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Demonstration of the Nontrivial Boundary Dependence of the Casimir Force
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The Casimir force between an aluminum-coated plate with small sinusoidal corrugations and a l
sphere was measured for surface separations between 0.1 and 0.9mm using an atomic force microscope.
The measured force shows significant deviation from the perturbative theory. The measured Cas
force between the same sphere and flat plate shows good agreement with the same theory in the lim
zero amplitude of corrugation. These together demonstrate the nontrivial boundary dependence o
Casimir force. [S0031-9007(99)09229-7]

PACS numbers: 12.20.Fv, 61.16.Ch
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Casimir [1] predicted an attractive force between tw
neutral metal plates. The force results from the alterati
by the metal boundaries of the zero point electromagne
energy E 

P`
n s1y2dh̄vn, where h̄vn is the photon

energy in each allowed photon moden [1–4]. Initially
the Casimir force was thought to be a simple extensio
of the van der Waals (vdW) force which is an attractiv
force between two neutral molecules [2]. Lifshitz [5
generalized the vdW force between two extended bod
as the force between fluctuating dipoles induced by t
zero point electromagnetic fields and obtained the sam
result as Casimir for two perfectly reflecting flat plates
However, it was realized that the Casimir force is a stron
function of geometry and that between two halves of th
metal spherical shells is repulsive [6]. The sign and valu
of the Casimir force becomes even more interesting f
complex topologies such as encountered with a torus [
Thus the Casimir force explores the dependence of t
vacuum fluctuations on the geometry of the boundar
The Casimir force has been demonstrated between t
flat plates [7] and a large sphere and a flat plate [8] a
its value shown to be in agreement with the theory
an average deviation of 1% [9]. For dielectric bodie
the resulting force has been measured with reasona
agreement to the theory [10]. Here we report the fir
experimental demonstration of the nontrivial boundar
dependence by measuring the Casimir force between
large sphere and plate with periodic uniaxial sinusoid
corrugations (PUSC) for surface separations between
and 0.9mm using an atomic force microscope (AFM)
The amplitude of the corrugation is only 59.4 nm and
much smaller than the separation. Yet the measured fo
shows significant deviations from a perturbative theo
which takes into account the small periodic corrugatio
of the plate in the surface separation (the results of t
theory correspond to the trivial boundary dependenc
Such a deviation can be expected due to the changes
zero point photon modes from diffraction off the periodi
corrugation. We also compare the measured Casim
force between the same sphere and identically coated
plate and show that it agrees well with the same theo
in the limit of zero amplitude of corrugation. The result
0031-9007y99y82(22)y4380(4)$15.00
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together demonstrate the nontrivial boundary depende
of the Casimir force. The boundary dependence of
Casimir force can be easily obscured by errors in t
measurement of the surface separation [4]. To elimin
this ambiguity we use the electrostatic force to determ
the exact surface separation and establish procedures
consistent comparison to theory.

The regularized zero point energy per unit area giv
two parallel plates of infinite conductivity a distancez apart
is given by [2–5]

Uszd  2
p2h̄c
720

1
z3 . (1)

This results in a Casimir force per unit areaFyA 
2≠Uy≠z  2sp2h̄cy240d s1yz4d. A sinusoidal corruga-
tion speriod ld of one plate leads to the modification o
U resulting in an averaged regularized energy per unit a*

U

√
z 1 z0 1 A sin

2px
l

!+
 2

p2h̄c
720

1
sz 1 z0d3

3
X
m

Cm

√
A

z 1 z0

!m

,

(2)

wherek l stands for average over the sizeL of the plate,
z is the surface separation measured from contact of
two surfaces, andA is the amplitude of the sinusoidal cor
rugation. z0 is the mean surface separation after cont
due to the periodic corrugation and the stochastic rou
ness of the metal coating. The origin for the measurem
of z0 is taken such that the mean oscillation of the corrug
tion is zero. In the abovel ø L, andz 1 z0 . A have
been used. It can be observed in Eq. (2) that an exact
independent determination ofz0 is necessary for a valid
comparison to a theory. The nonzero even power coe
cients in Eq. (2) areC0  1, C2  3, C4  45y8, C6 
35y4, . . . . Equation (2) can also be obtained by using t
regularized additive vdW type approach in Ref. [11] u
der the same limiting conditions. Geometric approach
can also be used [12]. Field theoretic methods can also
used and have shown PUSC surfaces to be rich in vacu
interactions [13].
© 1999 The American Physical Society
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Experimentally it is hard to configure two paralle
plates uniformly separated by distances less than a
cron. So the preference is to replace one of the pla
by a metal sphere of radiusR whereR ¿ z. For such a
geometry the Casimir force can be calculated by use
the proximity force theorem [14,15] to be

F0
c sz 1 z0d  2pRkUl . (3)

The finite conductivity of the metal leads to a correctio
which for a given metal plasma frequencyvp is [16,17]

Fcsz 1 z0d  F0
c sz 1 z0d

"
1 2 4

c
sz 1 z0dvp

1
72
5

√
c

sz 1 z0dvp

!2#
.

