Sharp bounds for learning a mixture of two Gaussians

Moritz Hardt Eric Price
m@mrtz.org ecprice@mit.edu
IBM Research Almaden IBM Research Almaden

April 24, 2014

Abstract

We consider the problem of identifying the parameters of an unknown mixture of two ar-
bitrary d-dimensional Gaussians from a sequence of random samples. Our main result is a
computationally efficient moment-based estimator with an optimal convergence rate thus re-
solving a problem introduced by Pearson (1894). Denoting by o2 the variance of the unknown
mixture, we prove that ©(c'?) samples are necessary and sufficient to estimate each parameter
up to constant additive error when d = 1. Our upper bound extends to arbitrary dimension d > 1
up to a (necessary) logarithmic loss in d using a novel—yet simple—dimensionality reduction
technique.

Strikingly, our estimator turns out to be very similar to the one Pearson proposed in 1894
which reduces the one-dimensional problem to solving and analyzing a tractable system of
polynomial equations. Our result greatly improves on the exponent in the sample size of the
best previous estimator due to Kalai, Moitra and Valiant (2010).

1 Introduction

Gaussian mixture models are among the most well-studied models in statistics, signal processing,
and computer science with a venerable history spanning more than a century. Gaussian mixtures
arise naturally as way of explaining data that arises from two or more homogenous populations
mixed in varying proportions. There have been numerous applications of Gaussian mixtures in
disciplines including astronomy, biology, economics, engineering and finance.

The most basic estimation problem when dealing with any mixture model is to approximately
identify the parameters that specify the model given access to random samples. In the case of
a Gaussian mixture the model is determined by a collection of means, covariance matrices and
mixture probabilities. A sample is drawn by first selecting a component according to the mixture
probabilities and then sampling from the normal distribution specified by the corresponding mean
and covariance. Already in 1894, Pearson [Pea94] proposed the problem of estimating the parame-
ters of a mixture of two one-dimensional Gaussians in the context of evolutionary biology. Pearson
analyzed a population of crabs and found that a mixture of two Gaussians faithfully explained the
size of the crab “foreheads”. He concluded that what he observed was a mixture of two species
rather than a single species and further speculated that “a family probably breaks up first into two
species, rather than three or more, owing to the pressure at a given time of some particular form
of natural selection.”

Fitting a mixture of two Gaussians to the observed crab data was a formidable task at the time
that required Pearson to come up with a good approach. His approach is based on the method
of moments which uses the empirical moments of a distribution to distinguish between competing



models. Given n samples x1,...,x, the k-th empirical moment is defined as }L > xf, which for
sufficiently large n will approximate the true moment E xf A mixture of two one-dimensional Gaus-
sians has 5 parameters so one might hope that 5 moments are sufficient to identify the parameters.
Pearson derived a ninth degree polynomial ps in the first 5 moments and located the roots of this
polynomial. Each root gives a candidate mixture that matches the first 5 moments; there were
two valid solutions, among which Pearson selected the one whose 6-th moment was closest to the
observed empirical 6-th moment.

In this work, we extend the method proposed by Pearson and prove that the extended method
reliably recovers the parameters of the unknown mixture. Moreover, we show that the sample
complexity we achieve is essentially optimal. To illustrate the quantitative bound that we get,
if the means and variances are separated by constants and the total variance of the mixture is
o2, then we show that up to constant factors it is necessary and sufficient to use o'? samples to
recover the parameters up to small additive error. Our work can be interpreted as providing an
analysis of Pearson’s 120-year old estimator demonstrating that not only does it provably work (in
most situations) but in fact gives an optimal convergence rate. We extend our result to arbitrary
dimension d using an apparently novel but surprisingly simple dimensionality reduction technique.
This allows us to obtain the same sample complexity in any dimension up to a logarithmic loss
in d, which we can also show is necessary.

Closely related to our results is an important recent work of Kalai, Moitra and Valiant [KMV10]
who gave the first proof of a computationally efficient estimator with an inverse-polynomial con-
vergence rate for the problem we consider. In particular, they show that six moments suffice to
identify a mixture of two one-dimensional Gaussians. Moreover, the result is robust in the sense
that if the parameters of a mixture with variance o? are separated by constants, then one of the
first 6 moments must differ by 1/0%. In particular, the first six empirical moments suffice provided
that they're within 1/0% of the true moments (which happens for n > ¢'32). This then leads
to an estimator up to some polynomial loss. They also show that a solution to the 1-dimensional
problem extends to any dimension d up to some loss that’s polynomial in d and ¢ using a suitable
dimensionality reduction technique. In contrast to their result which is within a polynomial factor
of optimal, our result is within a constant factor of optimal in one dimension and within a log, log o
factor of optimal in d dimensions.

1.1 Problem Description

A mixture F of two d-dimensional Gaussians is specified by mixing probabilities p1, ps > 0 such
that p; + p2 = 1, two means u1, 2 € R? and two covariance matrices X1, %y € R¥?. A sample
from F' is generated by first picking an integer i € {1,2} from the distribution (p1,p2) and then
sampling from the d-dimensional Gaussian measure N(pu;, ¥;).

The variance o2 of a 1-dimensional mixture of two Gaussians is p1po (1 — uz)Q + pla% + pga% .
For a d-dimensional mixture, it is useful to define its “variance” as the maximum variance of any
coordinate,

def
V(F) = pipallpn — p2ll2 + p1l|S1llee + p2)lS2)lo - (1)

Given samples from F' our goal is to recover the parameters that specify the mixture up to
small additive error; this is known as parameter distance. It is easy to see that we can only hope
to recover the components of the mixture up to permutation. For simplicity it is convenient to
combine the error in estimating the parameters:

Definition 1.1. We say that mizture F is e-close to mizture F if there is a permutation w for



which A ‘ -
max ([ = A2, S0 - SO ) < eV(E)

We say that an algorithm (e, §)-learns a mizture F of two Gaussians from f(e,8) samples, if given
f(€,9) i.i.d. samples from F, it outputs a mizture F' that is e-close to F with probability 1 — 4.

Note that this definition does not require good recovery of the p;. If the two components of the
mixture are indistinguishable, one cannot hope to recover the p; to additive error. On the other
hand, if the components are well-separated, one can use that the overall mean is the p-weighted
average of the component means—or an analogous statement for the variances—to estimate the p;
from estimates of the parameters. Our main theorem will give a more precise characterization of
how well we estimate p, but for simplicity we ignore it in much of the paper.

Kalai, Moitra and Valiant [KMV10] considered total variation distance between the two mix-
tures as the target metric; in their analysis they first bound the parameter distance and then give
an argument showing how to convert it to bounds in total variation distance. However, focusing on
parameter distance has several advantages in our context. First, it leads to a cleaner quantitative
analysis. Second, if the covariance matrices are (close to) sparse we can scale €, to the magnitude
of the dominant entries of the covariance matrices and ignore the rest, decreasing our sample com-
plexity; an affine invariant measure such as total variation distance could not benefit from sparsity
this way. We will discuss later an application where sparse covariance matrices are natural. Finally,
even if we converted our bounds to total variation norm using the argument of [KMV10], our main
theorem would still lead to significant quantitative improvements.

1.2 Main results

One-dimensional algorithm. Our main theorem is a general result that achieves tight bounds
in multiple parameter regimes. As a consequence it’s a little cumbersome to state, so we start

with two simpler corollaries. The first corollary is that the algorithm (e, d)-learns a mixture with
O(e7%1og(1/4)) samples.

Corollary 1.2. Let F' be any mizture of 1-dimensional Gaussians where p1 and ps are bounded
away from zero. Then Algorithm 2.3 can (e,d)-learn F with O(e=%log(1/5)) samples.

The 6th power dependence on ¢ arises because our algorithm uses the 6th moment. In fact, we
will see that in general this result is tight: there exist distributions for which one cannot reliably
estimate either the pi; to £+/eo or the o2 to ea? with o(1/€%) samples.

However, for many distributions one can estimate the parameters with fewer than 1/e'2 samples.
One important special case is when the two Gaussians have means that are separated by (1)
standard deviations. In this case, our algorithm requires only O(1/¢€) samples:

Corollary 1.3. Let F be a mizture of 1-dimensional Gaussians where p1 and py are bounded
away from zero and |p1 — 2| = Q(c). Then Algorithm 2.3 can (€,8)-learn F with O(e~log(1/6))
samples.

This result is also tight: even if the samples from the mixture were labeled, it still would take
2(1/€) samples to estimate the mean and variance of each Gaussian to the desired precision. Our
main theorem gives a smooth tradeoff between these two corollaries.

Theorem 2.10. Let F be any mizture of two Gaussians with variance o and py, ps bounded away
from 0. Then, given O(e 2nlog(1/68)) samples Algorithm 2.3 with probability 1 — & outputs the
parameters of a mizture F so that for some permutation © and all i € {1,2} we have the following
guarantees:



o2 \6 ~
o I (1 Z) then |~ fingo) < s —pual, |02 82| < el — paf?, and s — Fre)| < c.

2 _ 2
o Ifn> (w) then ]02—0 | < €lof — o3|+ | — p2|* and |pi — Dry)l <e+%.
o For any n > 1, the algorithm performs as well as assuming the mizture is a single Gaussian:

i = Friy| < |1 — p2] + €0 and |07 = G2 )| < |of — 03] + |1 — po|? + e0®.

In essence, the theorem states that the algorithm can distinguish the two Gaussians in the

mixture if it has at least (max(\p,lfijz |02702|))6 samples. Once this happens, the parameters can
LA | 2

be estimated to +e relative accuracy with only a 1/¢? factor more samples. If the means are
reasonably separated, then the first clause of the theorem provides the strongest bounds. If there
is no separation in the means, we cannot hope to learn the means to relative accuracy, but we can
still learn the variances to relative accuracy provided that they’re separated. This is the content
of the second clause. If neither means nor variances are separated, our algorithm is no better or
worse than treating the mixture as a single Gaussian.

The only assumption present in our main theorem requires that min(py, p2) be bounded away
from zero. Making this assumption simplifies the proof on a syntactic level considerably. A poly-
nomial dependence on the separation from 0 could be extracted from our techniques, but we don’t
know if this dependence would be optimal.

Lower bound. Our second main result is that the bound in Theorem 2.10 is essentially best
possible among all estimators—even computationally inefficient ones. More concretely, we exhibit
a pair of mixtures F, F' that satisfy the following strong bound on the squared Hellinger distance?
between the two distributions.

Lemma 1.4. There are two one-dimensional Gaussian miztures F, F with variances o2 and all
of the i, o2, and p; separated by (1) from each other such that the squared Hellinger distance
satisfies

H*(F,F) <0 (c71?).

Denoting by F™ the distribution obtained by taking n independent samples from F, the squared
Hellinger distance satisfies the direct sum rule H*(F™, F") < n-H2(F, F'). Moreover, if H2(F™, F") <
o(1) then the total variation distance also satisfies TV(F™, F) < o(1). In particular, in this case
no statistical test can distinguish F' and F’ from n samples with high confidence and parameter
estimation is therefore impossible. The following theorem follows, showing that Corollary 1.2 is
optimal.

Theorem 4.5. Consider any algorithm that, given n samples of any Gaussian mizture with vari-
ance o2, with probability 1 — § learns either p; to +\/eo or o? to +ea?. Then n = Qe Clog(1/6)).

Since (¢, §)-learning the mixture requires learning both the p; and the o2 to this precision, we
get that Corollary 1.2 is tight:

Corollary 1.5. Any algorithm that uses f(e,d) samples to (€,d)-learn arbitrary miztures of two
1-dimensional Gaussians with py and pa bounded away from zero requires f(e,8) = Q(e~%1og(1/9)).

'For probability measure P and @Q with densities p and ¢, respectively, the squared Hellinger distance is defined

as H2(P, Q) = [(/p(z) — /q(x))*dz.



Extension to arbitrary dimensions. Our main result holds for the d-dimensional problem up
to replacing log(1/6) by log(dlog(1/€)/d) in the sample complexity.

Theorem 3.11. Let F' be any mixture of d-dimensional Gaussians where p1 and pa are bounded
away from zero. Then we can (e, 0)-learn F with O(e~%log(dlog(1/€)/8)) samples.

