
analogue of the UCB method yields a regret bound that is polynomial in the parameters
|S], |A], and H. Before diving into the details, we present a collection of standard tools for
analysis in MDPs, which will find use throughout the remainder of the lecture notes.

5.4 Analysis Tools

One of the most basic tools employed in the analysis of reinforcement learning algorithms is
the performance difference lemma, which expresses the difference in values for two policies
in terms of differences in single-step decisions made by the two policies. The simple proof,
stated below, proceeds by successively changing one policy into another and keep track of
the ensuing differences in expected rewards. One may also interpret this lemma as a version
of the credit assignment mechanism.

Henceforth, we adopt the following simplified notation. When a policy 7 is applied to
the random variable sy, we drop the subscript A and write 7(sy) instead of 7, (s ), whenever
this does not cause confusion.
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Lemma 14 (Performance Difference Lemma): For any s € S, and 7,7’ € IIgys,

H

VM () = VM (s) = ZEW[ M sy (s1)) — QM (spyap) | s1=s|  (5.13)
h=1

Proof of Lemma 14. Fix a pair of policies 7, 7’ and define

h / /
T = (T ey Thel, Thy -+ s TH ),

with 7! = 7’ and 7" = 7. By telescoping, we can write

h+1

H
V() = () = DT ) = VT ). (5.14)
h=1

Observe that for each h, we have

h

‘/IM,TF (S) _ ‘/IJ\/I,W

h+1

(s) = E]v1,7rh

H } H

41
E 7“t|51:s]—IEJM’7T+ [E rt|51:s]. (5.15)
=1

t=1

Here, one process evolves according to (M, ") and the one evolves according to (M, 7"+1).
The processes only differ in the action taken once the state sp is reached. In the former,
the action 7/(sp) is taken, whereas in the latter it is 7(s;). Hence, (5.15) is equal to

Byt B [ QU (5007 (1)) = Q4 (smyw(sn)) | 51 = s (5.16)

which can be written as
E(sh,ah)w(MJr) EM’W[ ;\L{’W (Sh, W/(Sh)) — Qﬁf’ﬂ (Sh, ah) ‘ S1 = 8}. (5.17)
O

In contrast to the performance difference lemma, which relates the values of two policies
under the same MDP, the next result relates the performance of the same policy under two
different MDPs. Specifically, the difference in initial value for two MDPs is decomposed
into a sum of errors between layer-wise value functions.

Lemma 15 (Bellman residual decomposition): For any pair of MDPs M =
(PM,RM) and M = (Pﬁ, Rﬂ), for any s € S, and policies 7 € Ilgns,

H

Vle,ﬂ'(S) . Vﬂ,W(S) _ ZEM,W [QZLW(S}Z) ah) o [ﬁzMin-ﬂ] (3h7 ah) | s1 = 5} (518)
h=1

Hence, for M, M with the same initial state distribution,

H

FY(m) = () =Y BT QT (snyan) — [T QT (sny an)]. (5.19)

h=1

In addition, for any MDP M and function @ = (Q1,...,Qn,Qu+1) with Qg1 = 0,
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letting g n(s) = arg max,c 4 Qn(s,a), we have

H

max Q1 (s, a) — V1T (s) = Y BMTR[Qulsn, an) — [T Qnial(snoan) | s1 = s]. (5.20)

ac
h=1

and, hence, under the assumption of the same initial distribution,

E31~d1 [Igleiﬂji@ﬂsha)] fM TI'Q ZEM ﬂ-Q Qh(sh,ah) [EMQh+1](Sh,ah)]. (5.21)

Note that for the second part of Lemma 15 @ = (Q1,...,Qpg) can be any sequence of
functions, and need not be a value function corresponding to a particular policy or MDP.
It is worth noting that () gives rise to the greedy policy 7, which, in turn, gives rise to
Q"™ (the value of 7, in model M), but it may well be the case that Q"™ # Q.

Proof of Lemma 15. We will prove (5.19), and omit the proof for (5.18), which is similar
but more verbose. We have

H
ZEM 7r M 7r Sha ah) — o — V}ﬁ—f(sh+1)] — ZEM,TA' J};Lﬂ'(sh’ ah) - Vh+1 (3h+1)] — EM.T
h=1

]

h=1
H —
_ ZEM 7r M 7r 3h7 ah) - Vh+1 (3h+1)] _ fM(,ﬂ_).

=1
On the other hand, since V;""(s) = E Q" (s,a)], a telescoping argument yields

H H
ZEM’W Q1" (shyan) — Vi (she)] ZEMW V" (sn) = Vit (sha1)]

_ EMJr [VlM ”( )] EM g [VH—I—l (SH—H)]
= fM (77)7

where we have used that Vi, = 0, and that both MDPs have the same initial state
distribution. We prove (5.21) (omitting the proof of (5.20)) using a similar argument. We
have

H
ZEM’“Q [Qh(sh, ap) —Th — max Qn+1(sh+1, “)}
h=1

MR [Qn(sh, an) — r;le‘a(@h—&-l(sh—i-l, — EM7Q

o

MTQQp (sh, an) — max Qnt1(shi1,a)] — fM(mg).

»
.

Since apt1 = moh(She1) = argmax,e 4 Qni1(snr1, ), we have EM™@ [Qp (sp, an) —maxae 4 Qn1(sp1,a)] =
EMTQ [Qh(sh, ap) — Qri1(Shats ah+1)], and the result follows by telescoping.
]

Another similar analysis tool for MDPs, the simulation lemma, is deferred to Section 6
(Lemma 24). This result can be proven as a consequence of Lemma 15.
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5.5 Optimism

To develop algorithms for regret minimization in unknown MDPs, we turn to the principle
of optimism, which we have seen is successful in tackling multi-armed bandits and linear
bandits (in small dimension). Recall that for bandits, Lemma 7 gave a way to decompose
the regret of optimistic algorithms into width of confidence intervals. What is the analogue
of Lemma 7 for MDPs? Thinking of optimistic estimates at the level of expected rewards for
policies 7 is unwieldy, and we need to dig into the structure of these multi-stage decisions. In
particular, the approach we employ is to construct a sequence of optimistic value functions
Q1,...,Qy which are guaranteed to over-estimate the optimal value function Q™*. For
multi-armed bandits, implementing optimism amounted to adding “bonuses”, constructed
from past data to estimates for the reward function. We will construct optimistic value
functions in a similar fashion. Before giving the construction, we introduce a technical
lemma, which quantifies the error in using such optimistic estimates in terms of Bellman
residuals; Bellman residuals measure self-consistency of the optimistic estimates under the
application of the Bellman operator.

Lemma 16 (Error decomposition for optimistic policies): Let {Q1,...,Qpy} be
a sequence of functions Qj : S x A — R with the property that for all (s, a),

Q)" (s,a) < Qn(s, a) (5.22)
and set Qg1 = 0. Let T = (71, ...,7y) be such that 7, (s) = arg max, Qn(s,a). Then
for all s € S,

H
VM (s) — VM Z [(Qn = T3 Qn41) (sn, F(sn)) | s1 = s]. (5.23)

Lemma 16 tells us that closeness of @}, to the Bellman backup TM Qn+1 implies closeness
of T to m, in terms of the value. As a sanity check, if Q) = zl’*, the right-hand side
of (5.23) is zero, since QQLA’ TM Qh 11+ Crucially, errors do not accumulate too fast as a
function of the horizon. This fact should not be taken for granted: in general, if Q) is not
optimistic, it could have been the case that small changes in @} exponentially degrade the
quality of the policy 7.

Another important aspect of the decomposition (5.23) is the on-policy nature of the
terms in the sum. Observe that the law of s;, for each of the terms is given by executing
7 in model M. The distribution of s, is often referred to as the roll-in distribution; when
this distribution is induced by the policy executed by the algorithm, we may have a better
control of the error than in the off-policy case when the roll-in distribution is given by m,,
or another unknown policy.

Proof of Lemma 16. Let V(s) := maxaeq Qn(s,a). Just as in the proof of Lemma 7, the
assumption that @y is “optimistic” implies that

Q17 (shymar(sn)) < Qn(sh, mar(sn)) < Qn(sn, T(sn))

86



and, hence, V,;""*(s) < V1(s). Then, (5.20) applied to Q = Q and 7 = 7, states that

H
Vi(s) = V"7 (s) = S EMT[Qnlsnran) — [T Qnat] (snoan) | s1= s]. (5.24)
h=1

O]

Remark 17: In fact, the proof of Lemma 16 only uses that the initial value Q; is opti-
mistic. However, to construct a value function with this property, the algorithms we con-
sider will proceed by backwards induction, producing optimistic estimates Q1, ..., Qg
in the process.

5.6 The UCB-VI Algorithm for Tabular MDPs

We now instantiate the principle of optimism to give regret bounds for online reinforcement
learning in tabular MDPs. Tabular RL may be thought of as an analogue of finite-armed
bandits: we assume no structure across states and action, but require that the state and
action spaces are small. The regret bounds we present will depend polynomially on S = |S|
and A = | A|, as well as the horizon H.

Preliminaries. For simplicity, we assume that the reward function is known to the
learner, so that only the transition probabilities are unknown. This does not change the
difficulty of the problem in a meaningful way, but allows us to keep notation light.

Assumption 6: Rewards are deterministic, bounded, and known to the learner: R}’ (- |
8,a) = 0Oy, (s,0) for known rj, : SxA — [0,1], for all M. In addition, assume for simplicity
that V;""*(s) € [0, 1] for any s € S.

Define, with a slight abuse of notation,

t—1 t—1
nZ(Saa) = ZH{(S%,&Z) = (Sva)} , and n;z(sva’ 5,) = ZH{(SZ’G;‘L’S;HJ) = (s,a, 5,)} )
=1 =1

as the empirical state-action and state-action-next state frequencies. We can estimate the
transition probabilities via

nj,(s,a,s’)

Pi(s' | s,a) = (5.25)

n, (s, a)

The UCB-VI algorithm. The following algorithm, UCB-VI (“Upper Confidence Bound
Value Iteration”), combines the notion of optimism with dynamic programming.

UCB-VI
fort:l,...,T do
Let Viy,, =1

for h=H,...,1do
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Update n},(s,a), nj,(s,a,s), and bzvé(s,a), for all (s,a) € S x A.
// b}, 5(s,a) is a bonus computed in (5.27).
Compute:

Qi(5,0) = {rn(5,0) + By _po ooy Viei1 (8) + bhs(s:0) f A L. (5.26)

Set V' (s) = maxaea @, (s,a) and 7} (s) = arg max,c 4 Q% (s, a).

Collect trajectory (s}, ai,r}),...,(s%,aly,rly) according to 7.

The UCB-VI algorithm will be analyzed using Lemma 16. In constructing functions Qj,, we
will need to satisfy two goals: (1) ensure that with high probability (5.22) is satisfied, i.e.
Qpns are optimistic; and (2) that Qs are “self-consistent,” in the sense that the Bellman
residuals in (5.23) are small. The second requirement already suggests that we should define
Q, approximately as a Bellman backup T Qn+1, going backwards for h = H +1,...,1
as in dynamic programming, while ensuring the first requirement. In addition to these
considerations, we will have to use a surrogate for the Bellman operator 7, since the model
M is not known. This is achieved by estimating M using empirical transition frequencies.
Putting these ideas together gives the update in (5.26). We apply the principle of value
iteration, except that

1. For each episode ¢, we augment the rewards 74 (s, a) with a “bonus” b}, 5(s, a) designed
to ensure optimism.

2. The Bellman operator is approximated using the estimated transition probabilities in
(5.25).

The bonus functions play precisely the same role as the width of the confidence interval in
(2.19): these bonuses ensure that (5.22) holds with high probability, as we will show below
in Lemma 17.

The following theorem shows that with an appropriate choice of bonus, this algorithm
achieves a polynomial regret bound.

Theorem 1: For any § > 0, UCB-VI with

b s(5r0) = 2 \/log(QSAHT/é) (527)

n;,(s, a)

guarantees that with probability at least 1 — 4,

Reg < HSV AT - \/log(SAHT/9)

We mention that a slight variation on Lemma 19 below (using the Freedman inequal-
ity instead of the Azuma-Hoeffding inequality) yields an improved rate of O(HvVSAT +
poly(H, S, A)logT), and the optimal rate can be shown to be O(v HSAT); this is achieved
through a more careful choice for the bonus b, ;5 and a more refined analysis. We remark
that care should be taken in comparing results in the literature, as scaling conventions for
the individual and cumulative rewards (as in Assumption 6) can vary.
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5.6.1 Analysis for a Single Episode

Our aim is to bound the regret

T
Reg = Z fH () — ()
t=1
for UCB-VI. To do so, we first prove several helper lemmas concerning the performance
within each episode t. In what follows, we fix £ and drop the superscript t. .
Given the estimated transitions {P(- | s,a)}hsa, define the estimated MDP M =

{S A, {Ph}h L {RMYH 1,d1}. The associated Bellman operator is

T Q(s,a) =i(s,a) + B _p |, ) maxQ(s', a) (5.28)

for Q : S x A — R. Consider the sequence of functions Q : S x A — [0,1],V} : S — [0, 1],
for h=1,...,H +1, with Qg1 =0 and

Qn(s,a) = {[ﬁlﬁ@h+1](s, a) + bps(s, a)} Al, and Vj(s) = max Qn(s,a) (5.29)

for bonus functions by 5 : S x A — R to be chosen later. Henceforth, we follow the usual
notation that for functions f, g over the same domain, f < g indicates pointwise inequality
over the domain.

The first lemma we present shows that as long as the bonuses by, s are large enough to
bound the error between the estimated transition probabilities and true transition proba-
bilities, the functions Q1,...,Q# constructed above will be optimistic.

Lemma 17: Suppose we have estimates {ﬁh( | s, a)}
R with the property that

hsq a0d a function by 5 : Sx A —

> Py(s' | s,a) V() Z (s" | 5,a) V""" (s')| < bps(s,a). (5.30)

Then for all h € [H], we have
Qn>@Q)", and V>V (5.31)

for Qp, V', defined in (5.29).

Proof of Lemma 17. The proof proceeds by backward induction on the statement
Vi > VhM’*

with h = H + 1 down to h = 1. We start with the base case h = H + 1, which is trivial
because Vi = VI%_*I = 0. Now, assume Vjyq > VhAi’l* , and let us prove the induction
step. Fix (S,ELE S x A. If Qu(s,a) = 1, then, trivially, Qx(s,a) > Qf’*(s,a). Otherwise,
Qn(s,a) =T Qnti1(s,a) + by s(s,a), and thus

Qn(s,a) — QZI’*(S, a) = bys(s,a) + Es’wﬁh(~|s,a) Vi (s) —E, InPM ([s,a) Vh]ﬁf(s/)
> bno(s,0) + By 5 (50 Vet (5) = Eoppr(foa) Vi1 (5) = 0.

89



This, in turn, implies that V(s) = max, Qp(s, a) > max, @, *(s,a) = V;"*(s), concluding
the induction step. O

We now analyze the effect of using the effect of using an estimated model M for the
Bellman operator rather than the true unknown ﬁlM .

Lemma 18: Suppose we have estimates {ﬁh( | s,a)}
with the property that

hsa and b 5(s,a) 1 S x A= R

Py N <, , 5.32
Vgggi‘}sz w(s' | s,a)V Z (5" | 5,a)V ()| < bl s(s,0) (5.32)
Then the Bellman residual satisfies

Qn— T Qns1 < (bns + bl 5) A L. (5.33)

for Qn, V', defined in (5.29).

Proof of Lemma 18. That Qn — T,MQn+1 < 1 is immediate. To prove the main result,
observe that

Qn—TMQni1 = {Eﬁéh+1 + bh,a} AL =TMQunir < (T = TM)Qns1 +bus  (5.34)

For any Q € S x A — [0, 1],

(7;11\7 - 7;1,]\4)@(57 a) = Es’wﬁh“s a) m(?XQ(S,’ CL) N ES’NP}ILVI('|57‘1) m(?XQ(S,’ CL) (535)
< ngg}l(]S|E5 Nﬁh('|57a) V(S,) — ES/NP}]LVI(-|S,CL) V(S,)| (536)
Since the maximum is achieved at a vertex of [0,1]°, the statement follows. O

5.6.2 Regret Analysis

We now bring back the time index ¢ and show that the estimated transition probabilities
in UCB-VI satisfy conditions of Lemma 17 and Lemma 18, ensuring that the functions
Q71, ..., QY are optimistic.

Lemma 19: Let {]3,3
1 — 6, the functions

. log(2SAHT/$) ’ Slog(2SAHT/9)
bhﬁ(s,a) = 2\/ 7 (5,0) , and bhﬁ(s,a) =8 nt (5,a)

} helH] te(T] be defined as in (5.25). Then with probability at least

satisfy the assumptions of Lemma 17 and Lemma 18, respectively, for all s € S, a € A,
h € [H], and t € [T] simultaneously.

Proof of Lemma 19. We leave the proof as an exercise. O
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Proof of Theorem 1. Putting everything together, we can now prove Theorem 1. Under
the event in Lemma 19, the functions @Y, ..., Q% are optimistic, which means that the
conditions of Lemma 16 hold, and the instantaneous regret on round ¢ (conditionally on
s1 ~ dj) is at most

H H

~t o — — R ~t ~ ~

D EMT(Qh = T Qhd) i Th(sh)) | 51 = 5] < D BT [(bis (o 7 (55)) + by (5hs T (55))) A 1],
h=1 h=1

where the second inequality invokes Lemma 18. Summing over t = 1,...,T, and applying

the Azuma-Hoeffding inequality, we have that with probability at least 1 — d, the regret of
UCB-VI is bounded by

T H

2_; 2_; BT [(bn5 (85 75 (53)) + (5, T (s5))) A1

t=1 1
H
S D> (bnssh @ (sh)) + bl s (shs Th(sh)) A1+ /HT log(1/5).

h
T
t=1 h=1

Using the bonus definition in (5.27), the bonus term above is bounded by

ZZ Slog(SAHT/S) || rei e Z ! AT (5.37)

t=1 h=1 nh(8h, T, (53)) t=1 h=1 ny, (sy,, 71,(s3,))

The double summation can be handled in the same fashion as Lemma 8:

T H
Yy M—zzz“%”““a)( 298!