(4)

There are also corrections due to the finite temperatu
[18] which can be neglected for the surface separatio
reported here. There is also a correction due to t
stochastic roughness of the metal coating [11]. In th
work the rms stochastic roughness amplitude is much le
than the amplitude of the periodic sinusoidal modulatio
of the surface.

We use a standard atomic force microscope to me
sure the force between a metallized sphere and the c
rugated plate at a pressure below 50 mTorr and at ro
temperature. The experimental approach is similar to th
reported in Ref. [9]. A schematic diagram of the exper
ment is shown in Fig. 1. Polystyrene spheres of200 6

4 mm diameter were mounted on the tip of 320mm long
cantilevers with Ag epoxy. In order to implement this ex
periment a diffraction grating with a uniaxial sinusoida
corrugation of periodl  1.1 mm and an amplitude of
90 nm was used as the PUSC surface. The radiusR of

FIG. 1. Schematic diagram of the experimental setup. T
picture is not to scale.
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the sphere is much greater than the periodicity and the s
face separationz. A 7.5 3 7.5 mm2 piece of the PUSC
plate was used. A 10 mm diameter optically polished sa
phire plate was used to represent the flat plate. The c
tilever (with sphere), corrugated plate, and flat plate we
then coated with 250 nm of Al (measured with AFM) in
a thermal evaporator. Aluminum is used because of
high reflectivity for wavelengths of interest (sphere-pla
separations. 100 nm) and good representation in term
of a plasma wavelengthlp  100 nm [19]. All surfaces
are then coated with a 8 nm layer (measured with AFM
of 60% Auy40% Pd. This formed a uniform nonreactiv
and conductive top layer which is necessary to reduce a
space charge effects due to patch oxidation of the Al co
ing. Transparencies greater than 90% were measured
l , 300 nm for the AuyPd coatings. The sphere diame
ter was measured using the scanning electron microsc
(SEM) to be194.6 6 0.5 mm (the SEM was cross cali-
brated with the AFM using AFM standards). The am
plitude of the corrugation after the metal coating wa
measured to be59.4 6 2.5 nm using the AFM. The aver-
age stochastic roughness amplitude of the metallized s
faces was measured using an AFM to be 4.7 nm. T
mean roughness amplitude of the metallized sphere b
tom was measured using the SEM to 5 nm. However t
occasional presence of Al crystals with height 10–30 n
preventsa priori determination of surface separation.

In Fig. 1, a force on the sphere would result in
cantilever deflection leading to the deviation of the las
beam and a difference signal between photodiodesA and
B. This force and the corresponding cantilever deflecti
are related by Hooke’s law:F  kDz, where k is the
force constant andDz is the cantilever deflection. The
piezo extension with applied voltage was calibrated wi
height standards and its hysteresis was measured.
corrections due to the piezo hysteresis and cantilev
deflection were applied as reported in Ref. [9] to th
sphere-plate separations in all collected data. As repor
in Ref. [9] the cantilever is calibrated by measuring th
electrostatic force between the flat plate and sphere
surface separation.2 mm. The average of all measured
k is 0.021 6 0.001 nNynm.

The electrostatic force between the sphere and the PU
surface is given by

Fe 
2pR´0

z 1 z0
sV1 2 V2d2

X̀
m0

Dm

√
A

z 1 z0

!m

, (5)

where as beforez is the distance between the surfaces me
sured from contact and as beforez0 is the true average
separation on contact of the two surfaces due to the pe
odic corrugation and stochastic roughness of the alumin
coating. The nonzero even power coefficients in Eq. (
are D0  1, D2  1y2, D4  3y8, D6  5y16, . . . . V1
andV2 are voltages on the corrugated plate and sphere,
spectively. The above expression is obtained in a man
analogous to Eq. (3) from Eqs. (1) and (2), by starting fro
the electrostatic energy between parallel flat plates.
4381
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Next the residual potential of the grounded sphere wa
measured. The sphere is grounded and the electrosta
force between the sphere and the corrugated plate w
measured for four different voltages and five different su
face separationsz ¿ A. With Eq. (5), from the difference
in force for voltages1V1 and 2V1 applied to the corru-
gated plate, we can measure the residual potential on t
grounded sphereV2 as 14.9 mV. This residual potential is
a contact potential that arises from the different materia
used to fabricate the sphere and the corrugated plate.

To measure the Casimir force between the sphere a
the corrugated plate they are both grounded together w
the AFM. The plate is then moved towards the sphere
3.6 nm steps and the corresponding photodiode differen
signal was measured. The signal obtained for a typic
scan is shown in Fig. 2. Here “0” separation stands fo
contact of the sphere and corrugated plate surfaces, i
z  0. It does not taken into accountz0. Region 1
can be used to subtract the minors,1%d experimental
systematic due to scattered laser light without biasin
the results in region 2. In region 2 (absolute separation
between contact and 450 nm) the Casimir force is th
dominant characteristic far exceeding all systematic erro
(the electrostatic force is,2% of the peak Casimir force).
Region 3 is the flexing of the cantilever resulting from the
continued extension of the piezo after contact of the tw
surfaces.