Notably, our bound is essentially dimension-free and incurs only a logarithmic dependence on d.
The best previous bound for the problem is the bound due to [KMV10] that gives a polynomial
dependence of O((d/€)¢) for some very large constant ¢ = O(1).2 The proof of our theorem is based
on a new dimension-reduction technique for the mixture problem that is quite different from the
one in [KMV10]. Apart from the quantitative improvement that it yields, it is also notably simpler.

Moreover, we can extend Theorem 4.5 to show that (e~ %log(d/d)) samples are necessary to
achieve the guarantee of Theorem 3.11; one can embed a different instance of the hard distribution
in each of the d dimensions, and the guarantee requires that the algorithm solve all the copies.
That this direct product is hard is shown in Theorem 4.7. Hence Theorem 3.11 is optimal up to
the loglog(1/€) term, and optimal up to constant factors when d > log(1/e).

1.3 Proof overview

We now give a high-level outline of our approach (and the related approach of Pearson). We begin
by reparametrizing the Gaussian mixture in such a way to get parameters that are independent of
adding Gaussian noise to the mixture. Formally, adding or subtracting the same term from each of
the variances leaves these parameters unchanged. Assuming the overall mean of the mixture is 0,
this leaves us with 3 free parameters that we call «, 5, 7. Since these parameters are independent
of adding Gaussian noise it is useful to also define the moments of the mixture in such a way that
they are independent under adding Gaussian noise. This is accomplished by considering what we
call excess moments. The name is inspired by the term excess kurtosis, a well-known measure of
“peakedness” of a distribution introduced in [Pea94] that corresponds to the fourth excess moment.
At this point, the third through sixth excess moments give us four equations in the three variables

a, 3,7.

Three different precision regimes. Our analysis distinguishes between three different param-
eter regimes. In the first parameter regime we know each excess moment X; for ¢ < 6 up to an
additive error of €|u; — po|*. This analysis is applicable when the means are separated and it leads
to the first case in Theorem 2.10. The second regime is when the separation between the means
is small, but we nevertheless know each excess moment up to error €|o7 — o3|*/2. This analysis in
this case applies when the variances are separated and leads to the second case in Theorem 2.10.
Finally, when neither of the cases applies the two Gaussians are indistinguishable and we simply
fit a single Gaussian. We show that we can figure out which parameter regime we’re in and run
the appropriate algorithm.

We focus here on a discussion of the first parameter regime, since it is the most interesting case.
The full argument is in Section 2.3.

Pearson’s polynomial. Expressing the excess moments in terms of our new parameters «, 3,7,
we can derive in a fairly natural manner a ninth degree polynomial ps(y) whose coefficients depend
on X3, Xy, and X5 so that o has to satisfy ps(«) = 0. The polynomial ps was already used by
Pearson. Unfortunately, ps can have multiple roots and this is to be expected since 5 moments are

2Their formal proof appears to use ¢ = 300,000, although their technique could get a somewhat smaller value.



not sufficient to identify a mixture of two Gaussians. Pearson computed the mixtures associated
with each of the roots and threw out the invalid solutions (e.g. the ones that give imaginary
variances), getting two valid mixtures that matched on the first five moments. He then chose the
one whose sixth moment was closest to the observed sixth moment.

We proceed somewhat differently from Pearson after computing ps. First, we use the first 4
excess moments to compute an upper bound Y., on a. We show that the set of valid mixtures
that match the first 5 moments correspond precisely to the roots y of ps(y) with 0 < ¥ < Ymaa-
We then derive another ninth degree polynomial using X3, X4, X5, and Xg that we call pg(y). We
prove that « is the only solution to the system of equations

{ps(y) =0, p6(y) =0, 0<y < ymax}-

This approach isn’t yet robust to small perturbations in the moments; for example, if p5s has a double
root at «, it may have no nearby root after perturbation. We therefore consider the polynomial
r(y) = p?(y) + pé(y) which we know is zero at a. We argue that 7(y) is significantly nonzero for
any y significantly far from «. This is the main technical claim we need.

For intuition of why this is the case, consider the normalization |p; — p2| = 1 and the setting
where |0? — 02| = O(1). Because the excess moments are polynomials in «, 3,7 we can think of
r(y) as a polynomial in (y, o, 3,7). We are interested in some region R C R* where every root of r
corresponds to a mixture matching the first six moments. Because six moments suffice to identify
the mixture by [KMV10], » has no roots in R outside y = a. This lets us show that r/(y — «)? has
no roots over R, which for a compact R implies that 7/(y—a)? = Q(1) over R. Thus r = Q((y—a)?)
over the region of interest.

Now, with O(c'?/€?) samples we can estimate all the X; to +e, which lets us estimate both
ps(y) and pg(y) to £0(€). This means /r(y) is estimated to £O(e). Since /r(y) = Q(ly — al),
this lets us find « to £0(e). We then work back through our equations to get § and v to £0(e),
which give the y; and o2 to £0(e).

The analysis proceeds slightly differently in the setting where |07 — 03] > 1. In this setting
the region R of interest is not compact, because the parameter v (which here equals o? — o3)
is unbounded. However, we can show directly that the highest (12th) degree coefficient of 7 in
r/(y — a)? is bounded away from zero, getting that r = Q(y'%(y — a)?). Since the X; are now not
constant, while we can estimate each X; to +e¢ with O(c'%/€?) samples, we only estimate ps(y)
and pg(y) to £0(ey®). Since \/r(y) = Q(+°|y — ), this lets us estimate o to +£O(e/v). This is
sufficient to recover  to +0(€), which lets us recover 8 to £0(¢) and then the j; and o2 to £O(e).

Dimension Reduction. In Section 3 we extend our theorem to arbitrary dimensional mix-
tures using two simple ideas. The first idea is used to reduce the d-dimensional case to the 4-
dimensional case and is straightforward. The second argument reduces the 4-dimensional case to
the 1-dimensional and is only slightly more involved. How can we use an algorithm for d < 4
to solve the problem in arbitrary dimension? Consider the case where ¥1,%s € R differ in
some entry (4,7). We can find (i,7) by running our assumed algorithm for all pairs of variables.
Each pair of variables leads to a two-dimensional mixture problem where the covariances are ob-
tained by restricting X1, X9 to the corresponding entries. Once we have found an entry (4, j) where
|(X1—%2)ij| > €, we are in good shape. We now iterate over all k,1 € [d] and solve the 4-dimensional
mixture problem on the variables (i, j, k, ) to within accuracy €/10. This not only reveals an addi-
tional entry k, [ of the covariance matrix but it also tells us which of the two values for position (k,1)
is associated with which of the values for position (i, 7). This is because we solved the 4-dimensional
problem to accuracy €/10 and we know that |(31 — X2);;| > €. Hence, each newly recovered value



for position (7, j) must be close to the value that we previously recovered. This ensures that we do
not mix up any entries and so we recover the covariance matrices entry by entry. A similar but
simpler argument works for the means.

Finally, the four-dimensional problem reduces to one dimension by brute forcing over an e-
net of all possible four-dimensional solutions (which is now doable in polynomial time) and using
the algorithm for d = 1 to verify whether we picked a valid solution. The verification works by
projecting the four-dimensional mixture in a random direction. Using anti-concentration results
for quadratic forms in Gaussian variables, we can show that any covariance matrix e-far from the
true covariance matrices will be ruled out with constant probability by each projection. Therefore
O(log(1/€)) projections will identify the covariance matrices among the poly(1/¢) possibilities. A
union bound requires § ~ 1/log(1/e), giving O(loglog(1/e)) overhead beyond the 1-dimensional
algorithm.

1.4 Related Work

The body of related work on Gaussian mixture models is too broad to survey here. We refer the
reader to [KMV10] for a helpful discussion of work prior to 2010. Since then a number of works
have further contributed to the topic. Moitra and Valiant [MV10] gave polynomial bounds for
estimating the parameters of a mixture of k Gaussians based on the method of moments. Belkin
and Sinha [BS10] achieved a similar result. It is an interesting question if our techniques extend
to the case of k Gaussians, but by [MV10] the dependence must be at least e **). Work of Chan
et al. [CDSS14] implies an improper learning algorithm for a mixture of two single-dimensional
Gaussians that learns the mixture in total variation distance to error e using O(1/€?) samples.
Daskalakis and Kamath [DK13] strengthen this result by giving a proper learning algorithm with
the same guarantee. However, neither algorithm estimates the paramters the mixture (and this is
impossible in general given the stated sample complexity by our lower bound). A number of recent
works have considered Gaussian mixture models under stronger assumptions on the components.
See, for example, [HK13, AJOS14]. We are not aware of improvements over [KMV10] for the
parameter estimation problem when no such assumptions are made.

2 Algorithm for one-dimensional mixtures

2.1 Preliminaries and Notation

Asymptotics. For any expressions f and g, we use f < g to denote that there exists a constant
C > 0 such that f < Cg. Similarly, f 2 g denotes that g < f, and f =< g denotes that f < g < f.

Parameters of the Gaussian. The two Gaussians have probabilities p;, means p;, and standard
deviations ;. The overall mean and variance of the mixture are y = piu1 + pou2 and

o® = pi((m = p)* +07) + pa((p2 — ) + 03) = pip2(p1 — p2)” + prot + paos (2)
For almost all of the section, for simplicity of notation we will assume that the overall mean
1 =10. We only need to consider p # 0 when showing that we can estimate the moments precisely
enough.
We will also assume that pj,ps € (0,1) are both bounded away from zero. We define

Ay = |2 — Az = |o5 — o7l (3)



We also make use of a reparameterization of the Gaussian distribution:

0f —of
a=—mpe P=mtp y=—"— (4)
H2 — H1

Note that these are independent of adding Gaussian noise, i.e. increasing both o% and o3 by the
same amount. Also we have o > 0, since the mean is zero. With our assumption that pi,ps are
bounded away from zero we have that

B <axs A;Qr
Finally, we will make use of the parameter
k = max(1, AUQ/AZ)

which will relate to how well-conditioned our equations are. We have that |y| < Ayk.

Excess moments. We define M; to be the ith moment of our distribution, E[z?], so My = 0.

The excess kurtosis of a distribution is a standard statistical measure defined as My/M3 — 3.
It is designed to be independent of adding independent Gaussian noise to the variable. Inspired by
this, we define the excess moments X; to be M; plus a polynomial in My, ..., M; 1 such that the
result is independent of adding Gaussian noise. We have that:

2_ 2
Lemma 2.1. For o = —pqpia, B = ju1 + o,y = 2—L we have that

p2—p1
X3 := M;j = af + 3ay
Xy = My — 3M2 = —202 + af? + 6By + 3ar? (5)
X5 i= M5 — 10M3Ms = (B’ — 8af + 108y + 159°5 — 20a)

Xg := Mg — 15My Mo + 30M5 = a(16a2 — 12a6% — 60afy + 8% + 1533y + 455242 + 155873)

See Appendix B.2 for proof. Since «, 3,7 are independent of adding Gaussian noise, these
definitions of the X, are correct.
By inspection, we have for each i € {3,4,5,6} that

X5 < AZRH. (6)

For simplicity of notation, we also define X; = p and X5 = 02, despite them not technically
being “excess,” and refer to { X1, X2, X3, X4, X5, X6} as the excess moments.

Estimation of moments. All our algorithms in this section proceed by first estimating the (ex-
cess) moments from the samples, then estimating the mixture from these moments. The relationship
between sample complexity and estimation error is as follows:

Lemma 2.2. Suppose p1,p2 are bounded away from zero and our mixture has variance o®. Given
O(log(1/6)/€%) samples, with probability 1 —§ we can compute estimates X; of the first O(1) excess
moments X; satisfying | X; — X;| < ea® .

See Appendix A for a proof. We will state our first two theorems in terms of the necessary error
bound on |)/fZ — X;| rather than sample complexity. This is more general, since it supports other
forms of perturbation of the inputs.

For a statistic f of the Gaussian mixture, in general we use f to denote the true value of the
statistic and f to denote the estimate of f from estimates of the moments.



2.2 Algorithm overview

Our overall goal is to recover the p; to £eo and the O' to €202 using roughly O(1/€'2?) samples.

We have two different algorithms for different parameter regimes. The first algorithm, Algo-
rithm 2.1, proceeds by first learning the u;, then using this to estimate the o;. However, it only
works well if we have the X; to within AL; without this, we cannot get a nontrivial estimate of the
1;, which causes the algorithm to also not get a decent estimate of the o;.