=1 hm1 V1 (Sh Th(53)) h= l(sa t=1 (s
Z \/ny(s,a) < HVSAT.
=1 (s,a)

6. GENERAL DECISION MAKING

So far, we have covered three general frameworks for interaction decision making: The
contextual bandit problem, the structured bandit problem, and the episodic reinforcement
learning problem; all of these frameworks generalize the classical multi-armed bandit prob-
lem in different directions. In the context of structured bandits, we introduced a complexity
measure called the Decision-Estimation Coefficient (DEC 0, which gave a generic approach
to algorithm design, and allowed us to reduce the problem of interactive decision making
to that of supervised online estimation. In this section, we will build on this develop-
ment on two fronts: First, we will introduce a unified framework for decision making,
which subsumes all of the frameworks we have covered so far. Then, we will show that
i) the Decision-Estimation Coefficient and its associated meta-algorithm (E2D) extend to
the general decision making framework, and ii) boundedness of the DEC is not just suffi-
cient, but actually necessary for low regret, and thus constitutes a fundamental limit. As
an application the general tools we introduce, we will show how to use the (generalized)
Decision-Estimation Coefficient to solve the problem of tabular reinforcement learning (Sec-
tion 6.6), offering an alternative to the UCB-VI method we introduced in Section 5.
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6.1 Setting

For the remainder of the course, we will focus on a framework called Decision Making with
Structured Observations (DMSO), which subsumes all of the decision making frameworks
we have encountered so far. The protocol proceeds in T rounds, where for each round
t=1,...,T:

1. The learner selects a decision w* € II, where II is the decision space.

2. Nature selects a reward r* € R and observation o' € O based on the decision, where
R C R is the reward space and O is the observation space. The reward and observation
are then observed by the learner.

We focus on a stochastic variant of the DMSO framework.

Assumption 7 (Stochastic Rewards): Rewards and observations are generated in-
dependently via

(r',o") ~ M*(- | "), (6.1)
where M* : I — A(R x O) is the underlying model.
To facilitate the use of learning and function approximation, we assume the learner has
access to a model class M that contains the model M*. Depending on the problem do-
main, M might consist of linear models, neural networks, random forests, or other complex
function approximators; this generalizes the role of the reward function class F used in

contextual/structured bandits. We make the following standard realizability assumption,
which asserts that M is flexible enough to express the true model.

Assumption 8 (Realizability): The model class M contains the true model M*.

For a model M € M, let EM7[.] denote the expectation under (r,0) ~ M(xw). Further,
following the notation in Section 5, let

f]\/] (7_‘_) — EZ\/I,TI’ [T]
denote the mean reward function, and let

my = arg max ()
well

denote the optimal decision with maximal expected reward. Finally, define
Fai={f"|Me M} (6.2)

as the induced class of mean reward functions. We evaluate the learner’s performance in
terms of regret to the optimal decision for M™:

T
Reg := ZEﬂ-tht [fM* () — M (’/Tt)], (6.3)

t=1

92



where p* € A(II) is the learner’s distribution over decisions at round ¢. Going forward, we
abbreviate f* = fM" and 7 = my~,.

The DMSO framework is general enough to capture most online decision making prob-
lems. Let us first see how it subsumes the structured bandit and contextual bandit problems.

Example 6.1 (Structured bandits). When there are no observations (i.e., O = {@}), the
DMSO framework is equivalent to structured bandits studied earlier in Section 4. Therein,
we defined a structured bandit instance by specifying a class F of mean reward functions
and a general class of reward distributions, such as sub-Gaussian or bounded. In the DMSO
framework, we may equivalently start with a set of models M and let F4 be the induced
class (6.2). By changing the class F, this encompasses all of the concrete examples of
structured bandit problems we studied in Section 4, including linear bandits, nonparametric
bandits, and concave/convex bandits.

<

Example 6.2 (Contextual bandits). The DMSO framework readily captures contextual
bandits (Section 3) with stochastic contexts (see Assumption 2). To make this precise,
we will slightly abuse the notation and think of n* as functions mapping the context z*
to an action in IT = [A]. To this end, on round ¢, the decision-maker selects a mapping
7'+ X — [A] from contexts to actions, and the context o' = x' is observed at the end of the
round. This is equivalent to first observing z' and selecting 7(z") € [A].

Formally, let @ = X be the space of contexts, II = [A] be the set of actions, and
IT : X — [A] be the space of decisions. The distribution (r,z) ~ M (x) then has the
following structure: z ~ D" and r ~ RY(-|z,m(x)) for some context distribution D and
reward distribution R. In other words, the distribution D" for the context = (treated as
an observation) is part of the model M.

We mention in passing that the DMSO framework also naturally extends to the case
when contexts are adversarial rather than i.i.d., as in Section 4.5; see Foster et al. [35]. <

Example 6.3 (Online reinforcement learning). The online reinforcement learning frame-
work we introduced in Section 5 immediately falls into the DMSO framework by taking
II = Ilgns, 7t = Zthl ry, and o° = 7*. While we have only covered tabular reinforcement
learning so far, the literature on online reinforcement learning contains algorithms and
sample complexity bounds for a rich and extensive collection of different MDP structures
(e.g., Dean et al. [26], Yang and Wang [75], Jin et al. [42], Modi et al. [56], Ayoub et al.
[12], Krishnamurthy et al. [48], Du et al. [29], Li [53], Dong et al. [27]). All of these settings
correspond to specific choices for the model class M in the DMSO framework, and we will
cover this topic in detail in Section 7. N

We adopt the DMSO framework because it gives simple, yet unified approach to describ-
ing and understanding what is—at first glance—a very general and seemingly complicated
problem. Other examples that are covered by the DMSO framework include:

e Partially Observed Markov Decision Processes (POMDPs)
e Bandits with graph-structured feedback

e Partial monitoring*
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6.2 Refresher: Information-Theoretic Divergences

To develop algorithms and complexity measures for general decision making, we need a
way to measure the distance between distributions over abstract observations (this was
not a concern for the structured and contextual bandit settings, where we only needed to
consider the mean reward function). To do this, we will introduce the notion of the Csiszar
f-divergence, which generalizes a number of familiar divergences including the Kullback-
Leibler (KL) divergence, total variation distance, and Hellinger distance.

Let P and Q be probability distributions over a measurable space (€2, .%). We say that P
is absolutely continuous with respect to Q if for all events A € %, Q(A) =0 = P(A) = 0;
we denote this by P < Q. For a convex function f : (0,00) — R, the associated f-divergence

for P and Q is given by
dpP
Dy(E 1 Q) = (55 )] (6.4

whenever P < Q. More generally, defining p = % and ¢ = % for a common dominating
measure v, we have

Ds® @)= [ . qf(Z)dv 1 P(g=0)- f(c0), (6.5)

where f'(00) := lim,_,o+ zf(1/x).
We will make use of the following f-divergences, all of which have unique properties
that make them useful in different contexts.

e Choosing f(t) = %[t — 1| gives the total variation (TV) distance

AP dQ

dv  dv

v

Dry®.Q) = [

)

which can also be written as

Drv(P,Q) = sup IP(A) — Q(A)].

e Choosing f(t) = (1 — V/t)? gives squared Hellinger distance

sr- (T )

e Choosing f(t) = tlog(t) gives the Kullback-Leibler divergence:

flog(dp)d}P’ P« Q,
+00, otherwise.

DL (P||Q) = {

Note that for TV distance and Hellinger distance, we use the notation D(-,-) rather than
D(- || ) to emphasize that the divergence is symmetric. Other standard examples include
the Neyman-Pearson y2-divergence.
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Lemma 20: For all distributions P and Q,

D3y(P,Q) < Di(P,Q) < Do (P Q). (6.6)

It is known that Dty (P,Q) = 1 if and only if D(P,Q) = 2, and Dtv(P,Q) = 0 if and
only if D(P,Q) = 0 (more generally, DZ(P,Q) < 2Dty (P,Q)). Moreover, they induce
same topology, i.e. a sequence converges in one distance if and only if it converges the
other. KL divergence cannot be bounded by TV distance or Hellinger distance in general,
but the following lemma shows that it is possible to relate these quantities if the density
ratios under consideration are bounded.

Lemma 21: Let P and Q be probability distributions over a measurable space (€2, .%).

If suppeo % <V, then

D (P Q) < (2 + log(V)) Dy (P, Q). (6.7)
Other properties we will use include:

e Boundedness of TV (by 1) and Hellinger (by 2).

e Triangle inequality for TV and Hellinger distance.

The data-processing inequality, which is satisfied by all f-divergences.

The chain rule for KL divergence (see Lemma 39).

A variational representation for TV distance:

Dyv(P,Q) = sup |Ep[g] — Eqlg]| (6.8)
9:Q—[0,1]

See Polyanskiy [59] for further background.

6.3 The Decision-Estimation Coefficient for General Decision Making

Developing algorithms for the general decision making framework poses a number of ad-
ditional challenges compared to the basic bandit frameworks we have studied so far. The
problem of understanding how to optimally explore and make decisions for a given model
class M is deeply connected to the problem of understanding the optimal statistical com-
plexity (i.e., minimax regret) for M. Any notion of problem complexity needs to capture
both i) simple problems like the multi-armed bandit, where the mean rewards serve as
a sufficient statistic, and ii) problems with rich, structured feedback (e.g., reinforcement
learning), where observations, or even structure in the noise itself, can provide non-trivial
information about the underlying problem instance. In spite of these apparent difficulties,
we will show that by incorporating an appropriate information-theoretic divergence, we can
use the Decision-Estimation Coefficient to address these challenges, in a similar fashion to
Section 4.
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For a model class M, reference model M e M, and scale parameter v > 0, the Decision-
Estimation Coefficient for general decision making is defined via

dec,(M.I) = inf  sup By | £(m) — (x) 7+ DR (M(x). M(x)) | (6.9)

Vv
regret of decision information gain for obs.

We further define

dec, (M) = sup decv(/\/l,]\/i\). (6.10)
Meco(M)

The DEC in (6.9) should look familiar to the definition we used for structured bandits in
Section 4 (Eq. (4.15)). The main difference is that instead of being defined over a class F
of reward functions, the general DEC is defined over the class of models M, and the notion
of estimation error/information gain has changed to account for this. In particular, rather
than measuring information gain via the distance between mean reward functions, we now
consider the information gain

Ennp | Df (M (), M(m)],

which measures the distance between the distributions over rewards and observations under
the models M and M (for the learner’s decision 7). This is a stronger notion of distance since
i) it incorporates observations (e.g., trajectories for reinforcement learning), and ii) even for
bandit problems, we consider distance between distributions as opposed to distance between
means; the latter feature means that this notion of information gain can capture fine-grained
properties of the models under consideration, such as noise in the reward distribution.

6.3.1 Basic Examples

To build intuition as to how the general Decision-Estimation Coefficient adapts to the
structure of the model class M, let us review a few examples—some familiar, and some
new.

Example 6.4 (Multi-armed bandit with Gaussian rewards). Let Il = [A], R = R, O = {&}.
We define
Mmag.c = {M : M(m) = N(f(m),1), f : I = [0,1]}.

We claim that 4
dec'y(MMAB-G) x ; (6.11)

To prove this, consider the case where M € M for simplicity. Recall that we have previ-
ously shown that this behavior holds for the squared error version of the DEC defined in

(4.15). Thus, it is sufficient to argue that the squared Hellinger divergence for Gaussian
distributions reduces to square difference between the means:

D (M (), M(m)) o< (f¥(x) = f7(m)*.
The claim will then follow from Proposition 14. To prove this, first note that

DA (M), () < D (M) | M) = (7 () — )% (612)
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In the other direction, one can directly compute
— 1 _
DA (30, () = 1 - exp{ -1 () - 17}
and using that 1 — exp{—z} > (1 — e~ 1)z for x € [0, 1], we establish

D (M(Tr), M(w)) > (fM(r) = f¥(m))?

1-1/e
S

for ¢ = q

In fact, one can show that the general DEC in (6.9) coincides with the basic squared
error version from Section 4 for general structured bandit problems, not just multi-armed
bandits; see Proposition 41.

Let us next consider a twist on the bandit problem that is more information-theoretic in
nature, and highlights the need to work with information-theoretic divergences if we want
to handle general decision making problems.

Example 6.5 (Bandits with structured noise). Let II = [4], R =R, O = {@}. We define

Mumagsn = {Mi,...,Ma} U {]/\Z}

where M;(m) := N(1/2,1) for © # i and M;(rw) := Ber(3/4) for 7 = i; we further define
M () :== N(1/2,1) for all = € II. Before proceeding with the calculations, observe that we
can solve the general decision making problem when the underlying model is M* € M with
a simple algorithm. It is sufficient to select every action in [A] only once: all suboptimal
actions have Bernoulli rewards and give r € {0, 1} almost surely, while the optimal action
has Gaussian rewards, and gives r ¢ {0, 1} almost surely. Thus, if we select an action and
observe a reward r ¢ {0, 1}, we know that we have identified the optimal action.

The valuable information contained in the reward distribution is reflected in the Hellinger
divergence, which attains its maximum value when comparing a continuous distribution to
a discrete one: e

D? (Mi(ﬂ), M(w)) =9l {r =i}.

To use this property to derive the upper bound on decy(Mpmag-sn, M), first note that the

maximum over M in the definition of decy(Mmap-sn, M) is not attained at M = M, since
in that case both the divergence and regret terms are zero, irrespective of p. Now, take
p = unif[A]. Then for any M € {M;,..., Ma},

Ernplf" (mar) = fY(m)] = (1 = 1/A)(3/4 = Y/2),

and

—

decy (M, B) 5 (1= 1/A)(¥s — 1f2) — 75 ST{y < A/4}.
This leads to an upper bound
dec, (Mmag.sn, M) ST{y < A/4} (6.13)

which can also be shown to be tight. <
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Example 6.6 (Bandits with Full Information). Consider a “full-information” learning set-
ting. We have II = [A] and R = [0, 1], and for a given decision m we observe a reward
7 as in the standard multi-armed bandit, but also receive an observation o = (r(7')) ¢4
consisting of (counterfactual) rewards for every action.

For a given model M, let Mg (7) denote the distribution over the reward r for 7, and let
Mo () denote the distribution of 0. Then for any decision , since all rewards are observed,

the data processing inequality implies that for all M, MeMand 7 e I,
DE (M (), M(m)) = D} (Mo(r), Mo(r)) (6.14)

— D2 (MO(F’), MO(W')) > D2 (MR(W’), MR(W')). (6.15)

Using this property, we will show that for any Me M,
1

dec, (M, M) (6.16)

2

Comparing to the finite-armed bandit, we see that the DEC for this example is independent
of A, which reflects the extra information contained in the observation o.

To prove (6.16), for a given model M € M we choose p = Lr (i.e. the decision maker
selects my; deterministically), and bound Exrp,[f* (my) — f¥ ()] by

FMma) = () < () = Y () + Y () — 7 ()
<2- max }|fM(7T)*fﬂ(7T)|

TEe{T T F

<2.  max DH(MR(W),J\?R(W))

me€{mr, 757}

We then use the AM-GM inequality, which implies that for any v > 0,

max  Djj <MR(7T)J\//TR(7T)) Sy max D} <MR(7T),]/W\R(7T)) +f1y

me{mn, w7} me€{mpM, 55}

— 1
<+ DA (M (), M) + =

where the final inequality uses (6.14). This certifies that for all M € M, the choice for p
above satisfies

Enmp| ! (7as) = () =5 - DR (M (), M(m)) | S

so we have decy (M, ]\/4\) s q

1
>

In what follows, we will show that the different behavior for the DEC for these examples
reflects the fact that the optimal regret is fundamentally different.

6.4 E2D Algorithm for General Decision Making

Estimation-to-Decisions (E2D), the meta-algorithm based on the DEC that we gave for
structured bandits in Section 4, readily extends to general decision making. The general
version of the meta-algorithm is given in Algorithm 1. Compared to structured bandits,
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Algorithm 1 Estimation to Decision-Making (E2D) for General Decision Making

1: parameters: Exploration parameter v > 0.
2: fort=1,2,---,T do
3: Obtain M* from online estimation oracle with (mhyrtol), .. (w0t ).

4: Compute //Minimizer for dec. (M, M ).

p' = argmin sup Erp | fM (1) — (1) — v - D} (M(W),]/W\t(ﬂ)) .
pEA(IT) MeM

5: Sample decision 7' ~ p' and update estimation algorithm with (7, r*, o").

the main difference is that rather than trying to estimate the reward function f*, we now
estimate the underlying model M*. To do so, we appeal once again to the notion of an
online estimation oracle, but this time for model estimation.

At each timestep ¢, the algorithm calls invokes an online estimation oracle to obtain an
estimate M' for M* using the data H'™' = (7', r',0"),..., (7", r'"', 0""") observed so far.
Using this estimate, E2D proceeds by computing the distribution p* that achieves the value
dec, (M, M") for the Decision-Estimation Coefficient. That is, we set

o~

p' = argmin sup Erp | fM (7)) — fM(7) — - DE(M(m), M'(m))|. (6.17)
peEA(Il) MeM

E2D then samples the decision 7’ from this distribution and moves on to the next round.

Like structured bandits, one can show that by running Estimation-to-Decisions in the
general decision making setting, the regret for decision making is bounded in terms of the
DEC and a notion of estimation error for the estimation oracle. The main difference is that
for general decision making, the notion of estimation error we need to control is the sum of
Hellinger distances between the estimates from the supervised estimation oracle M™*, which
we define via

Esty = ZT: Bty [Da (M*(ﬂt), ]\/Zt(wt))} . (6.18)
t=1

With this definition, we can show that E2D enjoys the following bound on regret, analogous
to Proposition 13.

Proposition 26: E2D (Algorithm 1) with exploration parameter v > 0 guarantees
that .
Reg < sup decy(M, M) T + v - Esty, (6.19)
MeM

almost surely, where M is any set such that Mt e Mforall t € [T].