Now we describe the use of the electrostatic force b
tween the sphere and the corrugated plate to arrive at
independent and consistent measurement ofz0, the average
surface separation on contact of the two surfaces. This
done immediately following the Casimir force measure
ment without breaking the vacuum and no lateral move
ment of the surfaces. The corrugated plate is connect

FIG. 2. A typical force curve as a function of the distance
moved by the plate. The “0” distance stands for point o
contact and does not take into account the amplitude of th
corrugation and the roughness of the metallic coating.
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to a dc voltage supply (calibrated against voltage sta
dards) while the sphere remains grounded. The appl
voltage V1 in Eq. (5) is so chosen that the electrostat
force is.20 times the Casimir force. The open square
in Fig. 3 represent the measured total force for an appl
voltage of 0.566 V as a function of distance. The forc
results from a sum of the electrostatic force represented
Eq. (5) and the Casimir forces,5%d of Eq. (4). The solid
line which is a bestx2 fit for the data in Fig. 3 results in
a z0  134.5 nm. The experiment is repeated for othe
voltages between 0.4–0.7 V leading to an average va
of z0  132 6 5 nm. Given the 8 nm AuyPd coating on
each surface this would correspond to an average surf
separation132 6 5 1 8 1 8  148 6 5 nm for the case
of the Casimir force measurement.

The electrostatically determined value ofz0 can now be
used to apply the systematic error corrections to the for
curve of Fig. 2. Except for the independent determinatio
of z0 done here, the corrections are applied in a mann
similar to Ref. [9]. Here the force curve in region 1 is fi
to a function: F  Fcsz 1 148d 1 Fesz 1 132d 1 Cz.
The first term is the Casimir force contribution to th
total force in region 1. The second term represents t
electrostatic force between the sphere and corrugated p
as given by Eq. (5). The third termC represents the
linear coupling of scattered light from the moving plat
into the diodes and corresponds to a force,1 pN (,1%
effect). Here again the difference inz0 in the electrostatic
term and the Casimir force is due to the 8 nm AuyPd
coating on each surface. The value ofC is determined by
minimizing thex2. The value ofC determined in region 1
and the electrostatic force corresponding toV2  14.9 mV
and V1  0 in Eq. (5) is used to subtract the systemat

FIG. 3. Open squares are the measured force as a function
distance for a voltage of10.566 V applied to the corrugated
plate. The sphere was grounded. The solid line is the b
x2 fit using the electrostatic force of Eq. (5) and the Casim
force of Eq. (4) resulting in a surface separation on contact
z0  134.5 nm.
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FIG. 4. The solid squares are the measured Casimir force
a function of corrugated plate-sphere surface separation. T
solid line is the theoretical Casimir force of Eq. (4), with
no adjustable parameters. The open circles are the measu
Casimir force for a flat plate and the same sphere. The dash
line is the theoretical Casimir force for a flat plate obtained b
settingA  0 in Eq. (4), with no adjustable parameters.

errors from the force curve in regions 1 and 2 to obtain th
measured Casimir force asFc-m  Fm 2 Fe 2 Cz where
Fm is the measured total force. Thus the measured Casi
force from region 2 has no adjustable parameters.

The experiment is repeated for 15 scans and the a
erage Casimir force measured is shown as solid squa
in Fig. 4. The height of the squares represents the e
perimental uncertainty at each data point and the err
bars represent the range of data. The theoretical cu
given by Eq. (4) withz0  148 nm (determined from the
electrostatic result) and no adjustable parameters is sho
as a solid line in the same figure. Significant deviatio
between the measured force and the perturbative the
can be observed. Even allowingz0 to be completely ad-
justable by matching theory and experiment at the large
forces will not reconcile the two for surface separation
between 200–500 nm.

The experiment and analysis were repeated for t
same sphere and an identically coated flat plate. T
average measured Casimir force from 15 scans is sho
as open circles. The theoretical Casimir force due
a flat plate and sphere obtained by settingA  0 in
Eq. (4) shows good agreement with the experiment. T
electrostatically measured surface separation on contac
49 6 4 nm and8 1 8  16 nm AuyPd coating leading
to z0  65 nm was used in the theory. The inclusion o
the stochastic roughness of amplitude 5 nm will lead
1% changes. All of the above experiments have be
repeated with many different sets of spheres, flat plate
and PUSC plates with the same results.

In conclusion, the measured Casimir force between
large sphere and a plate with small amplitude period
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corrugations is significantly different from that predicted
by a perturbative theory which accounts only for change
in separation between surfaces. Such a deviation fro
theory is to be expected due to the diffractive effec
associated with the corrugated surface. The same the
in the limit of zero amplitude of corrugation is in good
agreement with the measured Casimir force between t
same sphere and an identically coated flat plate. The
two results taken together demonstrate the nontrivi
boundary dependence of the Casimir force.

Discussions with V. M. Mostepanenko, G. L. Klimchit-
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