Theorem 2.7 (Precision better than A,). Consider any mizture of Gaussians where p1 and py are

bounded away from zero, ¢ > 0 a sufficiently small constant, and any ¢ < 1. If \)?1 - X < CEAZ
for all © < 6, Algorithm 2.1 recovers the p; to e, u; to £eA,, and o? to :|:€AZ.

If Age > AZ, for example if A, = 0, one may hope to get a good estimate of the 022 despite
having more than AJ, error in X;. Algorithm 2.2 does this by solving for the o; under the assumption
that g1 = p2. We can show that the solution is robust to A, being small but nonzero, so the
algorithm does a good job when AZ < \)/(\'z - Xl < AZU/QQ. (When 1X; — Xi| goes below this bound,
the performance doesn’t degrade but does not improve as one would like.)

Theorem 2.9 (Precision between A, and VA,2). Consider any mizture of Gaussians where p;

and py are bounded away from zero, and any € < 1. S’uppose that eAy2 2, A2 If |X - X < GAZ/z
for all i <6, Algorithm 2.2 recovers the p; to £0(e) and 02 to £0(€)A,2

In the remaining parameter regime, with \X Xi| > A’ + Az/ 2 , the two Gaussians are in

general indistinguishable and it suffices to just output the average mean and variance.

To get a general result, we just need to figure out which of the three parameter regimes we’re
in and apply the appropriate algorithm. Algorithm 2.3 does this by constructing sufficiently good
estimates of 0,A,, and A,2. We also invoke Lemma 2.2 to get bounds on sample complexity,
showing;:

Theorem 2.10. Let F' be cmy mizture of two Gaussians with variance o® and py, p2 bounded away
from 0. Then, given O(e” Znlog(1/6)) samples Algorithm 2.3 with probability 1 — & outputs the
parameters of a mizture F so that for some permutation m and all i € {1,2} we have the following
gquarantees:

2 6 o~
o Ifn> (%nr)  then |pi—finp | < el —pal, |0f =52, < elpa—pal?, and [pi —Pry| < €.

p1— uzl
lof—o3] *

o Ifn> (W) then |o? —‘7 | < elo? — o3| + |1 — p2l? and |p; — Pr@i)| S e+ iyl

e For anyn > 1, the algorithm performs as well as assuming the mizture is a single Gaussian:
i = Fniy| < |1 — p2] + €0 and |of = G2 )| < |of — 03] + |1 — po|? + €0

The regimes can be unified to get the following, simpler but weaker, corollary:

Corollary 2.3. Consider any mizture of Gaussians where p1 and ps are bounded away from zero,
and any €,0 < 1. With n = O(log(1/5)/€'?) samples, Algorithm 2.3 returns {ui,us} to +eo
additive error and the corresponding {03,035} to £e*0? additive error with probability 1 — 6.

Proof. If eo = fA, for f <1, then by the first clause of Theorem 2.10 with ¢ = f% we get the y;
to within f6A, < fAM =e€o and the o? to within f6A2 f2A2 = €202,

Otherwise, if e > A, but € ngaz for 2 < 1 then by the second clause of Theorem 2.10
with € = f we get the o; to W1th1n fOA, 2 + A2 <e

And by the last clause, if e 2 A, we get the Lbi to Wlthm A, + b0 < eo, and if €20? >

N

max (A2, Au) we get the o2 to Wlthln Au + A2 +ef0? <€ O



2.3 Algorithm for better precision than A,

> Recover Gaussian mixture from (estimates of the) mean, variance, and excess moments
> Excess moments are function of moments, defined in (5)
procedure RECOVERFROMMOMENTS(¢, 1, 0%, X3, X4, X5, X¢)

« < RECOVERALPHAFROMMOMENTS(X3, X4, X5, X6, €).
1 CM2X5+2X§’+2043X373X3X404

T AX2-203—3Xsa
5 — é(Xg — 30&’7).

— 2+4
i, oy - IV
p1,p2 2, R

H2—pa? pe—p1’
o} < * — (p1pf + p2u3 — 7).
o5 < 0f + (p2 — )7
return (pi, i1 + i, 01), (P2, p2 + 1, 02)
end procedure
procedure RECOVERALPHAFROMMOMENTS (X3, X4, X5, X, €)
Let ymae be the largest root of 2y3 + Xy — X§ = 0.
5 1 /X Y > k= O(1+ |1l/va)
Define the 18th degree polynomial 7(y) = p5(y)? + ps(y)? for ps and pg given by (9) and (11).
> For the true moments, « is the only zero of r on (0, Ymaz]-
Compute the set of roots R of '(y).
Let o be maximal element of R U {(1 + €/K)Ymaqz } satisfying

return o.
end procedure

Algorithm 2.1: Algorithm for recovery of mixture of two Gaussians in one dimension when the
means are separated.

In this section we derive Pearson’s polynomial and extend it into a robust algorithm.

Manipulation of X3, X4, X5. Based on (5) we can remove [ to get an equation in {a, 7y, X3, X4}:
6(ay)? = X3 — 20° — X,a. (7)
If we define z := oy, we can get another equation in {«, z, X3, X4, X5}.

o’ X5 — X?:f + 803 X3 = a2y — 1203428 + 4oty — 270343
= 2(X3 — 32)% — 122%(X3 — 32) + 403z — 2723
=182% — 18X32% + (4o + X3)z

Substituting in (7) we make the equation linear in z:

?X5 — X3 +8a° X3 = 3(2 — X3)(X2 — 203 — Xya) + (403 + X2)z
= (4X2 — 20% — 3X,40)2z + (3X3X4a 4 60> X3 — 3X3)
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or

042X5 + 2X§’ + 2a3X3 —3X3X4c
4X3 — 203 — 3X4a '

zi=y = (8)
We can substitute z back into (7) and clear the denominator to get a polynomial equation in the
single variable a:3

ps(@) = 6(2X30° + X5a? — 3X3X4a + 2X3)? + (20° + 3X4a — 4X3)? (20 + Xya — X3) = 0. (9)

Therefore, given the excess moments X;, we can find a set of candidate a by solving for the positive
roots of ps(y) = 0. Unfortunately, there are in general multiple such roots. In fact, the first five
moments do not suffice to uniquely identify a Gaussian mixture, so we must incorporate the sixth
moment.

Using the 6th moment. Analogously to the creation of (8), we take the expression for Xg
in (5), replace B with X;/a — 3, then remove +? terms using (7) to get

_ 4X5 — 4XEXy0 — 8XFa’ — X7a® +8X4at + Xga® +4af
N 10X?? - 7X3X4a — 2X3a3

Z =y

(10)

(See Appendix B.3 for a more detailed explanation.) Combining with (8) and clearing the denom-
inators gives that

pe(a) = (4X2 — 3X4a — 20%)(4X5 — 4X2 X0 — 8X2a® — X202 + 8X 0t + Xga® + 4a8) —
(10X3 — 7TX3X 0 — 2X30°)(2X3 — 3X3X4a + 2X30° + X50%) = 0 (11)

which is another 9th degree equation in « in terms of the excess moments.
We would like to say that « is the only common positive root of ps and pg, but this is not always
true. Fortunately, we can exclude the other common roots if we enforce an upper bound on «.

Restricting the domain. Let ¥,,,, be the positive root of
2y + Xqy — X2 =0. (12)

There is at most one such root by Descartes’ rule of signs. There exists such a root because if
X3 = a(B + 37) is zero, then X4 = a(B + 37)% — 6ay? — 2a? is negative. And by (7), & < Ymaz-
Moreover,

Ymaz S Q. (13)

< @, this follows from a

~y

(Since p; and po are bounded away from zero, 2 < «. Then if 2

~

cubic polynomial with bounded coefficients having bounded roots. Otherwise, X2 = O(a?y?) and
Xy = O(ay?) are positive 50 Ymar < X3/X4 S )

3This polynomial (9) is identical to (29) in Pearson’s 1894 paper, up to rescaling variables by constant factors.
Our (8) is similarly identical to Pearson’s (27).
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Combining the equations. We will show that y = « is the only solution to the set of equations
0 <y < Ymaz,P5(y) = 0,p6(y) = 0. This statement would suffice to recover the mixture given the
exact excess moments, but we also want the algorithm to have robustness to small perturbations
in the X;. We therefore define

r(y) = p5(y)* + ps(y)?, (14)

which we know is zero at . We will show it is significantly non-zero for any candidate y that is
far from « and still within [¢Ymaz, Ymae] for any constant ¢ > 0.
The robustness will depend on the parameter

K= max(l,Aaz/Ai) ~ 1+ |y|/Va. (15)

This is intuitive because the excess moments X; are bounded by O(Afﬁid), which implies by
inspection of (9) and (11) that for all |y| < Ymaz, every monomial in ps and pg has magnitude
bounded by

O(APKP). (16)

At this point, it is convenient to normalize so A, = a = 1. While we state our lemmas in full
generality, it is better to think about this normalization and we will use it in the proofs.

Lemma 2.4. For any constant ¢ > 0, and for all o > 0 and 5,7,y € R with cYmaz < Y < Ymax
and 3% < o we have
r(y) 2 k2 (y — a)?a’®

This is the key lemma of our proof, and shown in Section B.4. Note that the recovery algorithm
will not know ¥4, exactly, so we need to extend the claim to slightly beyond 94z-

Lemma 2.5. For any constant ¢ > 0, there exists a constant ¢ > 0 such that for all o > 0 and
B,7,y € R with cYmaz < Y < Ymaz + ¢ Ymaz — @) and 32 < a we have

r(y) 2 k% (y — a)*a'®

The proof is in Section B.4. This lemma lets us show that RECOVERALPHAFROMMOMENTS
returns a good approximation to « if it is given good approximations to the moments:

Lemma 2.6. Suppose p1,p2 are bounded away from zero, let ¢ > 0 be a sufficiently small constant,
and let € < 1. Suppose further that | X; — X;| < ceAL for all i € {3,4,5,6}. In this setting, the

result &@ = RECOVERALPHAFROMMOMENTS(X3, X4, X5, X¢, €) satisfies
~ 2
@ —al SeAy/k.

See Section B.6 for a proof. It is then easy to show that all the recovered parameters are good
approximations to the true parameters, getting the theorem:

Theorem 2.7 (Precision better than A,). Consider any mizture of Gaussians where py and py are

bounded away from zero, ¢ > 0 a sufficiently small constant, and any ¢ < 1. If \)?Z - Xi| < CGAL
for all © < 6, Algorithm 2.1 recovers the p; to e, u; to £eA,, and 02-2 to :I:GAZ.
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Proof. We normalize so A, = 1. By Lemma 2.6,
o — | < €/k.

Therefore o and the )AQ for i € {3,4,5,6} all have error less than €/x times the corresponding upper
bounds of 1 and x*~2. Then by Lemma A.1, the error in any monomial in o and the X; is less than
€/ times the upper bound on that monomial.

Let us consider the error in 7. The equation is

1 az)?5 + 25(:? + 2&35(:3 — 3)?3)?4&
4X2 - 283 - 3X,4a

7=

)|

For the true a, X3, X4, X5, the numerator is O(x%) and the denominator is ©(x2), where to get the
lower bound on the denominator we use from (7) that

4X2 —20% = 3X4a = X2 + 403 + 3(X2 — 2% — Xy0) > 402 + 3(6a7)? = k2.
Hence for the estimates, we have

_O(K*) £0(er?)
= B0 £ 0(en) T O

=)

Then B and the fi; are trivial +=O(e) approximations. From this, the p; are £O(¢e) approximations
and the 57 are +0(¢)-approximations. Rescaling € gives the result. O

2.4 Algorithm for precision between A, and VA,

> Recover Gaussian mixture from (estimates of the) mean, variance, and excess moments
> Excess moments are function of moments, defined in (5)
procedure SAMEMEANRECOVERFROMMOMENTS(u, 02, X4, X¢)

4 Xz 2 2

Az +— §X4+25)6(2 > A2 = o5 — 07
L1 X

pi— 5(1F FXA 2) > p1 takes — branch

2 2
o7 < 0% — paAe.

03+ 0%+ p1A,e.
return (p1, 1, 01), (p2, i, 02)
end procedure

Algorithm 2.2: Algorithm for recovery of mixture of two Gaussians in one dimension, when p; ~ po.

Algorithm 2.2 solves for the Gaussian mixture under the assumption that p; = ps. First, we
show that it is correct and robust to perturbations in the moments; we will then show that the
moments are robust to perturbation of the means.