Note that we can optimize over the parameter v in the result above, which yields

Reg < inf{ sup decn,(M,]\/Z)‘T—F’y-EstH} < 2-inf max{ sup decv(M,]\/Z)'T,’y‘EstH}.
>0 >0 Ve

—_

MeM
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We will show in the sequel that for any finite class M, the averaged exponential weights
algorithm with the logarithmic loss achieves Esty < log(|M|/d) with probability at least

~

1 — 4. For this algorithm, and most others we will consider, one can take M = co(M). In
fact, one can show (see ??) that for any M, even if M ¢ co(M), we have decy (M, M) <
SUD 7 o M)decc«,(/\/l,M ) < decey(M) for any absolute constant ¢ > 0. This means we

can restrict our attention to the convex hull without loss of generality. Putting these facts
together, we see that for any finite class, it is possible to achieve

Reg < dec (M) - T + v - log(|M|/9) (6.20)
with probability at least 1 — 4.

Proof of Proposition 26. We write
T
Reg =Y Bty [f (mye) — f2 (x")]
t=1

T
=3 Bt [ (mar) = £ (1)) = 7 Bty [Da (M*(w"), J/W\t(wt))} + - Esty.
t=1
For each t, since M* € M, we have

Bty [ () = F7 (1)) = 7 Bt [Da (M*(w), M\t(wt))}
< sup Evop [/ (ma) = £(7)) = 5 - Egrop [ DR (M (). 3T ()

= intsup Er [/ (o) = S () = - DE(M (), M ()]

— dec, (M, M) (6.21)

Summing over all rounds ¢, we conclude that

Reg < sup decy(./\/l,Z\/J\) -T 4+ v - Esty.
MeM

O]

Examples for the upper bound. We now revisit the examples from Section 6.3 and
use E2D and Proposition 26 to derive regret bounds for them.

Example 6.4 (cont’d). For the Gaussian bandit problem from Example 6.4, plugging the
bound dec,(Mmag-g) S A/v into Proposition 26 yields

AT
Reg < — + v - Esty,
g

Choosing v = /AT /Esty balances the terms above and gives

Reg < /AT - Esty.
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Example 6.5 (cont’d). For the bandit-type problem with structured noise from Exam-
ple 6.5, the bound dec,(Mmagsn) S I{y < A/4} yields

Reg SI{y < A/4}-T + v - Estp.
We can choose v = A, which gives

Reg < A - Esty.

6.4.1 Online Estimation with Hellinger Distance

Let us now give some more detail as to how to perform the online model estimation required
by ??7. Model estimation is a more challenging problem than regression, since we are
estimating the underlying condition distribution rather than just the conditional mean. In
spite of this difficulty, estimating the model M* with respect to Hellinger distance is a
classical problem that we can solve using the online learning tools introduced in Section 1;
in particular, online conditional density estimation with the log loss. This generalizes the
method of online regression employed in Sections 3 and 4.

Instead of directly performing estimation with respect to Hellinger distance, the simplest
way to develop conditional density estimation algorithms is to work with the logarithmic
loss. Given a tuple (7', r, 0"), define the logarithmic loss for a model M as

log (M) = 10g<1)>, (6.22)

mM(rt, ot |

where we define m" (-, - | 7) as the conditional density for (r,0) under M. We define regret
under the logarithmic loss as:

MeMm

T T
Regu = 3 log(M') — inf >4, (M). (6.23)
t=1 t=1

The following result shows that a bound on the log-loss regret immediately yields a bound
on the Hellinger estimation error.

Lemma 22: For any online estimation algorithm, whenever Assumption 8 holds, we

have .
E[Reg ] = E| > D (M*(x') | M'(x)) |, (6.24)
t=1
so that
E[Esty] < E[Reg|. (6.25)
Furthermore, for any § € (0,1), with probability at least 1 —§,
Esty < Regy + 2log(s™ ). (6.26)

This result is desirable because regret minimization with the logarithmic loss is a well-
studied problem in online learning. Efficient algorithms are known for model classes of
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interest [23, 72, 44, 39, 58, 61, 33, 54|, and this is complemented by theory which provides
minimax rates for generic model classes [67, 57, 20, 14]. One example we have already seen
(Section 1) is the averaged exponential weights method, which guarantees

Regy < log| M|

for finite classes M. Another example is that for linear models, where (i.e., m"(r,o0 | 7) =
(p(r,0,7),0) for a fixed feature map in ¢ € R?), algorithms with Regx, = O(dlog(T)) are
known [62, 67]. All of these algorithms satisfy M = co(M). We refer the reader to Chapter
9 of [21] for further examples and discussion.

While (6.25) is straightforward, (6.26) is rather remarkable, as the remainder term does
not scale with T'. Indeed, a naive attempt at applying concentration inequalities to control
the deviations of the random quantities Esty and Regy, would require boundedness of the
loss function, which is problematic because the logarithmic loss can be unbounded. The

proof exploits unique properties of the moment generating function for the log loss.

6.5 Decision-Estimation Coefficient: Lower Bound on Regret

Up to this point, we have been focused on developing algorithms that lead to upper bounds
on regret for specific model classes. We now turn our focus to lower bounds, and the
question of optimality: That is, for a given class of models M, what is the best regret that
can be achieved by any algorithm? We will show that in addition to upper bounds, the
Decision-Estimation Coefficient actually leads to lower bounds on the optimal regret.

Background: Minimax regret. What does it mean to say that an algorithm is optimal
for a model class M? There are many notions of optimality, but in this course we will focus
on minimax optimality, which is one of the most basic and well-studied notions.

For a model class M, we define the minimax regret vial4

MM, T) = inf sup EM P[Reg(T)], (6.27)
phyepT M*eM

where p' = p’(- | H'™") is the algorithm’s strategy for step ¢ (a function of the history H'™'),
and where we write regret as Reg(T) to make the dependence on T explicit. Intuitively,
minimax regret asks what is the best any algorithm can perform on a worst-case model
(in M) possibly chosen with the algorithm in mind. Another way to say this is: For any
algorithm, there exists a model in M for which E[Reg(T")] > M(M,T). We will say that
an algorithm is minimax optimal if it achieves (6.27) up to absolute constants that do not
depend on M or T.

6.5.1 The Constrained Decision-Estimation Coefficient

We now show how to lower bound the minimax regret for any model class M in terms of
the DEC for M. Instead of working with the quantity dec,(M) appearing in Proposition
26 directly, it will be more convenient to work with a related quantity called the constrained

4Here, for any algorithm p = p*,...,p7, E™"? denotes the expectation with respect to the observation
process (r*,0") ~ M*(r*) and any randomization used by the algorithm, when M™ is the true model.
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Decision-Estimation Coefficient, which we define for a parameter € > 0 as'®

—

dect (M) = inf - sup {Brop[f/(mar) = f/(m)] | Enep | DR (M (), M ()| < <7},

with

decS(M) := sup decS(M U{M},M).
M\ECO(M)

This is similar to the definition for the DEC we have been working with so far— which
we will call the offset DEC going forward—-except that it places a hard constraint on the
information gain as opposed to subtracting the information gain. Both quantities have
a similar interpretation, since subtracting the information gain implicitly biases the max
player towards model where the gain is small. Indeed, the offset DEC can be thought of as
a Lagrangian relaxation of the constrained DEC, and always upper bounds it via

o~

dect (M) = inf - sup (B[ (mr) = £/(r)] | Eny [ DR (M (), M(m) | < <7}

= nf - sup i {Eey [ (mar) = ()]~ (Bany [ DF (M (), M)

)
<inf nt - sup {Erp [ () = £ ()] = 7 (Benp | DR (M (), M (m)) | = <2) } v 0

: r 2
Alyrzlf('){decv(M,M) + e } V0.

For the opposite direction, it is straightforward to show that
dec, (M) S deci_l/2 (M).

This inequality is lossy, but cannot be improved in general. That is, there some classes
for which the constrained DEC is meaningfully smaller than the offset DEC. However, it is
possible to relate the two quantities if we restrict to a “localized” sub-class of models that
are not “too far” from the reference model M.

Proposition 27: Given a model M and parameter «, define the localized subclass
around M via

M (M) = {M €M fT(rg) > f(m) — a}. (6.28)
For all ¢ > 0 and v > ¢; - !, we have
deci(M) =c3- sup sup dec,y(/\/la(w)(]\/i),ﬁ), (6.29)

y2>c1e7t Meco(M)

where a(e,7) := ¢z - v2, and c1, 2, c3 > 0 are absolute constants.

For many “well-behaved” classes one can consider (e.g., multi-armed bandits and linear
bandits), one has dec, (M ) (M), M) ~ dec, (M, M) whenever dec, (M, M) ~ ve* (that

15We adopt the convention that the value of decS (M,M\ ) is zero is there exists p such that the set of
M € M with Ex~p [Da (M(7r)7 ]\//f(w))] < €% is empty.
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is, localization does not change the complexity), so that lower bounds in terms of the
constrained DEC immediately imply lower bounds in terms of the offset DEC. In general,
this is not the case, and it turns out that it is possible to obtain tighter upper bounds that
depend on the constrained DEC by using a refined version of the E2D algorithm. We refer
to Foster et al. [38] for details and further background on the constrained DEC.

6.5.2 Lower Bound

The main lower bound based on the constrained DEC is as follows.

Proposition 28 (DEC Lower Bound [38]): Let g1 := ¢ - ﬁ, where ¢ > 0 is a
sufficiently small numerical constant. For all T" such that the condition®

dec; (M) > 10er (6.30)
is satisfied, it holds that for any algorithm, there exists a model M € M for which

E[Reg(T)| 2 decg (M) - T. (6.31)

%The numerical constant here is not important.

Proposition 28 shows that for any algorithm and model class M, the optimal regret
must scale with the constrained DEC in the worst-case. As a concrete example, we will
show in the sequel that for the multi-armed bandit with A actions, decS(M) o e/ A, which
leads to

E[Reg] > VAT.

We mention in passing that by combining Proposition 28 with Proposition 27, we obtain
the following lower bound based on the (localized) offset DEC.

Corollary 1: Fix T' € N. Then for any algorithm, there exists a model M € M for
which

EReg(T)] 2 sup sup dec, (Mg (M), M), (6.32)
Y2VT Méeco(M)

where «(T,~y) := c¢- /T for an absolute constant ¢ > 0

The DEC is necessary and sufficient. To understand the significance of Proposition
28 more broadly, we state but do not prove the following upper bound on regret based on
the constrained DEC, which is based on a refined variant of E2D.

Proposition 29 (Upper bound for constrained DEC [38]): Let M be a finite
class, and set &7 := c-4/ M, where ¢ > 0 is a sufficiently large numerical constant.
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Under appropriate technical conditions, there exists an algorithm that achieves
E[Reg(T)] < dect, (M) - T (6.33)
with probability at least 1 — §.

This matches the lower boud in Proposition 28 upper to a difference in the radius: we have

e X \/; for the lower bound, and &r o 4/ w for the upper bound. This implies

that for any class where log| M| < oo, the constrained DEC is necessary and sufficient for
low regret. By the discussion in the prequel, a similar conclusion holds for the offset DEC
(albeit, with a polynomial loss in rate). The interpretation of the log|M| gap between
the upper and lower bounds is that the DEC is capturing the complexity of exploring the
decision space, but the statistical capacity required to estimate the underlying model is a
separate issue which is not captured.

6.5.3 Proof of Proposition 28

Before proving Proposition 28, let us give some background on a typical approach to proving
lower bounds on the minimax regret for a decision making problem.

Anatomy of a lower bound. How should one go about proving a lower bound on the
minimax regret in (6.27)7 We will follow a general recipe which can be found throughout
statistics, information theory, and decision making [28, 76, 71]. The approach will be to
find a pair of models M and M that satisfy the following properties:

1. Any algorithm with regret much smaller than the DEC must query substantially
different decisions in Il depending on whether the underlying model is M or M.
Intuitively, this means that any algorithm that achieves low regret must be able to
distinguish between the two models.

9. M and M are “close” in a statistical sense (typically via total variation distance or
another f-divergence), which implies via change-of-measure arguments that the deci-
sions played by any algorithm which interacts with the models only via observations
(in our case, (7', 7", 0")) will be similar for both models. In other words, the models
are difficult to distinguish.

One then concludes that the algorithm must have large regret on either M or M.

To make this approach concrete, classical results in statistical estimation and supervised
learning choose the models M and M in a way that is oblivious to the algorithm under
consideration [28, 76, 71]. However, due to the interactive nature of the decision making
problem, the lower bound proof we present now will choose the models in an adaptive
fashion.

Simplifications. Rather than proving the full result in Proposition 28, we will make the
following simplifying assumptions:

e There exists a constant C' such that
Dy (M () || M'(m)) < C - Di(M(m), M'(m)) (6.34)
for all M, M' € M and 7 € II.
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Pm Pyr

Figure 9: Models M and M with corresponding mean rewards and average action distri-
butions. The overlap between the action distributions is at least 0.9, while near-optimal
choices for one model incur large regret for the other.

e Rather than proving a lower bound that scales with decS(M) = SUD 7 c.co(M) deci (MU
{]\/Z}, ]\//.7), we will prove a weaker lower bound that scales with supg;_,,decg(M, M\)

We refer to Foster et al. [38] for a full proof that removes these restrictions.

Preliminaries. We use the following technical lemma for the proof of Proposition 28.

Lemma 23 (Chain Rule for KL Divergence): Let (X1,.%1),..., (X, %) be a
sequence of measurable spaces, and let X* = Hi:t X and ' = ®i:1 Z;. For each
i, let P*(- | -) and Q'(- | -) be probability kernels from (X*~',.#"') to (&X;,.%#;). Let P
and Q be the laws of Xl,...,Xn under )(Z ~ IP”( ’ Xl:i—l) and Xz ~ @Z( ’ Xl:i—l)
respectively. Then it holds that

D1 (P[|Q) = Ep| Y D (P'(- | X1:-1) [ Q'(- | X1im1)) |- (6.35)
=1

Proof of Proposition 28. Fix T € N and consider any fixed algorithm, which we recall is
defined by a sequence of mappings p',...,p", where p' = p’(- | H*"'). Let P denote the
distribution over H” for this algorithm when M is the true model, and let EM denote the
corresponding expectation.

Viewed as a function of the history H'™', each p' is a random variable, and we can
consider its expected value under the model M. To this end, for any model M € M, let

1 T
727
t=1

be the algorithm’s average action distribution when M is the true model. Our aim is to
show that we can find a model in M for which the algorithm’s regret is at least as large as
the lower bound in (6.32).

puy = EM e A(II)
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__Let T € N, and fix a value ¢ > 0 to be chosen momentarily. Fix an arbitrary model
M € M and set

M = argmas{ Brop o [ () = £ (1)) | Enep | DR (M), M(m) | < 2}, (6.36)

The model M should be thought of as a “worst-case alternative” g to M , but only for the
specific algorithm under consideration. We will show that the algorithm needs to have large
regret on either M or M. To this end, we establish some basic properties; let us abbreviate

gM(m) = fM(mu) — fM(m) going forward:

e For all models M, we have

%EM [Reg(T)] = Erxnpy, [g™ (7)]. (6.37)

So, to prove the desired lower bound, we need to show that either Er.;,, [¢" ()] or
Ernpy [g" (m)] is large.

e By the definition of the constrained DEC, we have
Eﬂwﬁ[g ()] > decS(M, M) tA, (6.38)

since by (6.36), the model M is the best response to a potentially suboptimal choice
psr- This is almost what we want, but there is a mismatch in models, since g"
considers the model M while py; considers the model M.

e Using the chain rule for KL divergence, we have

ZEﬂthtDKL( () || M (x ))]

ZE,,tht D2 (M(ﬁ), M(wt))
t=1

Drw (W [ ]P’M> EM

<C-EM

To see why the first equality holds, we apply the chain rule to the sequence ', 2%, ..., 77, 27
with z* = (7', 0"). Let us use the bold notation z’ to refer to a random variable under
consideration, and let z* refer to its realization. Then we have

DKL<W [ IP’M>

= EM

T
> Dra (B (2 [ BY(a 7)) + D (B wwmt—l))]

ZDKL( Ol M >)]

since conditionally on H' ', the law of ' does not depend on the model.
1

]E]M

We can now choose ¢ = ¢ - where ¢; > 0 is a sufficiently small numerical

VCOT’
constant, to ensure that
D2, (W,PM) < DKL(W I IPM) < 1/100. (6.39)

In other words, with constant probability, the algorithm can fail to distinguish M and
M.
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Finally, we will make use of the fact that since rewards are in [0, 1], we have

Ermpg, | (%) = F7(7)] < By [ Drv (M (), M(m))] < \/IEWNPM (D3 (M(m), M (m)] <<

(6.40)

Step 1. Define G, = {m € I | ¢™(7) < A/10}. Observe that
Brpurl9" (1) 2 T pu(n € Gu) > 52 -l € Go) = Drvipupsr))  (641)
> S (pslr ¢ Gu) — 1/10), (6.42)

since Drv(pas, piz) < D1v (IP’M,IP’M ) < 1/10 by the data-processing inequality and (6.39).
Going forward, let us assume that

Erp- 9" (7)] < A/10, (6.43)

or else we are done, by (6.37). Our aim is to show that under this assumption, pg (7 ¢
Gyr) > 1/2, which will imply that E;p,, [¢"(7)] 2 A via (6.42).

Step 2. By adding the inequalities (6.43) and (6.38), we have that
() = £ (75) 2 B [97(7) = 97(7)] = B [114(7) = £ ()|
9 _
> 158 =By || (m) = £ ()]
In addition, by (6.40), we have Er,_ [ /() — fﬁ(ﬂ')‘] < g, so that

FY () = () > %A —c. (6.44)

Hence, as long as ¢ < %OA, which is implied by (6.30), we have

4
M () — M (rg) > 5A (6.45)
Step 3. Observe that if 7 € G, then
_ _ — 7
|5 () = SR 2 1Y () = F2() = AJ10]4 2 [F7 () = f¥ () = A/1014 2 54,

where we have used (6.45). As a result, using (6.40),

7
£ Enopy [IF7(0) ~ F7(0)L] 2 A pa( € ).
Hence, since € < A/10 by (6.30), we have

A 7

0 — 10

or pyi(m € Gy) < 1/7. Combining this with (6.42) gives
s A
10

—A- pM(ﬂ' € GM)

(1-1/7-1/10) >

5[

%EM [Reg(T)] = Erpy, [g" (7)] >
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Finishing up. Note that since the choice of M € M for this lower bound was arbitrary,

o~

we are free to choose M to maximize decS (M, M). O

6.5.4 Examples of the Lower Bound

We now instantiate the lower bound in Proposition 28 for concrete model classes of interest.
We begin by revisiting the examples at the beginning of the section.