Lemma 2.8. Suppose ju1 = pa and p1,pa are bounded away from zero. Let A,z := o3 —o5. For any

€ less than a sufficiently small constant, if |)?Z -Xi| < EAZ/QQ foralli € {2,4,6}, then Algorithm 2.2
recovers o2 to £0(eA,2) additive error and p; to £0(€) additive error.
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Proof. First, we show that Algorithm 2.2 gives exact recovery when the moments are exact; then
we show robustness.

We choose to disambiguate the mixtures by o3 > 02 so v = A,2/(u2 — p1). By examining
Lemma 2.1 as p; — 0 and v — A,2/u;, we observe that when A, = 0 we have

X, — 3ay? (17)
X¢ — 15a87°3
which, in terms of p1, p2, A2, for A, = 0 implies that
Xy = 3pipaA2,
X = 15p1pa(p2 — p1) A2,

Therefore
4 X2 9 9
§X 4+ 25? = 4P1P2A(,2 + (p2 —p1) AL
= (p1 +p2) Ag2 = A?ﬂ
and
b2 —p1 = 75X4A02'

The algorithm is thus correct given the exact moments. .
How robust is the algorithm? We have that X, =~ A(2f2 and | Xg| < A§2. Hence Xy = (1 £

O(€)) X4 2 A2, and |X2 — X2| < eAgQ, and
)?6 2 6 2

_ 26 s en?,
X2 X2 ik X2 X3
Therefore A2 = (14 O(€))A,2. And since \% - %ﬂ < €Az, this means

X Xe

<
|pl pZ|N| A4£ ) X4Ao.2|~6

as desired. ]

Theorem 2.9 (Precision between A, and VA,2). Consider any mizture of Gaussians where p;

and pa are bounded away from zero, and any € < 1. Suppose that eAy2 2 A2 If |X - Xi| < eAl/z
for all i <6, Algorithm 2.2 recovers the p; to £0(¢€) and o? to +0(e )A 2.

Proof. Let G be the given Gaussian mixture and G’ be the mixture with probabilities p; and
variances 02-2 but both means moved to p, which we may assume without loss of generality is 0.
Then we can express ¢ ~ G as y + z for y ~ G’ and |z| < A,. Define X/ to be the ith excess
moment of G'.

Since the sign of y is independent of the mixture chosen, E[yz] = 0. Therefore | X} — Xo| =
E[z%] = p1pf + pop3 S AZ. From (5) and (17), we have that

| X4 — Xi| =] =20 + B + 608y S A%A,

| X6 — Xg| = |a(160® — 1208* — 6008y + B + 158%y + 458°%)| S AZA2,
Therefore | X — X;| < AiAi/ffl for all i € {2,4,6}, so | X/ — Xi| < eAZ/f. Lemma 2.8 immediately
implies the result. O
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2.5 Combining the algorithms to get general precision

procedure RECOVERIDMIXTURE(zy, ..., Tp,0)
Compute (excess) moments p, 02, X3, ..., Xg
f < (W)l/12 > Error f¢% in each X;.
— min(| X33 + | X4)V/4, X3/vXs) if X4>0 3
A ’ A /2
w { |X3|1/3 + \X4\1/4 otherwise > O(An) +0(f770)
Ay — /| X4 > O(A,2) £ O(f302) & O(Ai)
if f2 < Zi/oQ then > Can get within iAi
return result of Algorithm 2.1 with € ~ Ww.
else if f2 < A,2/0? then > Between :tAi and +A 2
return result of Algorithm 2.2
else > Can’t distinguish either u; or o;, so output a single Gaussian.
return (1/2, u,0%), (1/2, u, %)
end if

end procedure

Algorithm 2.3: Combined algorithm for recovery of mixture of two Gaussians in one dimension.

Theorem 2.10. Let F' be any mizture of two Gaussians with variance o® and py, p2 bounded away
from 0. Then, given O(e” 2nlog(1/68)) samples Algorithm 2.3 with probability 1 — & outputs the
parameters of a mizrture F so that for some permutation m and all i € {1,2} we have the following
quarantees:

2 \6

o Ifn> ((5%5r) s then i — x| < €lpn — pal, |07 =52, < €|pa — p2f?, and Ipi — Pry| < €.
2

‘IfTL>(W) then |0} — G2 |<€|01_‘72‘+|M1 p2|* and |p; — pn(¢|<€+l|‘f,1_!f||

e For any n > 1, the algorithm performs as well as assuming the mizture is a single Gaussian:
|1 = fin(iy| < |1 — p2| + €0 and |0F — G2 )| < |of — o3| + |1 — paf* + eo.

We compare the algorithm to the “ideal” algorithm which uses A, and A2 instead of their
estimates A, and A2 to decide which algorithm to use. We show that:

e If the first branch is taken in either the ideal or the actual setting, then Zu ~ A,
e If the second branch is taken in either the ideal or the actual setting, then A 2 ~ A, 2.

Therefore, up to constant factors in the sample complexity, the Algorithm 2.3 performs as well
as the ideal algorithm, which performs as well as the best of Algorithm 2.1, Algorithm 2.2, and
outputting a single Gaussian. The proof is given in Appendix B.7.

3 Dimension Reduction

We first give a simple argument showing that the d-dimensional problem reduces to the 4-dimensional
problem. We then give a separate result showing that the 4-dimensional problem reduces to the
1-dimensional problem. Since we previously saw a solution to the 1-dimensional problem, our
reductions show how to solve the general d-dimensional problem.
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To describe our reduction we need to know V(F) up to a constant factor. This can be accom-
plished with few samples as shown next.

Lemma 3.1. Givenn = O(log(1/5)) samples from a mizture F we can output a parameter o* such

that P {o? € [V(F),2V(F)]} >1-4.

Proof. This follows from estimating the second moment of the distribution up to constant multi-
plicative error and is shown in the proof of Lemma 2.2. O

Theorem 3.2 ((d to 4)-reduction). Assume there is a polynomial time algorithm that (e, d)-learns
miztures of two Gaussians in R* from f(e, ) samples. Then, for every d > 4, there is a polynomial
time algorithm that (e,8)-learns miztures of two gaussians using f(e/20,5/10d?) + O(log(1/4))
samples.

Proof. Let A denote the assumed algorithm for R*. We give an algorithm B for the d-dimensional
problem. The algorithm is given sample access to a mixture F' of variance 02 = V(F). The algorithm
B always invokes A with error parameter ¢/20 and failure probability §/10d.

Algorithm B:

1. Use Lemma 3.1 to obtain a parameter 52 such that 62 € [02,20?%] with probability 1 — §/2.

Determine 7i(V):

2. For every i € [d] use A to obtain numbers & for every p € {1,2} there is ¢ € {1,2} such that

&P — ugq)\ < €05 /20. For each ¢ this can be done by invoking A to solve the 1-dimensional
mixture problem obtained by restricting the samples to coordinate .

3. If for all i we have |¢} — 2| < €5/4, then put 4V = i@ = (¢]),cq
4. Otherwise, let i be the first index such that |¢} — ¢2| > €5/4 and do for each j € [d] :

(a) Use A to solve the 2-dimensional mixture problem obtained by restricting to the coor-
dinates 7,j to accuracy €5/20 in order to obtain numbers (v ,1/? ) for p = 1,2 as the
estimate for the two-dimensional means.

(b) Determine p € {1,2} such that [¢] — | < €5/10. If no such p exists, terminate and
output “failure”.

(1 ~(2 3—

(c) Put,ug»)zyf andputu§)zyj P

Determine % (;

5. For every i,j € [d] use A to obtain numbers & for every p € {1,2} there is ¢ € {1,2} such
that |§fj — Egjq-)| < €252 /20. For each 4, j this can be done by using A to solve the 2-dimensional
mixture problem obtained by restricting the samples to coordinates i, j.

6. If for all 4, we have | Z-lj — %] < €262/4, then put SO = 5@ = [fz‘lj]i,je[d]

7. Otherwise, let 7, j be the first indices in lexicographic order such that \5}] — 3]| > €262 /4 and
do for each k,l € [d] :

(a) Invoke A to solve the 4-dimensional mixture problem obtained by restricting to the

coordinates 14, §, k, | to accuracy €262/20 in order to obtain numbers afj, O'Zl forp=1,2.
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(b) Determine p € {1,2} such that |§Z~1j - afj\ < €252/10. If no such p exists, terminate and
output “failure”.

(c) Put 2(1) = oy, and put E(l) =P,
Matching up ¥ and 1.

8. If there exist an i, j, k with ]521] - ZQJ| > €0 /2 and |} —£2| > €0 /2, then run A on {4, j, k} to get
estimates (a”, vy) of (X U,ug) for p =1,2. If there exists a permutation 7 : {1,2} — {1,2}

with @5]1) 1) | < \E )\ and \,u,(l) ] > \,u,(l) y,(:(z))|, then switch S(1)
and £2).

Correctness of 52 and invocations of A. Appealing Lemma 3.1 we have with probability
1-6/2,

Moreover, we know that each invocation of A is on a mixture problem of variance at most ¢? and
we run the algorithm with accuracy parameter €/20 and error probability d/10d?. The total number
of invocations is at most 5d? and therefore every invocation is successful with probability 1 — §/2.
In this case, we have that all the “mean parameters” returned by A are eo/20-accurate and all the

“variacne paramters” are €20 /400-accurate. Both events described above occur with probability
1 — 6 and we will show that B succeeds in outputting a mixutre that’s e-close to F' assuming that
these events occur.

Correctness of means. On the one hand, suppose that the case described in Step 3 occurs.
In this case, each pair of parameters is within distance es/4 < eo/2 and the estimates are eo/20
accurate. Hence, the output is eo-close for both means.

On the other hand, consider the case described in Step 4 and let ¢ denote the coordinate found
by the algorithm. Since |} — 2| > €5/4 > €0 /4 it must be the case that

(1) (2) €0 €0 €0

b _ 2> = 2
R =l 1= 7707 %

Further since all estimates are (eo/20)-accurate, there always must exist a p € {1,2} such that
|¢} — VP| < €0 /10 < €5/10. There is at most one such p since |¢} — £?| > €5 /4. For this p we have
v and ¢} are either both (€0 /20)-close to ugl) or they are both (eo/20)-close to ,uZ@) but not both.
It follows that for every j € [d] our estimates Vf all belong to the same d-dimensional mean. This

shows that we correctly identify p, u(2) € R% up to additive error eo /20 in each coordinate.

Correctness of covariances. The argument for i(l) S is analogous. Suppose that the case
described in Step 6 occurs. In this case, each pair of parameters is within distance ¢202?/2 and the
estimates are €202 /20 accurate. Hence, the output is 20>

Now consider the case described in Step 7 and let (7, j) denote the pair of coordinates found by
the algorithm. Since | Z-lj — 512]] > €262 /4 > €202 /4 it must be the case that

accurate for both covariance matrices.

‘ZE 2(2 ‘ > 202 /4 — 202 /10 = €26?/8.

Further since all estimates are (¢202/20)-accurate, there always must exist a p € {1,2} such that
\filj —ob S < €202 /10. For this p we know that a - and 51 are either both (¢202/10)-close to Zz(j)
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they are both (e202/10)-close to EZ(?). In particular, for every k, [ € [d] our estimates o7, all belong to

the same n-dimensional covariance matrix. This shows that we correctly identify (1), ©(2) ¢ Rdxd

up to additive error €20%/20 in each coordinate.

Correctness of matching > to u. If there does not exist an 4, j, k with |§Z-1j— f]| > e0 /2 and |€}—
£g| > €0 /2, then either the means or the variances are indistinguishable and the order of matching
doesn’t matter. Otherwise, since A gives accuracy (e0/20,€202/20) and the true parameters are

separated by at least (eo /8, €202 /8), the correct pairing will only have |ﬁ,(€1) (W(l) | < |A,(€1) —1/,5”(2))|

or |§3Z(]1) - UZ(;.T(U)| < |§31(]1) - a§;(2))| when 7 is the correct permutation for and S, respectively.
O

3.1 From 4 to 1 dimension

For our reduction from R* to R we invoke a powerful anti-concentration result for polynomials in
Gaussian variables due to Carbery and Wright.

Theorem 3.3 ([CWO01]). Let p(z1,...,xq) be a degree r polynomial, normalized such that Var(p) =
1 under the normal distribution. Then, for any t € R and 0 > 0, we have

o T r) .U
wNN(Ol {‘p( ) t| < }§O( ) 1

Lemma 3.4. Let N¢ be the d-dimensional normal distribution N(0,1)¢ conditioned on vectors of
norm at most 9. There is a constant ¢ > 0 such that for every B € R¥*¢,
1

P {\ TBa’<c HBHOO} -
aNNg 3

Proof. Observe that p(z) = z Bz is a degree 2 polynomial in n Gaussian variables. It is easy to
see that the variance of p under the normal distribution is at least the square of the largest entry
of B. That is, || B||%,. Hence, we can apply Theorem 3.3 to p(z)/V for some number V > || B||s to
conclude that

1
p {] TBat‘ <e- HB||OO} -
z~N(0,1)4 6
On the other hand, ||z||?> > 9 with probability less than 1/6. Hence, the claim follows. O

The next lemma is a direct consequence.

Lemma 3.5. There is a constant ¢ > 0 such that for every e > 0,m € N and i (M) %@ ¢ rixd
such that Hf] — Z(l)H > € and Hf] — 2(2)H > € we have
o] o0
1 m
} >1- <> .
- 3

}32/3.

~

CLT(Z — E(l))ai

P {Eli € [m]: |a; a] (£ —x®)q,

a17...,am~Ng

and

Proof. For every fixed i € [m], by Lemma 3.4 and the union bound we have,

P {‘a;—(i - 2(1))%) <ce or

aing

The claim therefore follows since the samples are independent. O
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We have the analogous statement for vectors instead of matrices.

Lemma 3.6. There is a constant ¢ > 0 such that for every e > 0,m € N and fi, p™V), u® e R4
such that Hﬁ— ,u(l)Hoo > € and Hﬁ— ,u(z)Hoo > ¢ we have
1 m
Seeb>1- (5]
e} > (3)

Proof. The proof is analogous to that of Lemma 3.5, but instead of Lemma 3.4 we directly appeal
to the anti-concentration properties of the one-dimensional Normal distribution. ]

>ce and |(i—p?,a;)

P {Eli e [m]: ‘(ﬁ—u(l),ai>

al,...,amNNg

We also note two obvious bounds.
Lemma 3.7. Let B € R*¥* and u € R*. Then,
1. Pgns {la"Ba| < O(||B||)} = 1, and

2. Py {l{a, )] < O(llpllo)} = 1.

Proof. This is immediate because the dimension is constant and the norm of a is at most 9 with
probability 1. O

We now have all the ingredients for our reduction from four to one dimension.

Theorem 3.8 ((4 to 1)-reduction). Assume there is a polynomial time algorithm that (e€,9)-
learns a mizture of two Gaussians in R from f(e,0) samples. Then for some constant ¢ > 0
there is a polynomial time algorithm that (e,8)-learns miztures of two Gaussians in R* from
f(ce,co/log(e/d)) + O(log(1/9)) samples.

Proof. Let A denote the assumed algorithm for one-dimensional mixtures. We give an algorithm
B for the 4-dimensional problem. We prove that the algorithm (O(e), O(0))-learns mixtures of
two Gaussians in R* given the stated sample bounds. We get the statement of the theorem by
rescaling e, d.

We use Lemma 3.1 to obtain a parameter 52 such that 62 € [02, 202] with probability 1 — 4.

We will locate the unknown mixture parameters by doing a grid search and checking each
solution using the previous lemmas that we saw. To find a suitable grid for the means, we first
find an estimate i € R* so that u(!) and u(® are both within 25 of /i in each coordinate. This
can be done by invoking A on each of the 4 coordinates with error parameter 1/2 and success
probability 1 — §. For i = 1,...,4 we take [i; to be either of the two estimates for the means in
the i-th invocation of A. Since ||u") — p(?||o < o by assumption we know that ), u(?) are both
within distance 20 of 1.

Let N, be a (cev)-net in {-distance around the point i of width 2 in every coordinate. For
small enough ¢ > 0, the true parameters must be (¢6//20) close to a point contained in IV,,. This is
because 02 > ||pM) — p@ |2, by definition. Similarly, we let N, = ([-52,5%] N (ce6?)Z)***. Since
|2®||5 < 0% < &2 this net must contain an (eo/20)-close point to each true covariance matrix.
Note that |N,| x |[Ns| = poly(1/e).
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Algorithm B:

1. Let m = 10log((|N,| x |N,|)/8). Sample ay, ..., am ~ N& and sample x1, ...,z ~ F where
m’ = f(€,0") with € = ce and § = §/m for sufficiently small constant ¢ > 0. For each a; run
Aon {(a;,z;): j € [m']} with error parameter € and confidence ¢'.

Denote the outputs of A by {( Li $i p2i $24): 4 ¢ [m]}

2. For every vector i € N, do the following:

(a) If there exists an i € [m] such that |(a;, i) — % > €5/2 and |(a;, i) — i>'| > €5/2, then
label i as “rejected”. Otherwise if there is no such i € [m], label 11 as “accepted”.

3. Let M be the set of accepted vectors. If M = () output “failure” and terminate. Otherwise,
choose iV, i® € M to maximize iy — fi2/|oo-

4. For every symmetric Te Ny, do the following:

(a) If there exists an i € [m] such that [(a;, Sag) — 252/2 and |(a;, Sa;) — *
52/2, then label & as “rejected”. Otherwise if there is no such i € [m], label 3 as
accepted”.

5. Let S be the set of accepted matrices. If § = () output “failure” and terminate. Otherwise,
choose (1) £(?) € § to maximize |[EM) — X34

6. If there exists an i € [m] where there does not exist a permutation 7 : {1,2} —> {1 2} such
that for all p € {1,2} we have |(a;, 2P a;) — S7@P1i| < €252/2 and |{a;, i) — i7P)i| < 5/2,
then switch S and £®).

Claim 3.9. Let 02-2 denote the variance of the mixture problem induced by a;. Then we have that
mMaX;e[m) 012 < O(0?) with probability 1.

Proof. This follows directly from the concentration bounds in Lemma 3.7. 0

We need the following claim which shows that with high probability the estimates obtained in
Step 1 are (€/10)-accurate.

Claim 3.10. With probability 1 — 9, for all i € [m], there is a permutation m; so that:
1. ]ab = (ag, pm )| < €0 /10 and B> — (az, pm@D)| < 60’/10
2. |S4 — (a;, 2T g)| < €262/100 and |S2 — (a;, ST ) g;)| < €262/100

Proof. If x ~ F then (a, ) is sampled from a 1-dimensional mixture model with means (a, (M), (a, u?)
and variances (a,~(Ma), (a, 2 a). Note that we chose the error probability of A small enough so
that we can take a union bound over all m invocations of the algorithm. Moreover, by Claim 3.9,
all of these mixtures have variance at most O(c?). O

We suppose in what follows that the result of Claim 3.10 holds.
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Correctness of means. Let
I e oy e e}

for a sufficiently large constant C'. We first claim that with probability 1 — J, every element that
gets accepted is in A. To establish the claim we need to show that with probability 1 — § every
element in A°N N, gets rejected. For any € A°, we have from Lemma 3.6 that for some constant
¢ > 0, with probability 1 — 1/3™ we have for some i € [m] that

min(|(u — o, @), [(n = p?, a;)|) > Ceo > 5

if C' is sufficiently large, and hence p is rejected. By our choice of m and a union bound, with 1 —4§
probability all u € A°N N, are rejected.

We also need to show there exists a1, i(?) that get accepted such that Hﬂ(l) — ™ H < €0 and
Hﬁ(z) — 2 H < eo. To see this take i) to be the nearest neighbor of u1), which has |ﬁ(1) —p(1)| <
ceo. By Lemma 3.7, it follows that

max | (1) — u, a)| < O(cea)

i€[m]

and hence (! is accepted if ¢ is sufficiently small. The symmetric argument holds for the nearest
neighbor of (%),
Now we can finish the argument by distinguishing two cases. Consider the case where Hu(l) —u® Hoo <

5Ceo. In this case any accepted element must be 6Ceo-close to both means. The other case is when

Hu(l) —u® HOO > bCeo. In this case, A contains two distinct clusters of elements centered around

each mean. Each pair within a single cluster has distance at most 2Ceo, while any pair spanning

the two clusters has distance at least 3Ceo. Hence the pair of largest distance are in different
clusters and within Ceo of the corresponding means.

Correctness of covariances. The argument is very similar to the previous one. Let
A={z: sV -x| <co?fu{z: 5@ -x| <co?}.
o0 o

for a sufficiently large constant C'. We first claim that with probability 1 — J, every element that
gets accepted is in A. To establish the claim we need to show that with probability 1 — § every
element in A°N N, gets rejected. For any 3 € A¢, we have from Lemma 3.5 that for some constant
¢ > 0, with probability 1 — 1/3™ we have for some i € [m] that

min(|a; (X — 2M)ay), |a] (£ — £®)ay]) > dC?0? > 252

if C is sufficiently large, and hence ¥ is rejected. By our choice of m and a union bound, with 1 —§
probability all ¥ € AN N, are rejected.

We also need to show there exists (1), 5(2) that get accepted such that HZ_](I) — E(I)H < €202
and HE(Q) — Z(Q)H < €202. To see this take () to be the nearest neighbor of £, which has
=M — »M| < ce?02. By Lemma 3.7, it follows that

masx [(20) — 50, 07)| < Ofee?)
em

and hence () is accepted if ¢ is sufficiently small. The symmetric argument holds for the nearest
neighbor of £(2). Now we can finish the argument by distinguishing two cases. Consider the case
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where HE(I) — 2(2)Hoo < 5C€%02. In this case any accepted element must be 6Ce%g?-close to both
2. The other case is when HZ(U — E(Q)HOO > 5Ce?02. In this case, A contains two distinct
clusters of elements centered around each (V). Each pair within a single cluster has distance at
most 2Ce?0?, while any pair spanning the two clusters has distance at least 3Ce?02. Hence the
pair of largest distance are in different clusters and within C'e262 of the corresponding %(%).

Correctness of matching > to u. If either HZ(I) -2 HOO < 5Ce%0? or Hu(l) — M(Q) Hoo < 5Ceo,

then matching the £® to the 7P is unnecessary. Otherwise, we have for each i € [m] that the
probability that either SO or 1Y) matches the wrong mean under a; is at most 2/3. Hence with
1 — ¢ probability, one of the a; will disambiguate the two. (One must be careful because i and 5
depend on the randomness in a;, but m is large enough that we can union bound over all | N,| x | Ny|
possibilities.) O

Combining our two reductions we immediately have the following result.

Theorem 3.11. Let F' be any mizture of d-dimensional Gaussians where p1 and ps are bounded
away from zero. Then we can (e, 0)-learn F with O(¢~%log(dlog(1/€)/8)) samples.

Proof. By Corollary 1.2, there is an algorithm that (e, §)-learns mixtures of two Gaussians in R from
O(e7%1og(1/4)) samples. Hence, by Theorem 3.8, there is an algorithm that (e, §)-learns mixtures
of two Gaussians in R* using sample size

O(e 5 1og(log(1/e8)/8) +log(1/8)) = O(e O log(log(1/€d)/s)) .

Finally, by Theorem 3.2, there is an algorithm that (e, §)-learns mixtures of two Gaussians in
R? from using a number of samples that is bounded by

O(e %log(2dlog(d/ed)/5) +log(1/8)) = O(e ®log(2dlog(d/ed)/5)).

4 Lower bounds

Our main lemma shows that if we have two Gaussian mixtures whose first kK moments are matching
and we add a Gaussian random variable N (0, 0?) to each mixture, then the resulting distributions
are O(1/0%*2)-close in squared Hellinger distance.

Definition 4.1. Let P, Q) be probability distributions that are absolutely continuous with respect to
the Lebesgue measure. Let p and q denote density functions of P and @), respectively. Then, the
squared Hellinger distance between P and Q is defined as

(R0 = [ (Vi) - Vi) do.

Lemma 4.2. Let F' and G be Gaussian miztures with constant parameters and identical first k
moments for k = O(1). Let P = F + N(0,02) and Q = G + N(0,02) for o > 1. Then

H2(P,Q) $ 1/0%2.
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Proof. We have that F' and G are subgaussian with constant parameters, i.e., for any d > 0 we

have

E ¢
t~F

< (0(Vd))!

and similarly for G. Denote by p, q, f, g density functions of P, Q, F, G, respectively. We would like

to bound

(R0 = [ (Vi) - Vi) do.