Example 6.4 (cont’d). Let us lower bound the constrained DEC for the Gaussian ban-
dit problem from Example 6.4. Set M(w) = N(1/2,1), and let {My,...,Ma} € M be
a sub-family of models with M;(r) = N(f"i(r),1), where fi(r) := L 4+ Al{r =1}
for a parameter A whose value will be chosen in a moment. Observe that for all i,
Erwp | DR (Mi(m), M(m)) | < 3A%(1) by (612), and Brap[f*(mas) = f4(7)] = (1 -
p(i))A, so we can lower bound

T~ 38, o (B m) £ B 3 10, <)

A2
> inf 1—p@i))A N < g2
> it e (1A [50) 5 <22

For any p, there exists ¢ such that p(i) < 1/A. If we choose A = ¢ -+/2A, this choice for i
will satisfy the constraint p(i)AT2 < ¢2, and we will be left with

decg(M,]\//f) > (1—-p(i)A >e\/A/2,

since 1 — p(7) > 1/2.
Plugging this lower bound on the constrained Decision-Estimation Coefficient into Propo-
sition 28 yields

E[Reg] > Q(VAT).
N

Generalizing the argument above, we can prove a lower bound on the Decision-Estimation
Coefficient for any model class M that “embeds” the multi-armed bandit problem in a cer-
tain sense.

Proposition 30: Let a reference model M be given, and suppose that a class M con-
tains a sub-class {Mi, ..., My} and collection of decisions 7y, ..., 7 with the property
that for all 4:

1. D} <Mi(ﬂ'), M(ﬂ')) < B2 -1{n =m}.

2. fMi(my,) — fMi(m) > a-T{r # m}.

Then .
decS(M, M) > a - I {5 > 5/\/N} .

The examples that follow can be obtained by applying this result with an appropriate
sub-family.
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Example 6.5 (cont’d). Recall the bandit-type problem with structured noise from Exam-

ple 6.5, where we have M = {My, ..., M}, with M;(7) = N(1/2,1)I{m # i}+Ber(3/4)I{r = i}.

If we set M (7) = N(1/2,1), then this family satisfies the conditions of Proposition 30 with

a =1/4 and 3% = 2. As a result, we have dec¢(Mmap-sn) > I {5 > \/Q/A}, which yields
E[Reg] 2 O(4)

if we apply Proposition 28.
<

Example 6.6 (cont’d). Consider the full-information variant of the bandit setting in
Example 6.6. By adapting the argument in Example 6.4, one can show that

dect(M) 2 <,
which leads to a lower bound of the form

E[Reg] > VT.

Next, we revisit some of the structured bandit classes considered in Section 4.

Example 6.7. Consider the linear bandit setting in Section 4.3.2, with F = {7 — (0, ¢(7)) | § € O},
where © C B$(1) is a parameter set and ¢ : IT — R? is a fixed feature map that is known to

the learner. Let M be the set of all reward distributions with f* € F and 1-sub-Gaussian

noise. Then

dec(M) > eV,

which gives
E[Reg| 2 VdT.

<

Example 6.8. Consider the Lipschitz bandit setting in Section 4.3.3, where II is a metric
space with metric p, and

F={f:11—[0,1] | f is 1-Lipschitz w.r.t p}.

Let M be the set of all reward distributions with f* € F and 1-sub-Gaussian noise. Let
d > 0 be such that the covering number for II satisfies

N,(I,e) > 4.

Then ,
deci(M) Z ed+2,

which leads to E[Reg] > T, q

See Foster et al. [35, 38] for further details.
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6.6 Decision-Estimation Coefficient and E2D: Application to Tabular RL

In this section, we use the Decision-Estimation Coefficient and E2D meta-algorithm to
provide regret bounds for the tabular reinforcement learning. This will be the most complex
example we consider in this section, and showcases the full power of DEC for general
decision making. In particular, the example will show how the DEC can take advantage
of the observations o', in the form of trajectories. This will provide an alternative to the
optimistic algorithm (UCB-VI) we introduced in Section 5, and we will build on this approach
to give guarantees for reinforcement learning with function approximation in Section 7.

Tabular reinforcement learning. When we view tabular reinforcement learning as a
special case of the general decision making framework, M is the collection of all non-
stationary MDPs M = {S,A, {P,f/’}thl, {R;‘L/’}hH:l,dl} (cf. Section 5), with state space
S = [S5], action space A = [A], and horizon H. The decision space II = Ilgng is the
collection of all randomized, non-stationary Markov policies (cf. Example 6.3). We assume
that rewards are normalized such that ZhH:1 rn, € [0,1] almost surely (so that R = [0, 1]).
Recall that for each M € M, {PM} and {RM}L | denote the associated transition
kernels and reward distributions, and d; is the initial state distribution.

Occupancy measures. The results we present make use of the notion of occupancy
measures for an MDP M. Let P*7(-) denote the law of a trajectory evolving under MDP
M and policy w. We define state occupancy measures via

d;\f’ﬂ(S) — PIM,W(Sh — S)
and state-action occupancy measures via
th’W(s, a) =P"" (s, = s,ap = a).

Note that we have d}"™(s) = dy(s) for all M and 7.

Bounding the DEC for tabular RL. Recall, that to certify a bound on the DEC, we
need to—given any parameter v > 0 and estimator M, exhibit a distribution (or, “strategy”)
p such that

—~

Sup By [ £ (mar) — () = - Df (M (x), M(m) )| < dec (M, 31)
eM

for some upper bound dec, (M, M ). For tabular RL, we will choose p using an algorithm
called Policy Cover Inverse Gap Weighting, which is displayed in Algorithm 2. As the
name suggests, the approach combines the inverse gap weighting technique introduced in
the multi-armed bandit setting with the notion of a policy cover—that is, a collection of
policies that ensures good coverage on every state [29, 55, 41].

Algorithm 2 consists of two steps. First, in (6.46), we compute the collection of policies
U = {Wh,s,a}he[H],SE[SLQE[A} that constitutes the policy cover. The basic idea here is that
each policies in the policy cover should balance (i) regret and (ii) coverage—that is—ensure
that all the states are sufficiently reached, which means we are exploring. We accomplish
this by using policies of the form

dy" (s, a)
Th,s,a ‘= arg max — —
nellpns 2HSA + n(fM(ms) — fM(m))
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Algorithm 2 Policy Cover Inverse Gap Weighting (PC-IGW)
1: parameters:

Estimated model ]\7 .

Exploration parameter n > 0.

2: Define inverse gap weighted policy cover ¥ = {Wh,s,a}he[H},se[S],ae[A] via

47 (s a) (6.46)
Th,s,q = arg max — — . .
nellpns 2HSA +n(fM(m5) — fH(7))
3: For each policy m € U U {ms;}, define
1
p(r) (6.47)

T A+ (f () — ()

where A € [1,2HSA] is chosen such that ) _p(7) = 1.

4: return p.

which—for each (s,a,h) tuple—maximize the ratio of the occupancy measure for (s,a)
at layer h to the regret gap under M. This inverse gap weighted policy cover balances
exploration and exploration by trading off coverage with suboptimality. With the policy
cover in hand, the second step of Algorithm 2 computes the exploratory distribution p by
simply applying inverse gap weighting to the elements of the cover and the greedy policy
T

The bound on the Decision-Estimation Coefficient for the PC-IGW algorithm is as fol-
lows.

Proposition 31: Consider the tabular reinforcement learning setting with 25:1 Ty €

R :=[0,1]. For any v > 0 and M e M, the PC-IGW strategy in Algorithm 2, with
10 = 51z, ensures that

—~ 394
Sup B[ () — 1 (r) — - DR (M (), M (m)] 5 24,
MeM Y

and consequently certifies that decy (M, M ) S @.

We remark that it is also possible to prove this bound non-constructively, by moving to
the Bayesian DEC and adapting the posterior sampling approach described in Section 4.4.2.

Remark 18 (Computational efficiency): The PC-IGW strategy can be implemented
in a computationally efficient fashion. Briefly, the idea is to solve (6.46) by taking a
dual approach and optimizing over occupancy measures rather than policies. With
this parameterization, (6.46) becomes a linear-fractional program, which can then be
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transformed into a standard linear program using classical techniques.

How to estimate the model. The bound on the DEC we proved using the PC-IGW
algorithm assumes that M € M, but in general, estimators from online learning algorithm
such as exponential weights will produce Mt € co(M). While it is possible to show that
the same bound on the DEC holds for M € co(M), a slightly more complex version of the
algorithm is required to certify such a bound. To run the PC-IGW algorithm as-is, we can
use a simple approach to obtain a proper estimator M e M.

Assume for simplicity that rewards are known, i.e. R}/(s,a) = Rp(s,a) for all M € M.
Instead of directly working with an estimator for the entire model M, we work with layer-
wise estimators Alggg 1, - - -, Alggg. - At each round ¢, given the history {(7*,7, o},

the layer-h estimator Alggg.;, produces an estimate ﬁﬁ for the true transition kernel PM".
We measure performance of the estimator via layer-wise Hellinger error:

T
EStH;h = Z Ewtwpt ]EM*th |:Da (P}iw* (8h7 ah)v Aitz(shv CLh))] . (648)
t=1

We obtain an estimation algorithm for the full model M* by taking M as the MDP that
has Pj as the transition kernel for each layer h. This algorithm has the following guaran-
tee.

Proposition 32: The estimator described above has
H
Esty < O(log(H)) - ZEstH;h.
h=1

In addition, Mt e M.

For each layer, we can obtain Estp,, < 5(52A) using the averaged exponential weights
algorithm, by applying the approach described in Section 6.4.1 to each layer. That is, for

each layer, we obtain P} by running averaged exponential weights with the loss ] , (Pp) =

—log(Pr(sh+1 | sh,ap)). We obtain Esty.;, < O(S%A) with this approach because there are
52 A parameters for the transition distribution at each layer.

A lower bound on the DEC. We state, but do not prove a complementary lower bound
on the DEC for tabular RL.

Proposition 33: Let M be the class of tabular MDPs with S > 2 states, A > 2
actions, and Zthl rp, € R:=10,1]. If H > 2logy(S/2), then

deci(M) 2 eVHSA.

Using Proposition 28, this gives E[Reg| 2 vV HSAT.
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6.6.1 Proof of Proposition 31

Toward proving Proposition 31, we provide some general-purpose technical lemmas which
will find further use in Section 7 . First, we provide a simulation lemma, which allow
us to decompose the difference in value functions for two MDPs into errors between their
per-layer reward functions and transition probabilities.

Lemma 24 (Simulation lemma): For any pair of MDPs M = (P, R) and M =
(P™, R™) with the same initial state distribution and 35 7, € [0,1], we have

£(m) = £7(m)| < Drv (M(x), M) (6.49)

< Dy (M(ﬂ‘), J\?(w)) <Xt iip (M(ﬂ), M\(w)) V>0, (6.50)

and

f () = f ()

H H
- Z E*T H(P}ILW B P,y)thi’ﬂ (51, ah)} * Z BT [EThNRﬁI(Sh,ah) [ra] — ErhNRi?(Sh,ah) [rh]}
h=1 h=1

(6.51)

H
<Y BT [DTV (P,Q/f(sh,ah),P,? (Sh,ah)> + D1y (R,Af (sh,ah),R,I?(sh,ah)ﬂ. (6.52)
h=1

Next, we provide a “change-of-measure” lemma, which allows one to move from between
quantities involving an estimator M and those involving another model M.

Lemma 25 (Change of measure for RL): Consider any MDP M and reference
MDP M which satisfy Zthl rp, € [0,1]. For all p € A(II) and n > 0 we have

Epr [fM (7TM) - fM(W)}
< B £ (mas) — 17 ()] + 0B [ DR (M (), 3 (m)) | + 4177 (6.53)
and

H
Erp BT [Z Diy (PM(Sha ar), PY(sp, ah)) + D3y (RM(Sha ar), R (s, ah))]
h=1

<SHE,., [Da (M(ﬂ), M(ﬂ))] (6.54)

Proof of Proposition 31. Let M € M be fixed. The main effort in the proof will be to
bound the quantity

Enmp | (72r) = £7 ()
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in terms of the quantity on the right-hand side of (6.54), then apply change of measure
(Lemma 25). We begin with the decomposition

Ermp | £ (mar) = £7(T)] = By | £ () = £7(m)| 4 () = (). (6:55)

(‘I’) (I1)

For the first term (I), which may be thought of as exploration bias, we have

[mg) — f(r) _ 2HSA
D S FCe ey R

By |7 (m37) = £7 ()] = (6.56)

Te€VU{m;}

where we have used that A > 0. We next bound the second term (II), which entails showing
that the PC-IGW distribution explores enough. We have

P (mar) = () = Y (o) = F () = (F7 () = £ () (6.57)
We use the simulation lemma to bound
H

FH () = () < Y EMTM [DTV (P,;”(Sh,ah% Phﬁ(sh,ah)) + D1v (Rf(sh,ah% Ry (s, ah))}

h=1

H —

— Z Z dZ“rM (s,a)erry (s, a),
h=1 s,a

where err)! (s, a) := Dyv(PY(s, a), PM (s, a)) + Drv(RY (s, a), Rﬁ(s,a)). Define dy(s,a) =
Er~p|d, " (s,a)]. Then, using the AM-GM inequality, we have that for any 1’ > 0,

d dﬁ,wM M _ dM 7rM Jh( ) 2 M 2
ZZ n M(s,a)lerry (s,a)] = ZZ (Jh( )> (erry' (s, a))

h=1 s,a h=1 s,a
dM (s,a) n 1
< £ d 2
S 9p PR L +2zzhsaerrh<sa>>
h=1 s,a h=1 s,a
]Mﬂ']\[ 77/ H
_ 2
= ZZ Iis.a) —|— §ZEﬂ~p errh "(sp,ap)) ]
h=1 s,a h=1

The second term is exactly the upper bound we want, so it remains to bound the ratio of
occupancy measures in the first term. Observe that for each (h, s, a), we have

dM™ s,a AT s,a 1 dMm s,a = =
h7 ( ) < f?ﬂ ( ) . < AA;LTF ( ) (ZHSA + TI(fM(TFﬁ) _ fM(ﬂ-h,s,a))p
dh(S, a) dh sTh,s,a (S, a) p(ﬂ-h,s,a) dh sTTh,s,a (S, a)

where the second inequality follows from the definition of p and the fact that A\ < 2HSA.
Furthermore, since

A (s, a
Th.s,a = argmax b (5:0)

rellpys 2HSA +n(f¥(m5) — f¥(7))’
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and since m,; € I[Irng, we can upper bound by

df’”M (s,a)

dil?JFM(

<2HSA Fn(f(ng) — f7 (WM)) — 2HSA+5(f (rg) — f(m).  (6.58)

s, a)
As a result, we have

]M 7'1'1\4

ZZ TG0 ZZdM ™ (s, a)(2HSA +1(f () — ¥ (7))

h=1 s,a h=1 s,a
= 2H2S A+ nH (f"(m57) = ¥ (mar)-
Putting everything together and returning to (6.57), this establishes that
f () — fﬂ(ﬁﬁ)
H2SA !
<

H
>~ 4 ZEWNpE”Af’Werr#(swh))]+ZH(fM<wM> FH ) = (P () = 7 (mar).
n el n

o |3

We set ' = % so that the latter terms cancel and we are left with

H
= 2HSA H =
[ () = M rg) £ —— + L E Ernp BT [(errﬁ’(smah))ﬂ.
N 4 h=1

Combining this with (6.55) and (6.56) gives

Ermp | £ (7ar) - f%)}

4HSA H
< p 42 ZEWNP IEM”[(errh (sh,an)) ]
< 4HHSA + % Z Ernp EM.T [D-Qrv (PM(sh, ap), Pﬁ(sh, ah)) + D3, (RM(sh, ap), Rﬁ(sh, ah)ﬂ )
h=1

We conclude by applying the change-of-measure lemma (Lemma 25), which implies that for
/
any n' > 0,

Bl (mar) — f4 ()] < 254

+ (@A) + (AHn + 1)) - Egp [Da (M(w), M(w)ﬂ .

The result follows by choosing n = 7' = 575z (we have made no effort to optimize the
constants here). O

6.7 Tighter Regret Bounds for the Decision-Estimation Coefficient

To close this section, we provide a number of refined regret bounds based on the Decision-
Estimation Coefficient, which improve upon Proposition 26 in various situations.
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Algorithm 3 E2D for General Divergences and Randomized Estimators

1: parameters: Exploration parameter v > 0, divergence D(- || -).

2: fort=1,2,---,7T do

3: Obtain randomized estimate v* € A(M) from estimation oracle with {(7*,7%,0°)},_,.
Compute //Eq. (6.61).

=

p' =argmin sup Ero,|fY(my) — fY(7) =7 - Egp {DW (]/\4\ [ M)H
PEA() MeM

5: Sample decision 7' ~ p' and update estimation algorithm with (7, 7", o").

6.7.1 Guarantees Based on Decision Space Complexity

In general, low estimation complexity (i.e., a small bound on Esty or log| M|) is not required
to achieve low regret for decision making. This is because our end goal is to make good
decisions, so we can give up on accurately estimating the model in regions of the decision
space that do not help to distinguish the relative quality of decisions. The following result
provides a tighter bound that scales only with log|II|, at the cost of depending on the DEC
for a larger model class: co(M) rather than M.

Proposition 34: There exists an algorithm that for any 6 > 0, ensures that with
probability at least 1 — ¢,

Reg < 7ir;%{decv(co(./\/l)) T+~ -log(|II|/0)}. (6.59)

Compared to (6.20), this replaces the estimation term log| M| with the smaller quantity
log|TI], replaces dec, (M) with the potentially larger quantity dec,(co(M)). Whether or
not this leads to an improvement depends on the class M. For multi-armed bandits, linear
bandits, and convex bandits, M is already convex, so this offers strict improvement. For
MDPs though, M is not convex: Even for the simple tabular MDP setting where |S| = S
and |A| = A, grows exponentially dec,(co(M)) in either H or S, whereas dec,(M) is
polynomial in all parameters.

We mention in passing that this result is proven using a different algorithm from E2D;
see Foster et al. [35, 37] for more background.

6.7.2 General Divergences and Randomized Estimators
In this section we give a generalization of the E2D algorithm that incorporates two extra

features: general divergences and randomized estimators.

General divergences. The Decision-Estimation Coefficient measures estimation error
via the Hellinger distance D (M (), M (m)), which is fundamental in the sense that it
leads to lower bounds on the optimal regret (Proposition 28). Nonetheless, for specific
applications and model classes, it can be useful to work with alternative distance measures
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and divergences. For a non-negative function (“divergence”) D™ (- || -), we define

dec?(M, M) = inf Errp | [ (m0) — ¥ () — - D" (M || M) |. .
el (M M) = inf  sup p[f (mar) = () = - D7 (M | )] (6.60)

This variant of the DEC naturally leads to regret bounds in terms of estimation error under
D™(- || -). Note that we use notation D™ (M I M) instead of say, D (M (w), M(m)), to reflect

that fact that the divergence may depend on M (resp. M ) and 7 through properties other
than M (7) (resp. M(m)).

Randomized estimators. The basic version o/f\ E2D assumes that at each round, the
online estimation oracle provides a point estimate M*. In some settings, it useful to consider
randomized estimators that, at each round, produce a distribution v* € A(M) over models.
For this setting, we further generalize the DEC by defining

T.-D . M M o TR (A5
dec; (M,V)—pelgfn)]\/sllelleEwNp () — () — IEMNV[D <M I M)H (6.61)

for distributions v € A(M). We additionally define @,’YD(M) = SUPyeA (M) E?(M, V).

Algorithm. A generalization of E2D that incorporates general divergences and random-
ized estimators is given in Algorithm 3. The algorithm is identical to E2D with OPTION
I, with the only differences being that i) we play the distribution that solves the minimax
problem (6.61) with the user-specified divergence D™ (- || -) rather than squared Hellinger
distance, and ii) we use the randomized estimate v* rather than a point estimate. Our per-
formance guarantee for this algorithm depends on the estimation performance of the oracle’s
randomized estimates v',...,v" € A(M) with respect to the given divergence D™ (- || ),
which we define as

T

Estp = 3 Epp Egp . [D“t <J\/4\ I M*)}. (6.62)
t=1

We have the following guarantee.

Proposition 35: Algorithm 3 with exploration parameter v > 0 guarantees that
Reg < dec”’(M) T+~ Estp (6.63)

almost surely.

Sufficient statistics and benefits of general divergences. Many divergences of in-
terest have the useful property that they depend on the estimated model M only through
a “sufficient statistic” for the model class under consideration. Formally, there exists a
sufficient statistic space ¥ and sufficient statistic ¥ : M — W with the property that we
can write (overloading notation)

D™(M | M') = D™(p(M) | M'), () = f*M(x), and = mypan)
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for all models M, M’. In this case, it suffices for the online estimation oracle to directly
estimate the sufficient statistic by producing a randomized estimator v* € A(¥), and we
can write the estimation error as

Estp = ZT:EWtht B [D”t (&t [ M*)]. (6.64)
t=1

The benefit of this perspective is that for many examples of interest, since the divergence
depends on the estimate only through 1, we can derive bounds on Est that scale with
log|¥| instead of log| M|.

For example, in structured bandit problems, one can work with the divergence

Dsq(M(m), M(m)) := (f*(x) — £7(m))?

which uses the mean reward function as a sufficient statistic, i.e. (M) = f. Here, it is
clear that one can achieve Estp < log|F|, which improves upon the rate Esty < log|M]| for
Hellinger distance, and recovers the specialized version of the E2D algorithm we considered
in Section 4. Analogously, for reinforcement learning, one can consider value functions as a
sufficient statistic, and use an appropriate divergence based on Bellman residuals to derive
estimation guarantees that scale with the complexity log|Q| of a given value function class
Q; see Section 7 for details.

Does randomized estimation help? Note that whenever D is convex in the first argu-
ment, we have dec?”(M) < SUD 7 co(M) dec?(./\/l, M) = decf?(./\/l) (that is, the randomized
DEC is never larger than the vanilla DEC), but it is not immediately apparent whether the
opposite direction of this inequality holds, and one might hope that working with the ran-
domized DEC in (6.61) would lead to improvements over the non-randomized counterpart.
The next result shows that this is not the case: Under mild assumptions on the divergence
D, randomization offers no improvement.

Proposition 36: Let D be any bounded divergence with the property that for all
models M, M', M and 7 € II,

D™ (M || M) < C(D” (J\? [ M) + D" (1\7 I M/)). (6.65)
Then for all v > 0,

sup dec? (M, M) < dec) 5 (M), (6.66)
M

Squared Hellinger distance is symmetric and satisfies Condition (6.65) with C' = 2. Hence,
writing decﬂ (M) as shorthand for dec”(M) with D = D}(:,-), we obtain the following
corollary.
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Proposition 37: Suppose that R C [0, 1]. Then for all v > 0,

dect(M) < sup dect(M, IT) < supdect! (M, M) < dect), (M).
Meéeco(M) M

This shows that for Hellinger distance—at least from a statistical perspective—there is no
benefit to using the randomized DEC compared to the original version. In some cases,
however, strategies p that minimize decs (M, v) can be simpler to compute than strategies

that minimize dec? (M, ]\7) for M € co(M).

6.7.3 Optimistic Estimation

To derive stronger regret bounds that allow for estimation with general divergences, we
can combine Estimation-to-Decisions with a specialized estimation approach introduced by
Zhang [77] (see also Dann et al. [25], Agarwal and Zhang [3]|, Zhong et al. [78]), which we
refer to as optimistic estimation. The results we present are based on Foster et al. [36].

Let a divergence D™ (- || -) be fixed. An optimistic estimation oracle Algg, is an al-
gorithm which, at each step ¢, given H'™' = (7',r',0"),..., (7", r""', 0'""), produces a
randomized estimator v* € A(M). Compared to the previous section, the only change is
that for a parameter v > 0, we will measure the performance of the oracle via optimistic
estimation error, defined as

T
OptEst? == S B B [D” (]\AW I M*) F A M () = FT ()] (6.67)
t=1

This quantity is similar to (6.62), but incorporates a bonus term

Y M () — i (m57t))s

which encourages the estimation algorithm to over-estimate the optimal value f" ()
for the underlying model, leading to a form of optimism.

Example 6.9 (Structured bandits). Consider any structured bandit problem with decision
space II, function class F C (I — [0,1]), and O = {@}. Let Mz be the class

Mz ={M | fM™ e F,M(r) is 1-sub-Gaussian Vr}.

To derive bounds on the optimistic estimation error, we can appeal to an augmented version
of the (randomized) exponential weights algorithm which, for a learning rate parameter

n > 0, sets
V'(fM) o exp (—77 (Z(fM(W") —r')? v_lfM(TrM)> ) :

i<t
For an appropriate choice of 7, this method achieves E[OptEsth)] < log|F| 4+ /T log|F| /v
for D = Dgq(+,-) [77]. <

Optimistic E2D. Algorithm 4 provides an optimistic variant of E2D, which we refer
to as E2D.Opt. At each timestep ¢, the algorithm calls the estimation oracle to obtain
a randomized estimator v* using the data (7',r', 0'),..., (7', 77!, 0"7") collected so far.
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Algorithm 4 Optimistic E2D (E2D.Opt)
1. parameters: Exploration parameter v > 0, divergence D(- || -).

2: fort=1,2,---,7T do

3: Obtain randomized estimate v* € A(M) from optimistic estimation oracle with
{(m', 7", 0) iy
4: Compute //Eq. (6.68).

p' =argmin sup E. , B () — () — - D”(]\/i [ M)}
pEA(IT) MeM

5: Sample decision 7' ~ p* and update estimation algorithm with (7, 7", o").

The algorithm then uses the estimator to compute a distribution p* € A(II) and samples
' from this distribution. The main change relative to the version of E2D in Algorithm 3
is that the minimax problem in Algorithm 4 is derived from an “optimistic” variant of the
DEC tailored to the optimistic estimation error in (6.67). This quantity, which we refer to
as the Optimistic Decision-Estimation Coefficient, is defined for v € A(M) as

D _ 3 - M(__\ __ ¢M . (AT
o-dec; (M’V)_pelil(fn)ﬁé%E”NpEMW[f (m3z) — [ (m) —~-D (M I M)} (6.68)

and

o—decf/)(/\/l) = VesAu(;/)\/t) o—dec?(/\/l, v). (6.69)
The Optimistic DEC the same as the generalized DEC in (6.61), except that the optimal
value fM(m,,) in (6.61) is replaced by the optimal value f¥(m5) for the (randomized)
reference model M ~ v. This seemingly small change is the main advantage of incorporating
optimistic estimation, and makes it possible to bound the Optimistic DEC for certain
divergences D for which the value of the generalized DEC in (6.61) would otherwise be
unbounded.

Remark 19: When the divergence D admits a sufficient statistic ¥ : M — W, for any
distribution v € A(M), if we define v € A(V¥) via v(¢) = v({M € M : (M) = ¢}),

we have

~-dec?(M,v) = inf Erp By | F¥ — fM(x) —~-D™(¢ || M)]|.
o-decl(M.v) = inf - sup Enp By [ £ (my) = /¥ (m) =7 (v || M)]

In this case, by overloading notation slightly, we may simplify the definition in (6.69)
to

o—decfy)(/\/l) = sup o—decé)(/\/l7 v).
veA(T)

Regret bound for optimistic E2D. The following result shows that the regret of Op-
timistic Estimation-to-Decisions is controlled by the Optimistic DEC and the optimistic
estimation error for the oracle.
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Proposition 38: Algorithm 4 ensures that
Reg < o—dec?(./\/l) AR OptEst$ (6.70)

almost surely.

This regret bound has the same structure as that of Proposition 35, but the DEC and
estimation error are replaced by their optimistic counterparts.

When does optimistic estimation help?. When does the regret bound in Proposition
38 improve upon its non-optimistic counterpart in Proposition 357 It turns out that for
asymmetric divergences such as those found in the context of reinforcement learning, the
regret bound in (6.70) can be much smaller than the corresponding bound in (6.63); see
Section 7.3.5 for an example. However, for symmetric divergences such as Hellinger distance,
we will show now that the result never improves upon Proposition 35.

Given a divergence D, we define the flipped divergence, which swaps the first and second
arguments, by

DT (J\? I M) = D" (M I M)

Proposition 39 (Equivalence of optimistic DEC and randomized DEC): As-
sume that For all pairs of models M, M € co(M), we have (f¥(r) — f¥(n))? <

L2 .D~ (]\/Z I M) for a constant Ljj, > 0. Then for all v > 0,

lip
N N -
decs, /o(M) — o < o-dec, (M) < dec, /5(M) + 2y (6.71)

This result shows that the optimistic DEC with divergence D is equivalent to the generalized
DEC in (6.61), but with the arguments to the divergence flipped. Thus, for symmetric
divergences, the quantities are equivalent. In particular, we can combine Proposition 39
with Proposition 36 to derive the following corollary for Hellinger distance.

Proposition 40: Suppose that rewards are bounded in [0, 1]. Then for all v > 0,

1 — 3
o-dech! (M) — S < supdect (M, M) < o—decﬂ/ﬁ(/\/l) + —.

M Y

For asymmetric divergences, in settings where there exists an estimation oracle for which
the flipped estimation error

T
Bst” = 3" B Egpe, |[D™ (M7 || 31)]
t=1

is controlled, Proposition 39 shows that to match the guarantee in Proposition 38, optimism
is not required, and it suffices to run the non-optimistic algorithm in Algorithm 3. However,
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we show in Section 7.3.5 that for certain divergences found in the context of reinforcement
learning, estimation with respect to the flipped divergence is not feasible, yet working with
the optimistic DEC E2D.Opt leads to meaningful guarantees.

[Note: This subsection will be expanded in the next version.]

6.8 Decision-Estimation Coefficient: Structural Properties*

In what follows, we state some structural properties of the Decision-Estimation Coefficient,
which are useful for calculating the value for specific model classes of interest.

Proposition 41 (Square loss is sufficient for structured bandit problems):
Consider any structured bandit problem with decision space II, function class F C
(IT — [0,1]), and O = {@}. Let Mz be the class

Mz ={M| f™ e F,M(r) is 1-sub-Gaussian V7 }.

Then, letting

dec'(F.J) = It sup Boy [ fln) = () =94 (r) = F(m)2):

we have

decglqw(]:) < decy(MF) < deciqw(}"),

where c¢1, co > 0 are numerical constants.

Proposition 42 (Filtering irrelevant information): Adding observations that are
unrelated to the model under consideration never changes the value of the Decision-
Estimation Coefficient. In more detail, consider a model class M with observation space
01, and consider a class of conditional distributions D over a secondary observation
space O, where each D € D has the form D(7) € A(O3). For M € M and D € D, let
(M ® D)(m) be the model that, given m € II, samples (r,01) ~ M(w) and o2 ~ D(7),
then emits (7, (01,02)). Set

MRD={M®D|MeM,D e D}
Then for all M € M and D € D,
dec, (M @ D, M © D) = dec, (M, M).

This can be seen to hold by restricting the supremum in (6.9) to range over models of
the form M ® D.

123



Proposition 43 (Data processing): Passing observations through a channel never
decreases the Decision-Estimation Coefficient. Consider a class of models M with
observation space O. Let p : O — O’ be given, and define p o M to be the model
that, given decision 7, samples (r,0) ~ M(w), then emits (r,p(0)). Let po M :=
{poM | M € M}. Then for all M € M, we have

decv(./\/l,]\/f) < decy(poM,po M).

This is an immediate consequence of the data processing inequality for Hellinger dis-
tance, which implies that D} <(p o M)(m),(po m (77)) < D} <M(7T), M(w))

6.9 Deferred Proofs

Proof of Lemma 22. We first prove the in-expectation bound. By assumption, we have that

Zglog Zglog (M*) < Reggy-

Taking expectations, Assumption 8 implies that

iE[DKL<M*(7Tt) Hﬂt(ﬂt)ﬂ < E[Regg]-

The bound now follows from Lemma 20.
We now prove the high-probability bound. We will use the following lemma.

Lemma 26: For any sequence of real-valued random variables (Z;):<r, it holds that
with probability at least 1 — 4,

T T
>z Z (Ee_1[e?]) +log(s71). (6.72)
t=1 t=1

Define 7, = (Efog( f) - Efog( *)). Applying Lemma 26 with the sequence (—Z;)i<1, wWe
are guaranteed that with probability at least 1 — 9,

T T

S —log (B | szog )= 5 3 (g (3T — oy (M%) +1og(57).

t=1 t=1

Let t be fixed, and define abbreviate z* = (r*,0"). Let v(- | m) be any (conditional) domi-
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. At x
nating measure for m* and m*", and observe that

m (2t | )
Mt )

t

Et—l [6727& ’ 7Tt] = Et—l

| ™

x mM (2 | mt)
/mM Z‘?T mM*(Z| ) dzlﬂt)

— 1 —
:/\/mM*(z [ ym (= [ w)wldz | 1) = 1 — 5 DA (M), 3T () ).
Hence,
1 —
Er[e™?] =1 5B [Da (M*(wt), Mt(wt)ﬂ
and, since —log(l —x) > «x for = € [0, 1], we conclude that

;XT:JEH[Dﬁ(M*( ), M( )] i(log zlog(M*))Jrlog((s—l),

t=1 t=1

M\H

O

Proof of Lemma 24. We first prove (6.49). Let X = Zle rp. Since X € [0,1] almost
surely, we have

() = 17 (m)| =

The final result now follows from the AM-GM inequality.
We now prove (6.51). From Lemma 15, we have

o~

EM7X] — Effﬂf[}q‘ < D1y (M(ﬂ), M(ﬂ)) < Dy (M(w), ]/\/[\(77)).

H

FA () = f(m) =Y BT [Q  (sn,an) — i — VLT (sne1)]
h=1
H —
= Z B [[P’levhj\iﬂ (s, an) — Vh]\j—f(Sthl) + ET’hNR;]LV[(Shﬂh) [rn) = ErhNRﬁAI(sh,ah) [rh]}
h=1

H H
= > B[ [(BY = BT Gonsan)| + Y ETT (B, oy ) =B, oy ]
h=1

>
=]

< ZEM’” [DTV (P;]L\J(Sh,ah),P;iﬁ(Sh,ahD + D1v (R;]{I(Sh,ah),R;J?(Sh,ah))},
h=1

where we have used that V"7 (s) € [0,1].

O

Proof of Lemma 25. We first prove (6.53). For all n > 0, we have

Enrton Ennplf Y () — f2(70)]
< EprepErmy [fM(wM) _ f”’(w)] + 7 Ensop Enp [Da (M(W),]\/Z(ﬂ))} +—.
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We now prove (6.54). Using Lemma 38, we have that for all h,
™[ D (P (s, an), P (s, a) ) |+ B [ DF (B (31, an), B (s, 1) ) | < 8D (M (m), M(r)).

As a result,

Eﬁ,w

H

S D3 (PM(sh, ar), P (sn, ah)) + D2 <RM(sh, ar), RY (sp, ah)>] < 8SHD? (M(w), M(ﬂ)).
h=1

Since this holds uniformly for all 7, we conclude that

]E’]Tr\/p EMJI’

H
Z D3, (PM(sh, an), PM(sp, ah)> + D%, (RM(sh, ap), R (sp, ah))]
h=1

<SHEr, [Da (M(W), M(n))} :

6.10 Exercises

Exercise 11: Prove Lemma 20.

Exercise 12: In this exercise, we will prove Proposition 37 as follows:

1. Prove the first two inequalities.

2. Use properties of the Hellinger distance to show that for any = € I, u € A(M), and M ,
—~ 1
Entey DF (M (), (7)) = 7 Eararn DA (M (), M (x).

Hint: start with the right-hand side and use symmetry and triangle inequality for Hellinger
distance

3. With the help of Part 2, show that for any J\/J\,

dec, (M, M) < Sup )peig(fn) Ermp. My [fM(WM) = fM(m) - %EM’NM DE(M (), M ’(W))]
I

4. Argue that

—

decy (M, M) < Sup s )peig{H)Emp,Mw {f”’(wM)—fM(w)—ZEMwVDﬁ(M(W),M’(W))}~
v 13

and conclude the third inequality in Proposition 37.