We split the integral (18) into two regimes, |x| > T and |z| < T for T < o/logo.
For the |z| > T regime, we have

2
[ (Vi Vi) e < B (1 2} + Prasg el 2 7)
. < o~ T/ (2le™+0(1)

S 1/0_2k+2 .

The challenging part is the |z| < T regime.

Claim 4.3. For |z| < T, we have

pla) 2 e
2o

Proof. Let x be such that |z| < T. Let ¢ be such that F([—t,t]) = 1/2. Note that
t = O(1) since all the parameters of F' are constant. In particular, denoting by v(y)
the density of N(0,0?%) we have for every y € [—t, 1],

— +t)2 /202 —22/2062%2 _—0O 02) —0(1/202
Vo —y) > e—(zl+t)?/ . e—2°/20% —O(|z|/0%) ,—O(1/207) > 1 e_xQ/(zaZ)'
V2o V2o 2mo
Hence,

t 1 1 1 2 /(o2
> —dy > = mi ) > 7/ (207)
pa) > [ faplo =)y > 5o min va—1) 25—

Now, we define

We have that

() J_oo V210

_ b a2 to)o? — _
e / IR (gl0) = (1)
> / 17 557 (g(1) — £(1))dt
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We take a power series expansion of the interior of the integral,

tojo? —tg = (tz/o?)d X (42/(252))¢
o’ :(deg) (Zw;»>
d=0 d=0

(tz/0)*=% (~£*/(20°))
_Z Z (d —27)! i

!
d=0 j€eZ J:
0<25<d

S e /)12y
_;(t/ ) j% =2z
0<2j<d

Now, for all j € [0,d/2],
(d —25)13! > (d/2 = Vd)! = (Q(d)) >V = ((d)) /.

Therefore each term in the inner sum has magnitude bounded by (/)42 (O(1/d))%?, so the sum
has magnitude bounded by (1 4 (z/0)%)(O(1/d))%?. Hence there exists a constant C' and values
Cg,d With |cg 4| < 1 such that

> (14+2z/0)
tCB/O' 6 20 ZCde < ) td
—0 oVd

Returning to (20), we have

/ ZC”( 1;:/35/0)) t(g(t) — £(£))dt

o d=0

_ dzzod (W) |t - anar

o0

Si (W) {(o&&))d ftﬁefwl?se.
i <O(1)-C(1+x/0)>d

d=k+1
_(14a/o\"H!
~Y 0- .

for all || < T =~ ologo. Note that this implies |A(z)| < 1 which justifies the expansion
1+ A(z) =14 A(z)/2 £ O(A(2)?).

A

Therefore, following the approach outlined in [Pol00], we can write

H(P,Q) =1 - / T V@@
=1-0(1/c?*2) — / z)y/1+ A(z)dz
T
— 1 O(1/0%+2) — /_Tp(x)(l + A(2)/2 + O(A(2)?))de
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Now, we have that

/ ipu) (1+380)de= 2 el <1145 (2,1 T) - 2, (e <71

1
—1-3 <£Q{\x| >Th+ P {la] > T})

-1 0(1/02k+2)

by our choice of T. We conclude,

l+x/o Zk+2 e
g

T
2 0,2k+2 T
HA(P,Q) <1/ +/Tp<>(

< 1/02k 2 (1 + /T p(:c)(w/a)%*zdx)

-T
< 1/0_2k:+2 <1 + EP($/U)2k+2>
5 1/0_2k+2 )
]

Claim 4.4. Let P and Q be distributions with H2(P, Q) < e. Then there exists a constant ¢ > 0
such that n = ce 'log(1/68) independent samples from P and Q have total variation distance less
than 1 — 6. In particular, we cannot distinguish the distributions from n samples with success
probability greater than 1 — .

Proof. Let x1,...,2, ~ P and y1,...,y, ~ Q for n = ce !log(1/5). We will show that the total
variation distance between (x1,...,z,) and (y1,...,yy) is less than 1 — 6.

We partition [n] into k groups of size 1/(10¢), for k& = 10clog(1/0). Within each group, by
sub-additivity of squared Hellinger distance we have that

HQ((wly e 7$1/(106))7 (Y1, 791/(106)» < 1/10.

Appealing to the relation between total variation and Hellinger, this implies

2
TV((21,- s 21/000)s W15 Y1/000)) < 2H((@1, -+, 21/200)s (W1, -5 Y1/(100)) < 3"
Hence we may sample (71, ..., Z1/(10¢) and (Y1, - - -, Y1/(10¢)) in such a way that the two are identical
with probability at least 1/3. If we do this for all k£ groups, we have that (z1,...,2,) = (Y1,---,Yn)
with probability at least 1/3% > 24 for sufficiently small constant c. O

Theorem 4.5. Consider any algorithm that, given n samples of any Gaussian mizture with vari-
ance o2, with probability 1 — § learns either p; to +\/eo or o? to +ea?. Then n = Qe Clog(1/6)).

Proof. Take any two Gaussian mixtures F' and G with constant parameters such that the four
means and variances are all (1) different from each other, but F' and G match in the first five
moments. One can find such mixtures by taking almost any mixture F' with constant parameters
and solving ps to find another root and the corresponding mixture (per Lemma B.1, this will cause
the first five moments to match). We can find such an F' and G in [Pea94], or alternatively take

1 1
F = N(-1,1) + 5N(1,2)
G ~ 0.2968N (—1.2257,0.6100) + 0.7032N (0.5173, 2.3960).
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While G is expressed numerically, one can certainly prove that the ps derived from F' has a second
root that yields something close to this mixture. Plug the mixtures into Lemma 4.2. We get that
for any o > 0, the mixtures

1 1
P=gN(-1,14 o?) + SN2+ o?)

Q@ ~ 0.2968 N (—1.2257,0.6100 + 02) + 0.7032N(0.5173,2.3960 + 02).
have
H2(P,Q) S 1/ (21)

Since by Claim 4.4 we cannot differentiate P and @ with o(c'?log(1/8)) samples, it requires
Q(c'%log(1/8)) samples to learn either the u; or the o? to £1/10 with 1 — § probability. Set
o =1/(10¢) to get the result. O

Our argument extends to d dimensions. We gain a log(d) factor in our lower bound by randomly
planting a hard mixture learning problem in each of the d coordinates.

Claim 4.6. Let P and Q be distributions with H*(P, Q) < €. Let R; € {P,Q} uniformly at random
fori e {1,...,d}. Then there exists a constant ¢ > 0 such that given n = ce~!log(d/§) no algorithm
can identify oll R; with probability 1 — 4.

Proof. As in Claim 4.4, we have that the total variation distance between B = 1/(10¢) samples
from P and B samples from @ is less than 2/3.

Partition our samples into k = 10clogd groups x, ..., 2% where for each group j € [k] and
coordinate i € [d] we have 2] ~ RPP. By the total variation bound between P®F and Q®, we
could instead draw xz from a distribution independent of R; with probability 1/3 and a distribution
dependent on R; with probability 2/3. Suppose we do this.

Then for any coordinate i, with probability 37% > §/d all of z},..., 2¥ are independent of R;.
Since the coordinates are independent, this means that with probability at least

1—(1-6/d)¢>6/4

there will exist a coordinate i such that all of z},... ,:174-C are independent of R;. The algorithm
must then guess R; incorrectly with probability at least 1/2, for a /8 probability of failure overall.
Rescale § to get the result. O

This immediately gives that Theorem 4.5 can be extended to d dimensions:

Theorem 4.7. Consider any algorithm that, given n samples of any d-dimensional Gaussian miz-
ture F with V(F) = o2, with probability 1 — & for all i € [d] learns either p; to £+/éo or %;; to
+eo?. Then n = Qe 21og(d/s)).

Proof. Let P, be as in Theorem 4.5. We choose a mixture F' to have independent coordinates,
each of which is uniformly chosen from {P,Q}. Then V(F) = 1/e, H(P,Q) < €%, and learning the
parameters of the mixture in the ith coordinate to the specified precision would identify whether
it is P or ). Claim 4.6 gives the result. O
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A Utility Lemmas

The following lemma shows that a constant size monomial is robust to perturbations of its inputs.

Lemma A.1. Let a,b,c € R* for constant k and 0 < e < 1. If |a;| < b; and |c;| < eb;, we have that

k k k
’1_[(0,z +Ci) - HGZ’ ,S GHbi~
i=1 i=1 i=1
Proof. All 28 —1 <1 terms on the left are bounded by the value on the right. O
Lemma A.2. Let p be any constant-degree polynomial in a constant number of variables ay,. .., a;

with constant coefficients. Let G equal p except with all the coefficients having their absolute value
taken. Suppose |a;| < b; and |¢;| < eb; for some b,c € Rt and 0 < e < 1. Then

Ip(ai,...,a;) —plar +c1,y...,ac + )| S ep(by, ..., by).
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Proof. Apply Lemma A.1 to each monomial. O
The following lemma shows that we can estimate moments well.

Lemma 2.2. Suppose p1,p2 are bounded away from zero and our mixture has variance o®. Given
O(log(1/6)/€%) samples, with probability 1 —§ we can compute estimates X; of the first O(1) excess
moments X; satisfying | X; — X;| < ea® .

Proof. We partition the samples x; into O(log(1/6)) groups of size k = O(1/€?), then compute the
median (over groups) of the empirical excess moment of the group. We will show that this gives
the desired result.

Suppose we want to compute ¢ = O(1) moments. Because our samples z; are the sum of a
Gaussian and a bounded variable and hence subgaussian, E[zY] < o for any p < t. Therefore
Var(z?) < E[a:?p] < o2,

For a group of k samples x;, consider how well the empirical pth moment M, = % > a? approx-
imates the true moment M,,. We have that Var(]\/fp) < 0?P /k. By Chebyshev’s inequality, then, for

any c¢ > 0 we have .
P[|M, — M,| > O(c?/Vck)] < c.

Setting the constant ¢ = 1/(4t) and then choosing k = O(1/(ce?)), we have with 3/4 probability
that e
|Mp — M| < o

for all p <t. Then since the X, are polynomials in the M, with total degree p, by Lemma A.2 we
have for all p <t that

Xy — Xp| S eo”. (22)

Call a block where this happens “good.” Since each block is good with 3/4 probability and there
are O(log(1/4)) blocks, with 1 — d probability more than half the blocks are “good.” If this is the
case, then for each p the median X, will also satisfy (22). Rescaling e gives the result. O

B Algorithm for d =1

B.1 Sympy

The proofs in this section involve a fair amount of algebraic manipulation. To make these compu-
tations more reliable and easier to verify, in some cases we provide code for a computer to do them.
We use Sympy [Sym14], a standard Python package for symbolic manipulation. We only use Sympy
for simple tasks — multiplying and adding polynomials, substituting expressions for variables — that
can be verified by hand.

B.2 Excess Moments of a Gaussian Mixture

2_ 2
Lemma 2.1. For o = —pi1fio, 8 = pu1 + p2,y = 2—1L we have that

H2—p1
X3 1= M3 = af + 3ay
Xy := My — 3M?2 = —2a” + af? + 6aBy + 3ay?
X5 := Ms — 10M3 M, = a(f® — 8af + 106%y + 15423 — 20ay)

Xg := Mg — 15My M + 30M5 = a(1602 — 12082 — 60y + B* + 158%y + 458242 + 1587%)
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Proof. For a standard N (u,0?) Gaussian we have moments
M, = p? + o?
My = 13 + 3pc?
My = p* + 6p0” + 30
Aﬁ;::ﬂ5+—10u3024—15u04
Mg = pu® + 15p 02 4+ 45u%0* + 1505,
and the mixture has probability p1 = pa/(ue — p1) and pa = —pu1 /(2 — p1).

Therefore the following Sympy code (see Section B.1 for an explanation of Sympy) can be used
to formally verify the result:

#! /usr/bin/python
from sympy import *

# Define variables

mul = Symbol(r’\mu_1’)
sigmal = Symbol(r’\sigma_1’)
mu2 = Symbol(r’\mu_2’)
sigma2 = Symbol(r’\sigma_2’)
alpha = Symbol(r’\alpha’)
beta = Symbol(r’\beta’)
gamma = Symbol(r’\gamma’)

pl = mu2/(mu2 - mul)

# Moments of single (mul, sigmal) Gaussian

M2 = mul**2 + sigmal*x*x2

M3 = mul**3 + 3 * mul * sigmal*x*x2

M4 = mul**4 + 6 * mul**2 * sigmal**2 + 3 * sigmal**4

M5 = mul**5 + 10 * mul**3 * sigmal**2 + 15 * mul * sigmalx*x4

M6 = mul**6 + 15 * mul**4 * sigmal**2 + 45 * mul**2 * sigmal**4 + 15xsigmal**6

# Convert to moments of mixture
M2 = pl * M2 + (1-p1)#*M2.subs({mul:mu2, sigmal:sigma2})

M3 = p1l * M3 + (1-p1)*M3.subs({mul:mu2, sigmal:sigma2})
M4 = pl * M4 + (1-p1l)*M4.subs({mul:mu2, sigmal:sigma2})
M5 = pl * M5 + (1-p1)*M5.subs({mul:mu2, sigmal:sigma2})
M6 = pl * M6 + (1-p1)*M6.subs({mul:mu2, sigmal:sigma2})

# Claimed excess moments
x3 = alphax*beta + 3*alpha*gamma

x4 = -2*alpha**2 + alphaxbeta**2 + 6xalphax*betax*gamma + 3*alphakgamma**2
x5 = alpha * (beta**3 - 8*alpha*beta + 10*beta**2*gamma + 15*gamma**2*beta
- 20*alpha*gamma)

x6 = alphax(16*alpha**2 - 12*alpha*beta**2 - 60*alphaxbeta*gamma + beta*x4 +
15xbeta**3*xgamma + 45xbeta**2*gamma*x*2 + 15xbeta*gammax*3)
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# Check that they match

alphadefs = {alpha: -mul*mu2, beta: mul+mu2,
gamma: (sigma2**2-sigmal**2)/(mu2-mul)}

print (M3 - x3.subs(alphadefs)).factor()

print (M4-3#M2x*2 - x4.subs(alphadefs)).factor()

print (M5-10%M3#M2 - x5.subs(alphadefs)).factor()

print (M6-15%M4#M2 + 30%M2#x3 - x6.subs(alphadefs)).factor()

All the results are zero, so the claimed X; are correct. ]

B.3 Expressing av using X3, X, Xg, «

We prove (10), which is analogous to (8). We demonstrate using the following Sympy code (see
Section B.1 for an explanation of Sympy):

#! /usr/bin/python
from sympy import *

# define variables

alpha = Symbol(r’\alpha’)
beta = Symbol(r’\beta’)
gamma = Symbol(r’\gamma’)

X3 = Symbol(’X3’)
X4 = Symbol(’X4’)
X5 = Symbol(’X5’)
X6 = Symbol(’X6’)

z = Symbol(’z’)

# define expressions for X_i in terms of alpha, beta, gamma
x3 = alphaxbeta + 3*alphax*gamma

x4 = -2*alpha**2 + alpha*beta**2 + 6Gxalphax*betaxgamma + 3*alphaxgamma**2
x5 = alpha * (beta**3 - 8*alphaxbeta + 10*betax*2*gamma + 15*gammax*2xbeta
- 20*alpha*gamma)

x6 = alpha*(16*alpha**2 - 12*alpha*beta**2 - 60*alphaxbetaxgamma + betax*x4 +
15%beta**3*gamma + 45*beta**2*gamma**2 + 15xbetaxgamma**3)

# we know that this should be zero.
eqn = alpha**3 * (x6 - X6)
print eqn, ’= 0’

—a3(Xg — 1603 + 1202 5% + 600’5y — aft — 15083y — 45a6%y% — 15a6~%) = 0

eqn = eqn.expand().subs(alpha*beta, X_3-3*alphaxgamma) # remove beta
print eqn, ’= 0’

X3 +3X5ay —12X30® — 36 X30%9% + 12X30y +42X3039% — Xea® +16a° + 72a°4? 4 36a*y* = 0
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# Use (7) to remove gamma**2 terms
eqn = eqn.expand() .subs(alpha**2*xgamma**2, (X3**2 - 2xalpha**3 - X4xalpha)/6)
print eqn, ’= 0’

—4X35 +10X5ay +4X2 X 0 + 8X3a® — TX3 X0y — 2X30y + XZa? — 8X4a* — Xga® — 4a® =0

eqn = eqn.subs(alpha*gamma, z).expand().collect(z) # this of the form f*z + g
print eqn, ’= 0’

2(10X35 — TX3Xs0 — 2X30%) — 4X5 +4X2 X 0 + 8X3a® + XFa? — 8X 0t — Xga® —4a5 =0

answer = -eqn.subs(z, 0) / eqn.coeff(z)
print ’z = ’, answer

4X4§ — AX3 X4a — 8X303 — Xia? + 8Xyat + Xgad + 4ab
z =
X3(10X2 — X400 — 203)
which is (10).

B.4 Bounding r away from zero

This section proves the following lemma:

Lemma 2.4. For any constant ¢ > 0, and for all o > 0 and 8,7,y € R with cYmaz < Y < Ymax
and 3% < o we have
r(y) 2 k2 (y — a)?a’®

We start by showing that r(y) = 0 has a unique solution on (0, ¥maz]. The following lemma
shows that for any such solution y there exists a Gaussian mixture with a = y and matching excess
moments; since the first six moments uniquely identify a Gaussian mixture, this gives uniqueness.

Lemma B.1. For any solution y to the system of equations

ps(y) =0
ps(y) =0 (23)
y >0
X229 + X4y >0
there exists a mizture of Gaussians with a =y and excess moments X3, ..., Xg.

Proof. We set the recovered a = y, recover « via (8):

a2X5 + 2X§ + 2&3X3 — 3X3Xa

1
TTa 1X2 — 3X,6 — 288

which is well defined, using (7) and that the denominator is
4X2 - 3X,a —2a° = 4a° + X3 4+ 3(X2 — 2a° — X4a) > 0.

We then recover )
p= §(X3 — 3a7).

Now, our @ and 7 satisfy (8) and (9), which implies that (7) is satisfied as well.
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Now, consider the excess moments X, of the Gaussian mixture with parameters (@, B, 7). By
choice of 3, X% = X3. Then since (7) is satisfied by both (X3, X4) and (X3, X}) and the coefficient
of X is nonzero, X} = X,. Similarly with (8), X! = X5.

What remains is to show pg(@) = 0 implies X} = Xs. The coefficient of Xg in pg is

—202(4X3 — 3X4a — 20%) < 0.
Thus since pg = 0 is satisfied by both (&, X3, X4, X5, X¢) and (@, X3, X4, X5, X{), X = Xe. O
Corollary B.2. The set of equations (23) has ezxactly one solution, y = «.

Proof. By construction, y = « is a solution to (23). Suppose there existed another solution 3’ #
y. Then by Lemma B.1, there exist two mixtures of Gaussians with different o and matching
X3,...,Xs.

The excess moments are constructed to be indifferent to adding Gaussian noise, i.e. increasing
0? and o3 by the same amount. Hence, by “topping off” the second moment, we can construct
two different mixtures of Gaussians with identical second moment as well as identical Xs, ..., Xg;
these mixtures also both have mean zero. Such mixtures would have identical first six moments.
But by [KMV10], any two different mixtures of Gaussians differ in their first six moments. So this
is a contradiction. O

Lemma B.3. For no «, 3,7 with a > 0 is it the case that both ps and pg have a double root at
Y =a.

Proof. Define g5(y) = ps5(y)/(y — @), q6(y) = ps(y)/(y — ). We need to show that it is not true
that both g5(a)) = 0 and gg(c) = 0. We show this by repeatedly adding multiples of one to the
other, essentially taking the GCD. The below is a transcript of a Sympy session (see Section B.1
for an explanation of Sympy) proving this claim.

#! /usr/bin/python
# Setup variables and expressions

from sympy import *

alpha = Symbol(r’\alpha’)
beta = Symbol(r’\beta’)
gamma = Symbol (r’\gamma’)
y = Symbol(’y’)

X3 = alpha * beta + 3 * alpha * gamma
X4 = -2xalpha**2 + alphaxbeta**2 + 6xalphak*betax*gamma + 3*alphakxgamma**2
X5 = alpha * (beta**3 - 8*alpha*beta + 10*betax*2*gamma + 15*gamma**2*beta
- 20*alpha*gamma)
X6 = alpha*(16xalpha**2 - 12*alphaxbeta**2 + beta**4 + 45*betak*2*gammax*2 +
15*beta*gamma**3 + 15xgamma*(-4*alpha*beta + beta**3))
p5 = (6% (2*xX3xy**3 + Xb*y**2 — 3*X3*xX4xy + 2*X3**3)**2 +
(2%y**3+3*%X4*y — 4xX3*%2) xx2% (2*%y**3 + Xd*xy — X3%*2))
p6 = ((4*X3**2 — 3*X4xy — 2%xy**3) *
(4#X3**4 — 4A*xX3x*k2xX4xy — B*kXI*k*2xy*x3 — X4x*2ky**2 +
8xX4*y**4 + XB*kyx*3 + 4*y**6) -
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(10*X3%*3 — 7*X3*X4*xy — 2*X3ky**3) *
(2%X3%x3 - 3xX3*X4*y + 24X3*xy**3 + X5*y**2))

# Start actual code

(pb / (y - alpha)).factor().subs(y, alpha).factor()
(p6 / (y - alpha)).factor().subs(y, alpha).factor()

qb
q6

# Our goal is to show that (g5, g6) != (0, 0) for any alpha, beta, gamma.

print g5
o®(4a + B2 + 68y + 277%) (1602 + 882 + 7202 + B* + 185292 — 1359%)
# and since a®(4a+ % + 68y +277%) >0, we can reduce by

gba = g5 / (alpha**b5*x(4xalpha + beta**2 + 6*betaxgamma + 27*gamma**2))
print gba.subs(gamma, 0).factor()

(4o + §%)?
# nonzero, so must have v # 0.
print g6
a5y(1602—480y+803% —24a82y—T20. 87> =720y + 35 =38y — 18832 —18 827> +405 87 4+2025+°)
g6a = (g6 / (alpha**5*gamma) - beta * gba).factor()
print g6a
—37(1602 + 8a5? 4 48a8y + 240y + B + 1283y + 63242 — 180873 — 6757%)

g6b = (g6a / (-3*gamma) - gb5a).factor()
print g6b

12y(4af — day + 8° — 2y — 1587° — 45°)

g6c = q6b / (12*gamma)

z = 4*alpha + betax*2

gbb = (z + 9%gamma**2)**2 - 216*gammax*4

g6d = (z - 15*gamma**2)*(beta - gamma) - 60*gamma**3
print (gba - gbb).factor(), (g6d - g6c).factor()

(0,0)

So the solution must have (z4+972)2 2167 = 0 and (2 —15+%)(8—~) —607> = 0 for z = 4a+ 2.
From the first equation,

z = —972 + 6\/672

and since z > 0, this means

z = (6v6 —9)y2.

Plugging into the second equation and dividing by +2,

(676 — 24)8 — (36 + 6v/6)y = 0
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and so

_ _4_\/66
T T4 Ve
(6v6 — 9)(4 — V6)?
z = G Vo 2 ~ 0.1952

<Br<da+p =2
a contradiction. ]

Lemma B.4 (r is large when 7 is unbounded). There ezists a constant C' such that for all §,v € R
and o,y > 0 with v2 > Ca, y < Ymaz, and % < a we have

r(y) 2 (y — a)*y"2al”

Proof. As in Lemma B.3, define ¢5(y) = p5(v)/(y — «) and ¢s(y) = ps(y)/(y — ) Per (12), we have
that Ymaee S o+ 62 S .