5. Show that

supdecy(./\/l,]/w\)g sup dec7/4(/\/(,]/\4\). (6.73)
M Meco(M)

In other words, the estimation oracle cannot significantly increase the value of the DEC by
selecting models outside co(M).
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Exercise 13 (Lower Bound on DEC for Tabular RL): We showed that for Gaussian
bandits,

deci(M, M) > e\/AJ2,

foralle <1/ VA by considering a small sub-family models and explicitly computing the DEC
for this sub-family. Show that if M is the set of all tabular MDPs with |S| = 5, |A| = 4, and

Zthl T € [O, 1},
decS(M, M) > =V/5A

for all e S 1/VSA, as long as H 2, log4(5).

Exercise 14 (Structured Bandits with ReLU Rewards): We will show that structured
bandits with ReLU rewards suffer from the curse of dimensionality. Let relu(z) = max{z,0}
and take IT = B§(1) = {m € R? | ||«||2 < 1}. Consider the class of value functions of the form

fo(m) = relu({(0, ) — b), (6.74)

where § € © = S?71, is an unknown parameter vector and b € [0, 1] is a known bias parameter.
Here %1 := {v € R?| ||v|| = 1} denotes the unit sphere. Let M = {My}sco, where for all m,
My () = N (fo(m), 1), -
We will prove that for all d > 16, there exists M € M such that for all v > 0,
. ed/
dec, (M, M) Z — A, (6.75)

for an appropriate choice of bias b. By slightly strengthening this result and appealing to
(6.32), it is possible to show that any algorithm must have E[Reg] > e%/8.

To prove (6.75), we will use the fact that for large d, a random vector v chosen uniformly
from the unit sphere is nearly orthogonal to any direction 7. This fact is quantified as follows
(see Ball '97):

2
Pyunif(sa-1) ({m,v) > a) < exp (—a2d). (6.76)

for any 7 with ||7| = 1.

1. Prove that for all 7 € I, v € ©, and any choice of b,

max f,(7') = fo(m) = (1 = b)I{{v, ) < b}

7' €ll

In other words, instantaneous regret is at least (1 — b) whenever the decision 7 does not align
well with v.

2. Let M(m) = N(0,1). Show that for all 7 € II, v € ©, and for any choice of b,

D} (M, (7). 3T (m)) < L=y

fo(m) < I{{v,7) > b},

1
2
i.e. information is obtained by the decision-maker only if the decision 7 aligns well with v in
the model M,,.
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3. Show that

— 1—5)2
dec, (M) > inf E,pigois) B | (1 D) — (1= 1 {(0,7) > b} 7127

pant I{(v,7) > b}|.

4. Set e :=1—1b. Use (6.76) and Part 3 above to argue that
I 52
dec, (M', M) > e —cexp(—d/8) — Ty exp(—d/8).
Conclude that for d > 8,
2

dec. (M’, M) > g - ’y% exp(—d/8)

5. Show that by choosing ¢ = eg,/yg A % and recalling that b =1 — ¢, we get (6.75).

7. REINFORCEMENT LEARNING: FUNCTION APPROXIMATION AND
LARGE STATE SPACES

In this section, we consider the problem of online reinforcement learning with function ap-
proximation. The framework is the same as that of Section 5 but, in developing algorithms,
we no longer assume that the state and action spaces are finite/tabular, and in particular
we will aim for regret bounds that are independent of the number of states. To do this,
we will make use of function approximation—either directly modeling the transition prob-
abilities for the underlying MDP, or modeling quantities such as value functions—and our
goal will be to design algorithms that are capable of generalizing across the state space as
they explore. This will pose challenges similar to that of the structured and contextual
bandit settings, but we now face the additional challenge of credit assignment. Note that
the online reinforcement learning framework is a special case of the general decision making
setting in Section 6, but the algorithms we develop in this section will be tailored to the
MDP structure.
Recall (Section 5) that for reinforcement learning, each MDP M takes the form

M = {8, AP iy AR Yk, du b,

where S is the state space, A is the action space, P} : & x A — A(S) is the probability
transition kernel at step h, R}’ : S x A — A(R) is the reward distribution, and d; € A(Sy)
is the initial state distribution. All of the results in this section will take II = Ilgng, and
we will assume that S+ 7, € [0,1] unless otherwise specified.

7.1 Is Realizability Sufficient?

For the frameworks we have considered so far (contextual and structured bandits, general
decision making), all of the algorithms we analyzed leveraged the assumption of realizability,
which asserts that we have a function class that is capable of modeling the underlying
environment well. For reinforcement learning, there are various realizability assumptions
one can consider:

o Model realizability: We have a model class M of MDPs that contains the true MDP
M.
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o Value function realizability: We have a class Q of state-action value functions (Q-
functions) that contains the optimal function Q""* for the underlying MDP.

e Policy realizability: We have a class Il of policies that contains the optimal policy

ﬂ—]\/j*.

Note that model realizability implies value function realizability, which in turn implies policy
realizability. Ideally, we would like to be able to say that whenever one of these assumptions
holds, we can obtain regret bounds that scale with the complexity of the function class (e.g.,
log| M| for model realizability, or log|Q| for value function realizability), but do not depend
on the number of states |S| or other properties of the underlying MDP, analogous to the
situation for statistical learning. Unfortunately, the following result shows that this is too
much to ask for.

Proposition 44: For any S € N and H € N, there exists a class of horizon-H MDPs
M with |S| = 5, |A| =2, and log| M| = log(5), yet any algorithm must have

E[Reg] 2 {/min{S,27} - T.

The interpretation of this result is that even if model realizability holds, any algorithm needs
regret that scales with min{|S|, | M|, 2% }. This means additional structural assumptions on
the underlying MDP M*—Dbeyond realizability—are required if we want to obtain sample-
efficient learning guarantees. Note that since this construction satisfies model realizability,
the strongest form of realizability, it also rules out sample-efficient results for value function
and policy realizability.

In what follows, we will explore different structural assumptions that facilitate low regret
for reinforcement learning with function approximation. Briefly, the idea will be to make
assumptions that either i) allow for extrapolation across the state space, or ii) control the
number of “effective” state distributions the algorithm can encounter. We will begin by
investigating reinforcement learning with linear models, then explore a general structural
property known as Bellman rank.

Remark 20 (Comparison to structured bandits): Proposition 44 is is analogous
to the impossibility result we proved for structured bandits (Example 4.1), which is
subsumed by the RL framework. That result required a large number of actions, while
Proposition 44 holds even when |A| = 2.

Remark 21 (Further notions of realizability): There are many notions of realiz-
ability beyond those we consider above. For example, for value function approximation,
one can assume that Q™™ € Q for all 7, or assume that the class Q obeys certain
notions of consistency with respect to the Bellman operator for M*.
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7.2 Linear Function Approximation

Toward understanding the complexity of RL with function approximation, let us consider
perhaps the simplest possible modeling approach: Linear function approximation. A natural
idea here is to assume linearity of the underlying @-function, generalizing the linear bandit
setting in Section 4.

2 (s,a) = (¢(s,a),0y), Vh € [H] (7.1)

where ¢(s,a) € B(1) is a feature map that is known to the learner and 6’ € B4(1) is an
unknown parameter vector. Equivalently, we can define

Q = {Qu(s.a) = (¢(s. ). 1) | 61, € B(1) Vh}, (7.2)

and assume that Q** € Q. This is called the Linear-Q* model.

Linearity is a strong assumption, and it is reasonable to imagine that this would be
sufficient for low regret. Indeed, one might hope that using linearity, we can extrapolate
the value of @"* once we estimate it for a small number of states. Unfortunately, even for
this very simple class of functions, it turns out that realizability is still insufficient.

Proposition 45 (Weisz et al. [74], Wang et al. [73]): For any d € N and H € N
sufficiently large, any algorithm for the Linear-Q* model must have

E[Reg| 2 min{2ﬂ(d), 28 (H) } .

This contrasts the situation for contextual bandits and linear bandits, where linear rewards
were sufficient for low regret. The intuition is that, even though Q™ * is linear, it might
take a very long time to estimate the value for even a small number of states. That is,
linearity of the optimal value function is not a useful assumption unless there is some kind
of additional structure that can guide us toward the optimal value function to being with.

We mention in passing that Proposition 45 can be proven by lower bounding the
Decision-Estimation Coefficient [35].

The Low-Rank MDP model. Proposition 45 implies that linearity of the optimal Q-
function alone does not sufficient for sample-efficient RL. To proceed, we will make a stronger
assumption, which asserts that the transition probabilities themselves have linear structure:
For all s € S, a € A, and h € [H], we have

PY (s | s,a) = {¢(s,a), 3 ('), and Elrpls,a] = (¢(s,a), wp"). (7.3)

Here, ¢(s,a) € B4(1) is a feature map that is known to the learner, u(s’) € R? is another
feature map which is unknown to the learner, and w;" € BZ(v/d) is an unknown parameter
vector. Additionally, for simplicity, we assume that HZ ses lupt(s )]H < +/d, which in
particular holds if [i']; € A(S). As before, assume that both cumulative and individual-
step rewards are in [0, 1]. For the remainder of the subsection, we let M denote the set of
MDPs with these properties.

The linear structure in (7.3) implies that the transition matrix has rank at most d, thus
facilitating (as we shall see shortly) information sharing and generalization across states,
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even when the cardinality of S and A is large or infinite. For this reason, the setting
considered here is called low rank MDPs.

Just as linear bandits generalize unstructured multi-armed bandits, the low rank MDP
model (7.3) generalizes tabular RL, which corresponds to the special case in which d =

S| - |Al, ¢(s,a) = €s,q, and (Nh(s/))s,a = hM(S’ | 5,a).

Properties of low-rank MDPs. The linear structure of the transition probabilities and
mean rewards is a significantly more stringent assumption than linearity of sz’*(s, a) in
(7.1). Notably, it implies that Bellman backups of arbitrary functions are linear.

Lemma 27: For any linear MDP M € M and any @Q : S x A — R and any h € [H],
the Bellman operator is linear in ¢:

[7;LMQ] (87 a’) = <¢(57 a’)? 9g>

for some 07 € R?. In particular, this implies that for any policy = = (7',...,7),
functions @;"" are linear in ¢ for every h. Finally, for @ : S x A — [0, 1], it holds that
o] < 2V

As a special case, this lemma implies that for low rank MDPs, Q;\f’ﬂ is linear for all .

Proof of Lemma 27. We have

(72" Q)(s,0) = ($(s,a), wif) + 3 P'(s" | 5,0) max Q(s', a) (74)
= (¢(s,a), wif) + Y (s, a), i (s)) max Q(s', o) (75)

- <¢><s, a),wif + > il () max Qs >> (7.6)

)

The second statement follows since fo’" = [EM QM ] For the last statement,

h+1
03] < Nl | + | i (sHQ(s) || < 2V, (7.7)
S/
since p;' is a vector of distributions on S. O

7.2.1 The LSVI-UCB Algorithm

To provide regret bounds for the low rank MDP model, we analyze an algorithm called
LSVI-UCB (“Least Squares Value Iteration UCB”), which was introduced and analyzed in
the influential paper of Jin et al. [42]. Similar to the UCB-VI algorithm we analyzed for
tabular RL, the main idea behind the algorithm is to compute a state-action value Q' with
the optimistic property that

Qi (s.0) = Q' (s.0)
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for all s,a,h. This is achieved by combining the principle of dynamic programming with
an appropriate choice of bonus to ensure optimism. However, unlike UCB-VI, the algo-
rithm does not directly estimate transition probabilities (which is not feasible when p* is
unknown), and instead implements approximate value iteration by solving a certain least
squares objective.

LSVI-UCB
Input: R,p >0
fort=1,...,T do
Let (2}{ 1 =0
for h=H,...,1do
Compute least-squares estimator

0;1 = argmin Z <<¢(S;w aﬁz)v 9> - T;L - rn(?x Q;H—l(s;z—}—l’ a)) )
0eBL(p) i<t

and let @ﬁl(s,a) = <¢(s,a),§§l>.
Define
b= (shah)o(sh,ap) T + 1.
i<t

Compute bonus:

by s(s,a) = \/EHCZ’(S?@)H(EZ)A-

Compute optimistic value function:
Qi(s,0) = {Qi(s,0) + by s(s.0) f A L.

Set V! (s) = maxqea @ (s,a) and 7! (s) = arg max,c 4 Q. (s, a).

Collect trajectory (si,al,rt),...,(s.,al, ) according to 7.

In more detail, for each episode t, the algorithm computes Qi, e @jq through approximate
dynamic programming. At layer h, given @}, |, the algorithm computes a linear Q-function

@’;L(s,a) = <gb(s, a), §}L>, by solving a least squares problem in which X = ¢(sp,ay) is the
feature vector and Y = 7, + max, Qj, +1(sh+1, a) is the targft Joutcome. This is motiva‘ied
by Lemma 27, which asserts that the Bellmarl backup [’EMQ;L +1] (s,a) is linear. Given @y,
the algorithm forms the optimistic estimate @}, via

Qi(s,0) = {Q(s,0) + b sls,0) f AT,
where
b;,é(‘S? CL) = \/§‘|¢(57 a)”(z%)*l) with X, = Z QS(S;L’ aéz)qb(sza a;l)T +1,
i<t

is an elliptic bonus analogous to the bonus used within LinUCB. With this, the algorithm
proceeds to the next layer h—1. Once Q' is computed for every layer, the algorithm executes
the optimistic policy 7 given by 7 (s) = arg max,¢ 4 Q% (s, a).

The LSVI-UCB algorithm enjoys the following regret bound.
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Proposition 46: If any § > 0, if we set R = ¢ - d?log(HT/$) for a sufficiently large
numerical constant ¢ and p = 2v/d, LSVI-UCB has that with probability at least 1 — &,

Reg < H+/d3 - Tlog(HT/6). (7.8)

7.2.2 Proof of Proposition 46

The starting point of our analysis for UCB-VI was Lemma 16, which states that it is sufficient
to construct optimistic estimates {Q1,...,Qg} (i.e. Qf’* < @) such that the Bellman
residuals IEM’%[(@;L — TMQnt1)(sh,an)] are small under the greedy (with respect to Q’s)
policy 7. In order to control these residuals, we constructed an estimated model M and
defined empirical Bellman operators 7'hﬁ in terms of estimated transition kernels. We then
set @1, to be the empirical Bellman backup 7, Qp+1, plus an optimistic bonus term. In
contrast, LSVI-UCB does not directly estimate the model. Instead, it performs regression
with a target that is an empirical Bellman backup. As we shall see shortly, subtleties arise
in the analysis of this regression step due to lack of independence.

Technical lemmas for regression. Recall from Lemma 27 that for any fixed @ : Sx.A —
R,

B [rj, + max Q(sj.41,a) | shrah| = [T Ql(shs ). (7.9)

However, for layer h, the regression problem within LSVI-UCB concerns a data-dependent
function QQ = @ﬁl 41 (with @ < ), which is chosen as a function of all the trajectories
7, ..., 7', This dependence implies that the regression problem solved by LSVI-UCB is
not of the type studied, say, in Proposition 1. Instead, in the language of Section 1.4, the
mean of the outcome variable is itself a function that depends on all the data. The saving
grace here is that this dependence does not result in arbitrarily complex functions, which
will allow us to appeal to uniform convergence arguments. In particular, for every h and t,
Q! belongs to the class

Q= {(s,a) o {<9, (s, a)) + \/EH¢($,@)H(Z)_1} AL 0] < 2Vd, omin(5) > 1}. (7.10)

To make use of this fact, we first state an abstract result concerning regression with depen-
dent outcomes.

Lemma 28: Let G be an abstract set with |G| < co. Let z1,...,2p € X be fixed, and
for each g € G, let y1(g),...,yr(g) € R be 1-subGaussian outcomes satisfying

Elyi(g) | zi] = fg(z:)

for f, € F C{f: X — R}.% In addition, assume that yi(g),...,yr(g) are conditionally
independent given z1,...,xzp. For any latent g € G, define the least-squares solution

T
fo € argmin ¥ _(yi(g) — f(x:)>.

fer 4
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With probability at least 1 — d, simultaneously for all g € G,

T

S (Folw) = folxi))? < log(|F11G1/9).

i=1

“The random variables {y;(g)}4e¢ may be correlated.

Proof of Lemma 28. Fix g € G. To shorten the notation, it is useful to introduce empirical
norms | f||2 = + ST | f(x;)? and empirical inner product (f, f/), = S| f(x;)f'(x;) for
f, f' € F. Optimality of fg implies that

T

> (wilg) — 1 Z — fyl:))?

i=1

which can be written succinctly (with a slight abuse of notation) as HY}, - fg Hi <||Yy — f4 ||:i
for Yy = (y1(9), - .., yr(g)). This implies

1o = £ll7 < 20% = o Jo = fo)e
Dividing both sides by Hﬂ — ngT and taking supremum over _]?g € F leads to

A
F =1l

The random vector Yy — f, has independent zero-mean 1-subGaussian entries by assumption,

1o = fall < 2y = . (7.11)

while the multiplier Hf;fg is simply a T-dimensional vector of Euclidean length /T, for

N 9HT
each f € F. Hence, each inner product in (7.11) is a sub-Gaussian vector with variance

proxy % (see Definition 2). Thus, with probability at least 1 — ¢, the maximum on the

right-hand side does not exceed C\/log(|F|/0)/T for an appropriate constant C. Taking
the union bound over g and squaring both sides of (7.11) yields the desired bound. O

We may now apply Lemma 28 to analyze the regression step of LSVI-UCB.

Lemma 29: With probability at least 1 — 9§, we have that for all ¢ and h,

S (@h(shoai) — [T @) (sho b)) < P log(HT /o). (712)

i<t
Proof sketch for Lemma 29. Let t € [T] and h € [H] be fixed. To make the correspondence

with Lemma 28 explicit, for the data (s} ,a}, s, r}), we define z; = ¢(s},, a;) and y;(Q) =
), + maxg Q(s,,,a), with @ € Q playing the role of the index g € G. With this, we have

Efyi(@) | #i] = B [} + max Q(s;..,a) | sh,4] = [T Q55 ah) = (6(sh,03), 0

which is linear in ' = ¢(s},, a},), with the vector of coefficients 6} depending on Q. The
regression problem is well-specified as long as we choose

F={o(s.0) = (é(s.0).0) : |0] < 2vd}
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and Q as in (7.10). While both of these sets are infinite, we can to a standard covering
number argument for an appropriate scale €. The cardinalities of e-discretized classes can
be shown to be of size O(d) and O(d?), respectively, up to factors logarithmic in 1/ and
d. The statement follows after checking that discretization incurs a small price due to
Lipschitzness with respect to parameters. Finally, we union bound over ¢ and h. ]

Establishing optimism. The next lemma shows that closeness of the regression estimate
to the Bellman backup on the data {(s},aj)}, ., translates into closeness at an arbitrary
(s,a) pair as long as ¢(s, a) is sufficiently covered by the data collected so far. This, in turn,

implies that Q, ..., Q"% are optimistic.

Lemma 30: Whenever the event in Lemma 29 occurs, we have that for all (s,a,h)
and ¢ € [T,

Qi5.) = [T @] (5 @)| S V/PIog(HT/5) - |9(5, )55+ = Vhals ). (7.13)

and
Qi (s,a) > Q" (s, a). (7.14)

Proof of Lemma 30. Writing the Bellman backup, via Lemma 27, as
[EMQ;HJ] (57 CL) = <¢(S’ a)7 9;1>

for some 0! € R? with ||0}||2 < 2v/d, we have that
@i, ) = [TQ3) (5, )| = [(8(5.). 6, — 63|
= ({77205, 0), (53)/2(8, - 63))|
< [[é(s: )l sy - 165 — il -

Lemma 29 then implies (7.13), since

i 2 i i i i 0
183 = 6313, = @ —03)" (Z Blsh ah)o(sh,ah) T + I) @ -0) (1)
i<t
At (i i At N nt t[|2
= Z(Qh(sha aj,) = [T Q1] (Sh’ah)) + (167, — 03] (7.16)
1<t

and |16}, — 6;]|* < d by (7.7). B
To show (7.14), we proceed by induction on V§ > VhM’*, as in the proof of Lemma
17. We start with the base case h = H + 1, which has V}Hl = V;{Vﬂfl = 0. Assuming

V;l 1 2 VhAfr’l* , we first observe that 7," is monotone and EMvz 412 T thf_’l* = QZI’*.
Hence,

Qh = Qh = T Vi1 + T Vi (7.17)
> Q4 — TV + Q) (7.18)
> —bj,+ Q) (7.19)
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and thus Q + b’ > Q)" Since Q""" < 1, the clipped version Q! also satisfies Q% > Q).
h h,8 “h Mo h h h h
This, in turn, implies V3, > V™" O

Finishing the proof. With the technical results above established, the proof of Propo-
sition 46 follows fairly quickly.

Proof of Proposition 46. Let M be the true model. . Condition on the event in Lemma 29.
Then, since @ is optimistic by Lemma 30, we have that for each timestep ¢,

() = @) < Bsjea, [Vi(s)] = F4(7)
H

=SB (@ (snyan) — [T Q] (51 an)]

h=1

by Lemma 15. Using the definition of b} s and Lemma 30, we have

" H
DN [QhCsns ) = [T @] o )] S VR IET [I0sm, )l gg)
h=1

— h=1

Summing over all timesteps ¢ gives

T H
Reg < VEY > B [o(sn,an)llisy) |

t=1 h=1

By Hoeffding’s inequality, we have that with probability at least 1 — 4, this is at most

T H
VRIS [é(sh a)l g )1 + vRET log(1/5).

t=1 h=1

The elliptic potential lemma (Lemma 12) now allows us to bound

T
D lé(shs ap) s )1 S VT log(T/d)
t=1

for each h, which gives the result.

7.3 Bellman Rank

In this section, we continue our study of value-based methods, which assume access to a
class Q of state-action value functions such that Q™" * € Q. In the prequel, we saw that
the Low Rank MDP assumption facilitates sample-efficient reinforcement learning when Q
is a class of linear functions, but what if we want to learn with nonlinear functions such as
neural networks? To this end, we will introduce a new structural property, Bellman rank,
which allows for sample-efficient learning with general classes Q, and subsumes a number
of well-studied MDP families, including:
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e Low Rank MDPs [75, 42, 5] e MDPs with low occupancy complexity

30].
e Block MDPs and reactive POMDPs 130)
[48, 29]. e Linear mixture MDPs [56, 12].
e MDPs with Linear Q* and V* [30]. e Linear dynamical systems (LQR) [26].

We will learn about these examples in Section 7.3.3.

Building intuition. Bellman rank is a property of the underlying MDP M* which gives
a way of controlling distribution shift—that is, how many times a deliberate algorithm can
be surprised by a substantially new state distribution d*>™ when it updates its policy. To
motivate the property, let us revisit the low rank MDP model. Let M be a low rank MDP
with feature map ¢(s,a) € R?, and let Qy(s,a) = <d>(s, a), 9}?> be an arbitrary linear value

function. Observe that since M is a Low-Rank MDP, we have [T, Q](s,a) = <¢(x, a), GN;ZVI’Q>,

where HN;LM’Q = wi + [ ! (s") maxy Qpi1(s’,a’)ds’. As a result, for any policy 7, we can
write the Bellman residual for @) as

EY ™ Qn(sn, an) — rn — max Qpy1(sh1, a)} = <EM’7T[¢(8h, an)], 05 — wp' — 971”’@> (7.20)
(X3 (m), W (Q)), (7.21)
where X}/ (m) := E™7™[¢(sp,ap)] € R? is an “embedding” that depends on 7 but not Q,
and WM(Q) =67 —w)' — 6,7 € R? is an embedding that depends on @ but not 7 (both

embeddings depend on M). Notably, if we view the Bellman residual as a huge II x Q
matrix &, (-, -) € RI*2 with

Ep(m, Q) :=EM7 [Qh(sh, ap) — (Th + max Qhr1(Sh+1, a))} (7.22)

then the property (7.21) implies that rank(&(-,-)) < d. Bellman rank is an abstraction of
this property.

Definition 8 (Bellman rank): For an MDP M with value function class Q and policy
class I, the Bellman rank is defined as®

dg(M) = max rank({&x(m, @) }rem,geo)- (7.23)

Equivalently, Bellman rank is the smallest dimension d such that for all h, there exist
embeddings XM (), WM(Q) € R? such that

En(m, Q) = (X3! (m), W' (Q)) (7.24)

for all m € Il and QQ € Q.

“Familiar readers will recognize this notion as @Q-type Bellman rank.

The utility of Bellman rank is that the factorization in (7.24) gives a way of controlling
distribution shift in the MDP M, which facilitates the application of standard generaliza-
tion guarantees for supervised learning/estimation. Informally, there are only d effective
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directions in which we can be “surprised” by the state distribution induced by a policy ,
to the extent that this matters for the class Q under consideration; this property was used
implicitly in the proof of the regret bound for LSVI-UCB. As we will see, low Bellman rank
is satisfied in many settings that go beyond the Low Rank MDP model.

7.3.1 The BiLinUCB Algorithm

We now present an algorithm, BiLinUCB [30], which attains low regret for MDPs with low
Bellman rank under the realizability assumption that

Q]M*,* c Q

Like many of the algorithms we have covered, BiLinUCB is based on confidence sets and
optimism, though the way we will construct the confidence sets and implement optimism is
new.

PAC versus regret. For technical reasons, we will not directly give a regret bound for
BiLinUCB. Instead, we will prove a PAC' (“probably approximately correct”) guarantee. For
PAC, the algorithm plays for T episodes, then outputs a final policy 7, and its performance
is measured via

FY () = (). (7.25)
That is, instead of considering cumulative performance as with regret, we are only concerned
with final performance. For PAC, we want to ensure that fM" (my+) — fM () < € for some
¢ < 1 using a number of episodes that is polynomial in e~ and other problem parameters.
This is an easier task than achieving low regret: If we have an algorithm that ensures that
E[Reg] < V/CT for some problem-dependent constant C', we can turn this into an algorithm
that achieves PAC error ¢ using O(E%) episodes via online-to-batch conversion. In the other
direction, if we have an algorithm that achieves PAC error ¢ using O(E%) episodes, one can
use this to achieve E[Reg] < CV/3T?2/3 using a simple explore-then-commit approach; this
is lossy, but is the best one can hope for in general.

Algorithm overview. BiLinUCB proceeds in K iterations, each of which consists of n
episodes. The algorithm maintains a confidence set Q% C Q of value functions (generalizing
the confidence sets we constructed for structured bandits in Section 4), with the property
that QM"* € Q with high probability. Each iteration k consists of two parts:

e Given the current confidence set QF, the algorithm computes a value function Q* and
corresponding policy 7" := 7. that is optimistic on average
Q" = argmax Eg, g, [Q1(s1,70(51))]-
QeQk
The main novelty here is that we are only aiming for optimism with respect to the
initial state distribution.

e Using the new policy 7", the algorithm gathers n episodes and uses these to compute
estimators {é\,’i(Q)}he[H] which approximate the Bellman residual &, (7%, Q) for all
@ € Q. Then, in (7.26), the algorithm computes the new confidence set Q' by
restricting to value functions for which the estimated Bellman residual is small for
', ..., 7" Eliminating value functions with large Bellman residual is a natural idea,

because we know from the Bellman equation that Q™" * has zero Bellman residual.
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BiLinUCB
Input: 8 > 0, iteration count K € N, batch size n € N.
Q' + 0.
for iteration k =1,..., K do
Compute optimistic value function:

Q" = argmaxE, 4, [Q1(51,7o(51))]-

QeQk
and let 7 1= 7.
for/=1,...,ndo
Execute 7" for an episode and observe trajectory (sy', i, 7"), ..., (sy, asf, 7).
Compute confidence set
Q' =7QeQ| ) (i)’ <p VhelH],, (7.26)
i<k

where

~ 1 &

i o il il il il
En(Q) == n Z <Qh(3h sap) =T = max Qn+1(sp11 a)).

=1

Let k = arg MaXyc (K] V*, where V* := LS ZhH:1 i

Return 7 = 7*.

Main guarantee. The main result for this section is the following PAC guarantee for
BiLinUCB.

Proposition 47: Suppose that M* has Bellman rank d and Q" * € Q. For any € > 0
3

and § > 0, if we set n 2> %W, K 2 Hdlog(1+n/d), and 8 c-Kw,

then BiLinUCB learns a policy 7 such

fM* (TFM*) - fM* (7?) <e
with probability at least 1 — §, and does so using

o1

22
episodes.

This result shows that low Bellman rank suffices to learn a near-optimal policy, with sample
complexity that only depends on the rank d, the horizon H, and the capacity log| Q| for the
value function class; this reflects that the algorithm is able to generalize across the state
space, with d and log|Q| controlling the degree of generalization. The basic principles at
play are:

e By choosing Q* optimistically, we ensure that the suboptimality of the algorithm is
controlled by the Bellman residual for Q*, on-policy, similar to what we saw for UCB-
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VI and LSVI-UCB. An important difference compared to the LSVI-UCB algorithm we
covered in the previous section is that BiLinUCB is only optimistic “on average” with
respect to the initial state distribution, i.e.,

Esy ~dy [QIT(SIJTQ’“(SI))] > fM* (7TM*)7

while LSVI-UCB aims to find a value function that is uniformly optimistic for all states
and actions.

e The confidence set construction (7.26) explicitly removes value functions that have
large Bellman residual on the policies encountered so far. The key role of the Bellman
rank property is to ensure that there are only 6(d) “effective” state distributions
that lead to substantially different values for the Bellman residual, which means that
eventually, only value functions with low residual will remain.

Interestingly, the Bellman rank property is only used for analysis, and the algorithm does

not explicitly compute or estimate the factorization.

Regret bounds. The BiLinUCB algorithm can be lifted to provide a regret guarantee via
a explore-then-commit strategy: Run the algorithm for Ty episodes to learn a e-optimal
policy, then commit to this policy for the remaining rounds. It is a simple exercise to show
that by choosing Tj appropriately, this approach gives

Reg < O((H'd10g(|Q|/9))/* - T*).

Under an additional assumption known as Bellman completeness, it is possible to attain
VT with a variant of this algorithm that uses a slightly different confidence set construction
[43].

7.3.2 Proof of Proposition 47

Recall from the definition of Bellman rank that there exist embeddings X" (), WM™ (Q) €
R? such that for all 7 € Il and Q € Q,

En(m, Q) = (X3 (m), W (Q)).

We assume throughout this proof that || X ()], I/Vé”*(Q)H2 < 1 for simplicity.

Technical lemmas. Before proceeding, we state two technical lemmas. The first lemma
establishes validity for the confidence set Q" constructed by BiLinUCB.

Lemma 31: For any § > 0, if we set 8 = C-KM, where ¢ > 0 is sufficiently

large absolute constant, then with probability at least 1 — 4, for all k € [K]:

1. All Q € OF have
> (@En(n',Q))* $ B Vhe[H] (7.27)

1<k

2. QM € QF.

140



Proof of Lemma 31. Using Hoeffding’s inequality and a union bound (Lemma 3), we have
that with probability at least 1 — 9, for all k € [K], h € [H], and Q € Q,

log(|Q|H K/9)
n 9y

£ (Q) — Enln*, Q)‘ <C- (7.28)

where c is an absolute constant.
To prove Part 1, we observe that for all k, using the AM-GM inequality, we have that

for all Q € Q,

Y (En(m Q)7 <2 (ELQ) +2D (&, Q) — EL(Q)™.

i<k i<k i<k

For @ € QF, the definition of Q" implies that ZKk(g;l(Q))Q < B, while (7.28) implies that
Yick(En(m, Q) — 52(@))2 < B, which gives the result.
For Part 2, we similarly observe that for all k, h and @ € Q,
D_EQ) <2 (&, Q) +2) (. Q) - E(Q)*
i<k i<k i<k

Since QM"* has &,(m, QM"*) = 0 V& by Bellman optimality, we have

2(51 QM * < 22 (c/*h QZ\/I* é\;'L(Q]\J*,*))Q < 20210g(‘Q‘HK/5)’

i<k i<k "
where the last inequality uses (7.28). It follows that as long as 5 > 2C’2w, we will
have Q" € Q* for all k. O

The next result shows that whenever the event in the previous lemma holds, the value
functions constructed by BiLinUCB are optimistic.

Lemma 32: Whenever the event in Lemma 31 occurs, the following properties hold:

1. Define

oh= ) Xy (w0 (7). (7.29)
i<k

For all k € [K], all Q € Q" satisfy

W (@l < 8. (7.30)

2. For all k, Q" is optimistic in the sense that

ESlNdl [Ql{(sl’ﬂQ(sl))] > Eslwdl [Qi\/j*’*(slaﬂ'M* (51))] = fM* (7TM*)~ (7-31)
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Proof of Lemma 32. For Part 1, recall that by the Bilinear class property, we can write
En(m*, Q) = (XM (7%), WM (Q)), so that (7.27) implies that

[ @l = S0 (), W (@) = S (€l Q)2 < 6.

i<k i<k

For Part 2, we observe that for all k, since Q™ * € Q*, we have
Esina, [Q1(51, mo(51))] = gugEswdl [Q1(s1,mq(51))]
€
> Esyndy [Qlff*’*(sla T pr (51))]
= fM* (Tar+).
O

Proving the main result. Equipped with the lemmas above, we prove Proposition 47.

Proof of Proposition 47. We first prove a generic bound on the suboptimality of each policy
m* for k € [K]. Let us condition on the event in Lemma 31, which occurs with probability
at least 1 — §. Whenever this event occurs, Lemma 32 implies that Q* is optimistic, so we
have can bound

F () = () < By [QF (51, e (51)] = £ (%) (7.32)

= Z]EM* " [ (Sh,ap) —rp — max Q1 1(Sht1,0) (7.33)
h=1

M* M* (Qk)> (7.34)

Mm

h=1

where the first equality uses the Bellman residual decomposition (Lemma 15), and the
second inequality uses the Bellman rank assumption. For any A > 0, using Cauchy-Schwarz,
we can bound

Z<XM* ZHXM* Monrsspy- 172 @ s

For each h € [H], applying the bound in (7.30) gives

HWFJLW(QIC)HAHEQ < \//\HW#*(Q'“)‘E + B < AV2 4 812,

where we have used that ||W}" (Q’“)H2 < 1 by assumption. This allows us to bound

H
Z(X;lw(ﬂk WA (QY)) S (A2 4 g1/2) . ZHXM* k)“(AI+EIfL)_1, (7.35)
h=1

If we can find a policy 7* for which the right-hand side of (7.35) is small, this policy will be
guaranteed to have low regret. The following lemma shows that such a policy is guaranteed
to exist.

142



Lemma 33: For any A > 0, as long as K > Hd log(l + A_IK/d), there exists k € [K]|
such that

R 2 Hdlog(1+ A"'K/d
HX;LW (Wk>||()\[+2;cl)71 S ( K ) Vh € [H] (7.36)

We choose A = (3, which implies that it suffices to take K 2 Hdlog(1l + n/d) to satisfy
the condition in Lemma 33. By choosing k to satisfy (7.36) and plugging this bound into
(7.35), we conclude that the policy 7* has

fM*(T‘_M*) — fM*(Trk) S H\//B . Hdlog(l ;B_lK/d) 5 6([{3/2 /dlog(?LQV(s)) S e

(7.37)

as desired.

Finally, we need to argue that the policy 7 returned by the algorithm is at least as good
as w*. This is straightforward and we only sketch the argument: By Hoeffding’s inequality
and a union bound, we have that with probability at least 1 — §, for all k,

< log(K/6)

n

fM* (ﬂ_k) B f}k

)

which implies that fM" (%) > fM" (7*) — 4/ w. The error term here is of lower order
than (7.37).
0

Deferred proofs. To finish up, we prove Lemma 33.

Proof of Lemma 33. To prove the result, we need a variant of the elliptic potential lemma
(Lemma 12).