Then g5 is a homogenous polynomial in ,/y, /o, 8,7, all of which are O(\/a) except . The
leading 7% term of g is

>>> gb = (pb / (y - alpha)).factor()

>>> g5.expand() .coeff (gamma**6) .factor ()

24303 ((y + 40)? — 40a?)~°

Hence for y ¢ (2a,3a), |g5(y)| = 7%a°.
Doing the same for pg, for ps/(y — a) the leading 7% term is
>>> g6 = (p6 / (y - alpha)).factor()
>>> g6.expand() .coeff (gamma**6) .factor()

16203 (y — 6a)245

so for y & (5o, 7a), |g5(y)| = ~+%a®.
Thus for all y with v? sufficiently much greater than a,

r(y) = (y — @) (g5 (¥)* + 66()?) 2 (y — a)’y"2a’’.
0

Lemma B.5 (r is large when ~ is bounded). For any constant ¢ > 0, and for all « > 0 and
B,7,y € R with cYmaz < Y < Ymaz and 5%,7? S o we have

r(y) 2 (y — a)?a'®

Proof. Define the polynomial ¢(y,a,8,7) = 7(y)/(y — @)? = ¢ + ¢3. By homogeneity of the
constraints and result, we may normalize so that « = 1 and consider ¢(y, 8,7) := q(y, 1, 8,7). Our
goal is to show that ¢(y, 5,v) 2 1.

Define R to be the region of (y, 3,7) allowed by the lemma constraints. By our normalization,
Y = Ymaz ~ &« = 1 and 72, 32 < 1 over R. This means R is closed and bounded and hence compact.

By Corollary B.2, ¢ can only be zero over R when y = 1. By Lemma B.3, ¢(1,3,~) # 0 for
all 3,~. Hence ¢ has no roots over R. Because R is compact, this means ¢ 2 1 over R, giving the
result. O
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Lemma 2.4. For any constant ¢ > 0, and for all o > 0 and 5,7,y € R with cYmaz < ¥ < Ymaz
and 3% < o we have
r(y) 2 w2y — a)®al®

~

Proof. This is simply the union of Lemma B.4 and Lemma B.5. O

Lemma 2.5. For any constant ¢ > 0, there exists a constant ¢ > 0 such that for all o > 0 and
B,7,y € R with cYmaz < Y < Ymaz + € (Ymaz — @) and B2 < a we have

r(y) 2 K%y — a)*a’®

Proof. By homogeneity of the equations, we may assume ¥, = 1 and a < 1.

By Lemma 2.4, 7(1) 2 (1—a)?k'2. That is, one of |p5(1)| and |p5(1)] is Q((1—a)x®). Since p5(y)
and pg(y) are constant degree polynomials with coefficients of magnitude O(k%), their derivatives
over [1,2] are bounded in magnitude by O(x%). Hence for all y € [1,1 + ¢/(1 — a)],

p5 ()] = |ps(1)] = O(k°) - [y — 1| = [ps(1)| — O('(1 — a)w°)

and similarly for pg. For sufficiently small c, if |ps(1)| is the Q((1 —a)2x°) term, this is Q((1—a)x5).
If instead |pg(1)] is the Q((1 — a)x®) term, then |pg(y)| is Q((1 — a)xO); regardless, the conclusion
holds. O

B.5 Accuracy of estimating r

Lemma B.6. Suppose that |X’Z - Xi| < e/@i_QAL for alli € {3,4,5,6} and some € < 1. Then for
any y S A2,

)
&

—ps(y)| S er®AL°
196(y) — pe(y)| S er®AL

Hence
V) — Vr(y) S er®A°

Proof. Recall from (6) that | X;| < /#'*QAZ and from (16) that this means each monomial of p5(y)
and pg(y) is bounded by O(H6AL8). Since ps and pg are constant size polynomials, the first result
follows from by Lemma A.2.

For the second claim, we use that \/r(y) = \/p5(y)? + pe(y)? is Lipschitz in ps(y) and ps(y). O

B.6 Recovering «

Lemma B.7. In RECOVERALPHAFROMMOMENTS, for any € if |55@ - X < EAL for i € {3,4},
then the estimation Ymaz Of Ymaz Satisfies

[Ymax — ymax‘ < GAZ//‘?-

Proof. We would like to know the stability of the largest root ymqe. of the polynomial s(y) :=
2% + Xy — X32 to perturbations in Xy and X3. Without loss of generality we normalize so that
Ymaz ~ Ai ~ 1.

Since Ymaz is a 100t 24300 + XaYmaz = X3 > 050 2y2,,. + X4 > 0. Hence for all y > (2/3)Ymaz,

s'(y) = 6y” + X4 > (8/3)ymar + Xa > (2/3)ylue 2 1.
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But we also have that
s'(y) = 69> + X4 > X4 277 = 0(1) = (v* — O(1)).
Combining gives that for all y > (2/3)Ymaa,
s'(y) Z K*.
This implies for any parameter ¢t > 0 that
$(Ymaz — te) S —ter?

as long as te < Ymaz/3, and
S(ymam + tC) Z t€/€2

for all ¢ > 0. On the other hand, for all y <~ 1 we have
[5(y) — s(y)| < [Xa— Xaly + | X3 - Xi| S e.

Let t = C'/x? for sufficiently large constant C.

If te < Ymaz/3, then combining gives that s must have a root within ¥4, £ te and no root
above this range. This is the desired result.

On the other hand, if te > yq2/3, then it is still true that § has no root above Y, + te. Since
5(0) = —)?g < 0, we also have that ¥4 > 0. Hence the result lies in [0, ymas + te], which is still
Ymaz = O(€/K?) in this parameter regime. O

Lemma 2.6. Suppose p1,p2 are bound/(\zd away from zero, let ¢ > 0 be a sufficiently small constant,
and let € < 1. Suppose further that | X; — X;| < CEAZ for all i € {3,4,5,6}. In this setting, the

result @ = RECOVERALPHAFROMMOMENTS(X3, X4, X5, X¢, €) satisfies
~ 2
@ —al SeA,/k.

Proof. We will suppose \)?Z - Xi| < EAL, and show for a sufficiently large constant C' that a =

RECOVERALPHAFROMMOMENTS(Xg,X4,)?5,)A(G,Ce) satisfies |@ — a| < ea/k. Rescaling e gives
the result.
We normalize so a ~ Ai ~ 1.

By Lemma B.7, |[Umaz — Ymaz| S €/K% < €/k. Since Ymaz ~ Ymaz ~ 1, )?4 < k2, and )?4 ~ k2 if
k> 1, the estimation & of k is always

R =1+ \/|X4|/Tmaz =~ K-

Hence a < ymaz < (1 + O(€/K))Umaz-
We have by Lemma B.6 with ¢ = ¢/k that \/7(y) = \/r(y) £O(ex®) for all y < 1. In particular,
this means that

V(@) < e’ (24)

Moreover, by Lemma 2.4 for all y € [a/2, Ymaz] We have r(y) = (y — a)?k'2. Therefore for some

sufficiently large constant ¢, for all y € [/2, Ymaz] With |y — a| > ce/k we have

Vi) 2 Iy~ als® — O(es®) > Ly — ols® 2 cen® > /(@) (25)
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And by Lemma 2.5, if @ < (1 — O(ce/K))Ymaz then r(y') = 22! for all ¥ € [Ymaz, (1 +
O(ce/K))Ymaz-

This implies (A) that a local minimum of 7 over [0, (1 + O(c€/K))Ymaz] is & £ O(ce/k), and (B)
that any larger local minimum ¢’ has 7(3/') > c?e?x10.

By definition, RECOVERALPHAFROMMOMENTS(X3, X4, X5, X6, Ce) finds the largest local min-
imum @ of 7 with @ < (1 + Ce¢/K)Pmar < (1 + (C + O(1))e/K)Ymar and 7(Q) < C?e2x10. For
sufficiently large C and ¢, (A) and (B) imply that & = o+ O(¢/k). O

B.7 Proof of Theorem 2.10

Theorem 2.10. Let F' be any mixture of two Gaussians with variance o and py, pa bounded away
from 0. Then, given O(e_ 2nlog(1/6)) samples Algorithm 2.3 with probability 1 — & outputs the
parameters of a mizrture F so that for some permutation m and all i € {1,2} we have the following
guarantees:

o2 6 ~
o Ifn> (m) , then |p; — Mw )‘ < elpr — pa, ’U —0' | < 5|H1—M2| and |Pi—P7r(z‘)| <e.

2
oIfn>(W) then |o? — 52 |<e]al—02\—|—]u1 pol? and |p; — pﬂ(l|<e—i—||“1 “22||

e For any n > 1, the algorithm performs as well as assuming the mixture is a single Gaussian:
i = fi)| < |11 — p2| + €0 and |of = G2 )| < |of — 03] + |1 — p2|? + e0®.

Proof. Suppose the number of samples is f~2log(1/6) so f~'2 = ¢ 2n. By Lemma 2.2 we have

with probability 1 — ¢ that all the X; are within +0(f%%) of the true moments X;. Suppose this
happens.

First, we show that A2 and A, are good approximations to A,z and A, and therefore the
conditionals are followed roughly in the same cases as they would if they were not approximations.

The first conditional. We have that, if Aje > Ai, then Xy = AgQ and X3 ~ A,A,2. Then
X4 = Ag,z > 0 and

min(|Xs|"? + [ X[ 4, X3/v/X1) ~min(AA,) = A,

Therefore, as long as fS0* <« AQQ, in the A 2 > A2 setting we have A, =~ A,.

Otherwise, i.e. when A2 < < AQ, we have that ]X4] < A4 and |X3| < A3 Moreover, in this
case, since X4 = X3/a — 6ay? — 204 = (X%/AQ) @(A4), either |X3| = A or | X4 = A;‘;. If
Xy >0, then X2/X, > A2 This is because the single positive root yqa of (12) is @(Az) and the
polynomial is positive at X3 /Xy

Thus, when A2 < Ai,

| X3!+ | X = A
X3/\/X4 Z A'u if X4>0

As long as fOo! < A}, we will have 1X3)13 + | X4|V4 = | X5|13 + | Xy|VA = A,,. For Xs/\/ Xy, if

X3 < Ai then X4 =~ —Aﬁ so X4 < 0. Otherwise, )?3/ X4 e (Ai - fﬁa?’)/\/w PRAYE
Therefore, as long as fS0* < Aﬁ, in the A 2 < Al% setting we have A, =~ A,,.

Thus, regardless of the relationship between Ai and A,2, we have that A, =~ A, as long as
bt < Af; + A§2. In particular, ZM ~ A, whenever 2 < Ai/aQ.
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Therefore the first conditional in Algorithm 2.3 is followed if and only if f? < Ai /o?; that

is to say, if the first conditional is that f? < 01Zi/02, then it is followed whenever f2 < (Cy —
O(1))A? /o? and not followed whenever f? > (Cy + O(1))A2 /o?.

The second conditional. We have that Xy = ©(A2;) £ O(Aﬁ). Therefore A, < A2 + AZ +
f30? in general, and if f30% < cA,2 and Ai < ¢A,2 for some sufficiently small constant ¢ > 0,
then A2 = A,e.

Therefore the second conditional in Algorithm 2.3 is taken if and only if Ai [0? < 2 < Ay /o

that is to say, if the second conditional is that f? < CQZi /o2, then that branch is taken whenever
(C1+O0(1)AL /0% < f2 < (Cy — O(1))Ag2 /0
and not taken whenever
(Cr = O(1)A% /o > f2or f2> (Co+ O(1))Ay2 /0

The third branch The remainder is the third branch, which is taken when f2 > (Co+0(1))A,2/0?
and f? > (Cy + O(1))A%/0?, and not taken if either condition is false after replacing +0O(1) by
-0(1).

Completing the theorem. We have shown that the three branches are taken in the same
settings as they would be taken with the true A, and A,2. We now show that the clauses of the
theorem correspond to the branches.

In the first clause of the theorem, we have that f~12 = C’}Qn for sufficiently large C' and
n > (O'Q/Ai)6. Then f? < C_1/6A3/02, so the first branch will be taken and Algorithm 2.1 is run.
By Theorem 2.7, running Algorithm 2.1 with O(é(ﬁ)lz log(1/0)) samples will recover the p; to
additive e error, the y; to additive eA, error, and the 012 to additive eAi error.

In the second clause of the theorem, we have that f? < 0—1/6A02 /o? for sufficiently large C.
Hence, if the first branch is not taken, then the second branch is taken. The first branch is only taken

if it can recover the o2 to better than =4=|u; — u2|?, which satisfies the second clause of the theorem.
The second branch invokes Algorithm 2.2, which by Theorem 2.9 uses O(e%( \/272)12 log(1/90))
samples to estimate the p; to additive € error and the o2 to additive €A, error, again satisfying
the theorem.

Finally, the last clause of the theorem is satisfied by both algorithms and by outputting the
single Gaussian N (u,0?). (If the second branch is taken, the mean outputted is the sample mean,

which suffices for this purpose.) O
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