Lemma 34 (e.g. Lemma 19.4 in Lattimore and Szepesvari [51]): Letay,...,ar €
R? satisfy [|a¢||, <1 for all ¢t € [T]. Fix A >0, and let V; = A\l + >, _, asa]. Then

T
> log(1 + [laslly-1) < dlog(1+ A~'T/d). (7.38)
t=1

For any A > 0, applying this result for each h € [H] and summing gives
K H )
> D 1og(L+ | X3 (1) [y s)-1) < Hdlog(1+ A~ K/d).

k=1 h=1

This implies that there exists k& such that

z « Hdlog(1+ A\ "'K/d
S tog(1+ [ (77 gy ) < S8 ATHTD),
h=1
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o -1
which means that for all h € [H], log(1 + HXﬁf*(w’“)H?/\HZ,Z)_I) < Hdl g(ly‘ K/d)7 or
equivalently:
. 2 Hdlog(1+ A"1K/d)
I g < 1 L
As long as K > Hdlog(l + )\_IK/d), using that e* <14 2z for 0 < x < 1, we have
. 9 Hdlog(l + /\*1K/d)
HX;Y (Wk)H(/\IJrE’;L)*l < K :
O

7.3.3 Bellman Rank: Examples

We now highlight concrete examples of models with low Bellman rank. We start with famil-
iar examples, the introduce new models that allow for nonlinear function approximation.

Example 7.1 (Tabular MDPs). If M is a tabular MDP with |S| < S and |A| < A, we can
write the Bellman residual for any function @ and policy 7 as

En(m, Q) = EMT [Qh(Sm ap) — (Th + max Qpi1(sht1, a))]
= Zd%’”(s, a) EM [Qh(s, a) — <rh + max Qh+1(sh+1,a')> | sp=s,ap = a].

It follows that if we define

lelw(ﬂ—) = {dzl’ﬂ'(s’ a)}SES,aEA € RSA

and
Wp'(Q) = {EM |:Qh(37 a) — (Th + max Qpny1(Sh+1, a’)) | sp=s,ap = a] } € R4,
a s€S,ac A
we have
En(m, Q) = (X3 (), W' (Q)).
This shows that dg(M) < SA. N

Example 7.2 (Low Rank MDPs). The calculation in (7.21) shows that by choosing X} (7) :=
EM ™ [¢p(sp, ap)] € RY and WM(Q) = 07 — w) — 0)"? € R?, any Low Rank MDP M has
dg(M) < d. When specialized to this setting, the regret of BiLinUCB is worse than that
of LSVI-UCB (though still polynomial in all of the problem parameters). This is because
BiLinUCB is a more general algorithm, and does not take advantage of an additional feature
of the Low Rank MDP model known as Bellman completeness: If M is a Low Rank MDP,
then for all Q@ € Q, we have T,MQny1 € Qnt1. By using a more specialized relative of
BiLinUCB that incorporates a modified confidence set construction to exploit completeness,
it is possible to match and actually improve upon the regret of LSVI-UCB [43].

<

We now explore Bellman rank for some MDP families that have not already been covered.

144



Example 7.3 (Low Occupancy Complexity). An MDP M is said to have low occupancy
complexity if there exists a feature map ¢ (s,a) € R? such that for all 7, there exists
0,"" € R such that

dy""(s,a) = (9" (s,a),6;,""). (7.39)

Note that neither ¢™ nor ™7™ is assumed to be known to the learner. If M has low
occupancy complexity, then for any value function ) and policy 7, we have

En(m, Q) = B | Qn(snsar) = (rh +max Qi (sns1,0))|

= Y (s, B [Quts) — (4 mx Qs s = s =
= (6" (s, a), 217V B [Qh<s, Q) - <rh + max QhH(shH,a/)) |30 = 5,0 = ]

_ <9;\L/1,7r’ Z d)M(s,a) EM [Qh(s’ a) — (’rh + mE/LX Qh+1(3h+1, a’)) ’ Sp = S,ap = a:| >
It follows that if we define
Xp(m) = 0,

and
W' (@) =Y ¢"(s,a) EV [Qh(é’,@) - (Th +max Qn1 (Sp+1, a')) | sp=s,ap = G} 7

then &, (7, Q) = (X} (m), W' (Q)), which shows that dg(M) < d.

This setting subsumes tabular MDPs and low rank MDPs, but is substantially more
general. Notably, low occupancy complexity allows for nonlinear function approximation:
As long as the occupancies satisfy (7.39), the Bellman rank is at most d for any class Q,
which might consist of neural networks or other nonlinear models. N

We close with two more new examples.

Example 7.4 (LQR). A classical problem in continuous control is the Linear Quadratic
Regulator, or LQR. Here, we have S = A = R%, and states evolve via

sh+1 = AYsp + BYap, +
where ¢, ~ N(0,1), and s1 ~ N(0,). We assume that rewards have the form?!®
rh = —5; QYsy — ap RMay,

for matrices Q*, R™ = 0. A classical result, dating back to Kalman, is that the optimal
controller for this system is a linear mapping of the form

Taun(s) = Kj's,

and that the value function Q"*(s,a) = (s,a) ' PM(s,a) is quadratic. Hence, it suffices to
take Q to be the set of all quadratic functions in (s,a). With this choice, it can be shown
that dg(M) < d? + 1. The basic idea is to choose X}/ () = (vec(EM™ [sys) ]),1) and use
the quadratic structure of the value functions. <

LQR is typically stated in terms of losses; we negate because we consider rewards.
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Example 7.5 (Linear Q*/V*). In Proposition 45, we showed that for RL with linear
function approximation, assuming only that Q™" * is linear is not enough to achieve low
regret. It turns out that if we also assume in addition that V™" * is linear, the situation
improves.

Consider an MDP M. Assume that there known feature maps ¢(s,a) € R? and 1 (s') €
R? such that

Qy " (s,0) = (¢(s,a),07), and V""" (s) = ((s), wy’).

Let
0 = {Q | Qn(s,0) = (6(s,a),00) : 61 € BY, 3w (6(s,0),00) = ((s), w) Vs }.

Then dg(M) < 2d. We will not prove this result, but the basic idea is to choose X}/ (7) =
EM T [((sh, an), ¥ (sht1))]- 4

See Jiang et al. [40], Du et al. [30] for further examples.

7.3.4 Generalizations of Bellman Rank

While we gave (7.24) as the definition for Bellman rank, there are many variations on the
assumption that also lead to low regret. One well-known variant is V-type Bellman rank,
which asserts that for all # € Il and @ € Q,

BT ]Eg/flr,+1|ah,ShN7TQ(Sh) Qn(sn, mo(sn)) —rn — 2168% Qn+1(Sh+1,To(sp41)) | = <lezu(7r)v Wijzv[(Q»

(7.40)

This is the same as the definition (7.24) (which is typically referred to as @-type Bellman
rank), except that we take aj = 7mo(sp) instead of ap = m(s).!” With an appropriate
modification, BiLinUCB can be shown to give sample complexity guarantees that scale with
V-type Bellman rank instead of Q-type. This definition captures meaningful classes of
tractable RL models that are not captured by the Q-type definition (7.24), with a canonical
example being Block MDPs.

Example 7.6 (Block MDP). The block MDP [40, 29, 55] is a model in which the (“ob-
served”) state space S is large/high-dimensional, but the dynamics are governed by a (small)
latent state space Z. Formally, a Block MDP M = (S, A, P,R, H,d;) is defined based on
an (unobserved) latent state space Z, with z, denoting the latent state at layer h. We first
describe the dynamics for the latent space. Given initial latent state zi, the latent states
evolve via

M latent
Zpy1 ~ Py (

Zhy Q).
The latent state z; is not observed. Instead, we observe
Th ~ quy(zh%

where ¢ : Z — A(S) is an emission distribution with the property that supp(gn(z)) N
supp(qn(2')) = @ if z # 2’. This property (decodability) ensures that there exists a unique

'"The name “V-type” refers to the fact that (7.40) only depends on @ through the induced V-function
s+ Qn(s,mo(s)), while (7.24) depends on the full Q-function, hence “Q-type”.
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mapping ¢;' : S — Z that maps the observed state xj, to the corresponding latent state s,.
We assume that R} (s,a) = R} (¢7/(s),a), which implies that optimal policy 7,, depends
only on the endogenous latent state, i.e. 7y ,,(s) = mar (D7 (5))-

The main challenge of learning in block MDPs is that the decoder ¢ is not known
to the learner in advance. Indeed, given access to the decoder, one can obtain regret
poly(H, |Z|,|A|) - VT by applying tabular reinforcement learning algorithms to the latent
state space. In light of this, the aim of the Block MDP setting is to obtain sample com-
plexity guarantees that are independent of the size of the observed state space |S|, and
scale as poly(| Z|, | Al, H,log|F|), where F is an appropriate class of function approximators
(typically either a value function class Q containing Q" * or a class of decoders ® that
attempts to model ¢ directly).

We now show that the Block MDP setting admits low V-type Bellman rank. Observe
that we can write

BT Eg£+1\ah,sh~7TQ(sh) @n(sn mq(sn)) —rn — max Qn+1(Sh+1,To(Sh41))

M7
= EZZdh "(2) Bt (o) Bl nanra(on) | @0 (50 To(51)) = i — max Quaa (sh, mo(sn1)) |-
z

This implies that we can take

X3 (m) = {d)"" ()} 5

and

W' (Q) = {Equ{‘/(z) E22+1lsh,ah~7rQ(sh) Qn(sn:mq(sn)) —rn — Ic?eajl( Qn+1(Sh+1, WQ(Sh—i-l))} }zez

so that the V-type Bellman rank is at most |Z|. This means that as long as Q contains
Q"*, we can obtain sample complexity guarantees that scale with |Z| rather than |S|, as
desired. 4

See Du et al. [30] for a more general framework, Bilinear classes, which subsumes both
of these Bellman rank definitions.

7.3.5 Decision-Estimation Coefficient for Bellman Rank

An alternative to the BiLinUCB method is to appeal to the E2D meta-algorithm and the
Decision-Estimation Coeflicient. The following result shows that the Decision-Estimation
Coefficient is always bounded for classes with low Bellman rank.

Proposition 48: For any class of MDPs M for which all M € M have Bellman rank
at most d, we have

H2d

dec, (M) S - (7.41)

This implies that that E2D meta-algorithm has E[Reg| < H+/dT - Esty whenever we have
access to a realizable model class with low Bellman rank. As a special case, for any finite
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class M, using averaged exponential weights as an estimation oracle gives

E[Reg| < H+/dT log| M|. (7.42)

We will not prove Proposition 48, but interested readers can refer to Foster et al. [35].
The result can be proven using two approaches, both of which build on the techniques we
have already covered. The first approach is to apply a more general version of the PC-IGW
algorithm from Section 6.6, which incorporates optimal design in the space of policies. The
second approach is to move to the Bayesian DEC and appeal to posterior sampling, as in
Section 4.4.2.

Value-based guarantees via optimistic estimation. In general, the model estimation
complexity log| M| in (7.42) can be arbitrarily large compared to the complexity log|Q| for
a realizable value function class (consider the low rank MDP—since p is unknown, it is
not possible to construct a small model class M). To derive value-based guarantees along
the lines of what BiLinUCB achieves in Proposition 47, a natural approach is to replace
the Hellinger distance appearing in the DEC with a divergence tailored to value function
iteration, following the development in Sections 6.7.2 and 6.7.3. Once such choice is the
divergence

H

5@ M) = 3 (B [@ulsnan) — (ra+ maxQuia (sn0,0)) )

h=1

which measures the squared bellman residual for an estimated value function under M.
With this choice, we appeal to the optimistic E2D algorithm (E2D.Opt) from Section 6.7.3.
One can show that the optimistic DEC for this divergence is bounded as

H-d
o—decf?Sbr (M) S —

This implies that E2D.Opt, with an appropriate choice of estimation algorithm tailored to
D7 (- || -), achieves

E[Reg] < (Hdlog|Q|)"/*T%/*.

Note that due to the asymmetric nature of D] (- | -), it is critical to appeal to optimistic
estimation to derive this result. Indeed, the non-optimistic generalized DEC decf?sbr does
not enjoy a polynomial bound. See Foster et al. [36] for details.

[Note: This subsection will be expanded in the next version.]
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A. TECHNICAL TOOLS

A.1 Probabilistic Inequalities
A.1.1 Tail Bounds with Stopping Times

Lemma 35 (Hoeffding’s inequality with adaptive stopping time): For i.i.d.

random variables Z,..., Zp taking values in [a,b] almost surely, with probability at
least 1 — 9,
T/
1 log(T'/4)
FZZZ-—IE[Z]S(Z)—CL) — V1<T <T. (A1)
i=1

As a consequence, for any random variable 7 € [T'] with the property that for all ¢ € [T,
I[{7 <t} is a measurable function of Z1, ..., Z;_1 (7 is called a stopping time), we have
that with probability at least 1 — 4,

iiZi—E[Z] < (b—a) k’g(QT/é) (A2)
=1

T

Proof of Lemma 35. Lemma 3 states that for any fixed 7" € [T], with probability at least
1—-4,
log(T'/0)

Tl
1
— ;— <(b— —o )
= ;1:21 E[Z) < (b—a)\| =5

(A.1) follows by applying this result with ' = §/T and taking a union bound over all T
choices for 7" € [T]. For (A.2), we observe that

T T'e[T)

Ly log(T/9) | T e
T;(Zi—E[Z]>_(b—a> — < max{Tlg(Zi—E[Z])_(b_a) 2T/}
The result now follows from (A.1). -

A.1.2 Tail Bounds for Martingales

The next result is a martingale counterpart to Bernstein’s inequality (Lemma 5).

Lemma 36 (Freedman’s inequality (Bernstein for martingales)): Let (X;);<r
be a real-valued martingale difference sequence adapted to a filtration (%#);<p. If
|X:| < R almost surely, then for any n € (0,1/R), with probability at least 1 — 9, for
all T < T,

log(6~")

T T
ZXt S ant—l[XE] + —.
t=1 t=1 N
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Proof of Lemma 36. Without loss of generality, let R = 1, and fix n € (0,1). The sequence
T
Zy = exp (Z nXy —n* By [Xﬂ>
t=1
is a nonnegative supermartingale with respect to the filtration (.%;),;<7. Indeed, we have

T—1

E._1[Z;] = exp (Z nX, — By [Xf]> Erq [exp(nX; — n? Er_1[X2])]
t=1

Recall that E;_; X, = 0. Using the fact that e < 14+a+ (e —2)a® fora < 1,and 1+b < e
for all b € R,

E 4 [exp(nXT — 772 E,_1 [Xz])] <1.

Ville’s inequality implies that for all A > 0,

P(Er:Z; >\ <

>| =

The result now follows by the Chernoff method. O

The following result is an immediate consequence of Lemma 36.

Lemma 37: Let (X;):<7 be a sequence of random variables adapted to a filtration
(Zi)i<r. If 0 < X3 < R almost surely, then with probability at least 1 — 4,

T T
3 _
;Xt < 5 ;Et—l[Xt] +4Rlog(2671),

and

T T
> Eia[Xy) <2) X, +8Rlog(267 ).
t=1 t=1

A.2 Information Theory

A.2.1 Properties of Hellinger Distance

Lemma 38: For any distributions P and Q over a pair of random variables (X,Y),

Ex~py [Df (Py|x,Qyx)] < 4D{(Pxy,Qxy).

Proof of Lemma 38. Since squared Hellinger distance is an f-divergence, we have

Ex~py [Df (Pyx,Qyvx)] = D} (Py1x ® Px,Qyx ®Px).
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Next, using that Hellinger distance satisfies the triangle inequality, along with the elemen-
tary inequality (a 4 b)? < 2(a? + b?), we have,

Ex~rx [Df (Pyix, Qyix)] < 2D{(Pyx ® Px, Qyjx ® Qx) + 2D{(Qyx ® Px,Qy|x ® Qx)
=2D{(Pxy,Qx,y) + 2Dj(Px, Qx)
<4D{(Pxy,Qxy),

where the final line follows from the data processing inequality. O

Lemma 39 (Subadditivity for squared Hellinger distance): Let (X1,.%1),...,(X,, %)
be a sequence of measurable spaces, and let X* = Hﬁzt X and & = ®i:1 Z. For

each 7, let P*(- | -) and Q(- | -) be probability kernels from (X*~',.7"') to (X, .%;). Let

P and Q be the laws of X1,..., X, under X; ~ P/(- | X1.-1) and X; ~ Q'(- | X1.i-1)
respectively. Then it holds that

D} (P,Q) < 10°log(n) - B | > DR(P'(- | X15-1), Q'(- | X1:-1)) |- (A3)
=1

A.2.2 Change-of-Measure Inequalities

Lemma 40 (Pinsker for sub-Gaussian random variables): Suppose that X ~ P
and Y ~ Q are both o2-sub-Gaussian. Then

|Ep[X] — EqlY]| < v/20% - Dk (P [ Q).

Lemma 41 (Multiplicative Pinsker-type inequality for Hellinger distance):
lemmampmin Let P and Q be probability measures on (X,.%). For all h : X — R with
0 < h(X) < R almost surely under P and Q, we have

[Ep[A(X)] — Eq[h(X)]| < \/2R(Ew[h(X)] + Eg[h(X)]) - D} (P, Q). (A4)
In particular,

Ep[h(X)] < 3Eg[h(X)] + 4R - D3(P, Q). (A.5)

Proof of Lemma 41. Let a measurable event A be fixed. Let p = P(A) and ¢ = Q(A). Then

we have )
»—q)
2(p+q)

where the third inequality is the data-processing inequality. It follows that

< (vp—va)* < Di((p,1 - p).(q,1 — q)) < D4(P,Q),

lp—al < \/2(19 +q)Di (P, Q),
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To deduce the final result for R = 1, we observe that Ep[h(X)] = fol P(h(X) > t)dt and
likewise for Eg[h(X)], then apply Jensen’s inequality. The result for general R follows by
rescaling.

The inequality in (A.5) follows by applying the AM-GM inequality to (A.4) and rear-

ranging.
O

A.3 Minimax Theorem

Lemma 42 (Sion’s Minimax Theorem [69]): Let X and ) be convex sets in linear
topological spaces, and assume X is compact. Let f : X x) — R be such that (i) f(z, )
is concave and upper semicontinuous over Y for all z € X and (ii) f(-,y) is convex and
lower semicontinuous over X for all y € ). Then

inf sup f(z,y) = sup inf f(z,y). (A.6)
TeEX yey yey reX
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