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BOREL SELECTORS FOR SEPARATED QUOTIENTS

DoucLAs E. MILLER

We use a nonstandard version of the Kuratowski, Ryll-
Nardzewski general selection theorem to establish the exis-
tence of Borel measurable selectors for certain equivalence
relations on Polish spaces.

The two main results of this paper establish the existence of
Borel measurable selectors of determined complexity for certain
equivalence relations on Polish spaces.

THEOREM A. Let G be a Polish topological group which acts
continuously on a Polish space Y inducing an equivalence E on Y.
Suppose A Y is an invariant Borel set of ambiguous class a =0
such that quotient Borel space A/E is countably separated by pro-
jections of invariant sets of ambiguous class a. Then there is an
a-Borel measurable selector function for E on A.

Given vew,, let v* =sup(v +B:8<7), so ¥ =v + 3 when
y=p8+1, v¥ =7-2 when v is a limit ordinal.

THEOREM B. Let Y be a Polish space and let E be an equivalence
on Y whose equivalence classes are G, sets. Suppose that the E-
saturation of each open set in a given basis is of ambiguous class
v > 0. Then there is a v*-Borel selector function for E on Y.

This work was stimulated by a recent paper of Burgess [1] in
which some techniques from Vaught [11] were used to obtain a Borel
selector in the case 4 =Y of Theorem A. The selector in [1] is
obtained via an application of Suslin’s theorem, so its complexity is
very hard to estimate. We will use Vaught’s method in a different
way to provide a more direct (and simpler) construction in which
the complexity of the selector is apparent.

Burgess’s result extends a theorem of E. Effros [2] on locally
compact groups. Theorem A will be proved as a special case of a
more general result (3.2) about Borel actions. The existence of a
Borel selector for noncontinuous actions appears to be new in all cases.

The existence of a Borel selector (of unknown complexity) under
the hypothesis of Theorem B is a recent result of S. M. Srivastava
[10]. The special case, v =1, was previously established by the
present author in [8]. These results extend earlier work by Kallman
and Mauldin [3] and Kuratowski and Maitra [5]. Theorem B is a
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special case of a slightly stronger result (3.4) with a weaker require-
ment on the equivalence classes.

Our arguments are based on a “nonstandard” version of the
well-known general theorem on selectors of Kuratowski and Ryll-Nard-
zewski. This result is proved in §1. Section 2 collects some material
concerning topologies generated by Borel sets and the main results
are proved in §3.

Throughout the paper we reserve boldface notation (Y, etc.) for
topological spaces. Formally, we regard Y as a pair (Y, .7 ) where
Y is the underlying set and .~ is the collection of open subsets of
Y. However, we make free use of the common identification of Y
with Y when no confusion will result (as in the previous sentence).
X xY is X xY with the product topology; A <Y is A with the
relative topology; 2° is 2° with the product topology (i.e., the Cantor
space).

The author wishes to thant Professor R. L. Vaught for many
helpful comments on a preliminary version of this paper.

1. Measurable choice functions. Suppose Y= (Y, 7 ) is a
topological space, X is an arbitrary set, and F' is a function on X
to the power set “#(Y). A choice function for Fisa map f: X—Y
such that f(x) € F(x) for each x€ X. (We reserve the common term
“selector” for its other meaning connected with equivalence relations.)
Given 2 £ “#(X), we say that f is Z-measurable provided F~(0) e
<7 whenever Oc¢. 7. <, is the countably additive family generated
by =.

An operator #: .9 — F(X) is countably additive provided
Uico (0) = (U;eo 0,)* whenever {O;:1ew} S 7. #is a semisaturation
operator for F provided

(i) YI=X

(ii) O*< {x: F() N O = @} for each Oe 7.

The simplest example of an additive semisaturation operator is
obtained by setting O# = Ot = {x: F(z) N O % @}. Two further examples
will play essential roles in §3. The standard case “4 = +” of Theorem
1.1 is the main result of Kuratowski and Ryll-Nardzweski [6]. Our
proof is abstracted from theirs.

THEOREM 1.1. Assume that Y is a Polish space, F' is function with
domain X whose values are closed subsets of ¥ and #:. .7 — FP(X)
1s a countably additive, semisaturation operator for F. Suppose that
= is a field of subsets of X such that for every Oe .7, O%*c 7,
Then there is a <Z,-measurable choice function for F.

Proof. For UZY, let U be its closure. Fix a complete metric
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d for Y which is bounded by 1, and let 2 be a countable basis for
Y with Y e 52, We also fix an enumeration of ® X w as {(a,, b,): © € w}.

We enumerate 57 as {U,: ne€w} such that U, =Y and any
singletons are listed infinitely often. For each n, we choose a sequence
{B, . kew}) < < such that U = U, B,.,. We also define

I, = {m > n: diameter (U,) < 1/2n and U, SU,)} .

It follows that U, = Une;, Un.

For each xe€ X, we define, by induction on %, a sequence
{p.(x): n € w} satisfying:

(@) p.(@) =mn and p,.(x) €, (2)

(b) zeU;, .-

The construction is started by setting p,(x) = 0. Now assume
that p,(x) = p, is given; we show how to define p,;,(x).

By condition (b) and the fact that % is countably additive, z €
U In, Ui = Une In, Uico Bn,i. Let 7 be the first natural number such
that a,el, and x€B,,,. We set p,.,(x) = a;. Clearly (b) holds and
since a; €1, ,a, > p, =n so (a) holds as well.

Now fix « and write p, = p,(x) for each ke w. By (a) and the
definition of the sets I,, we have U, 2U, 2U, 20U, 2 --- with
each diam(U,,) < 1/k. It follows that N...U,, is a singleton. We
define f(x) to be the unique element of M,U,,. We must show that
f has the required properties.

By (b), for each k, xc Uj S U;,. Thus,each F(x) N U, # @. It
follows that f(x) is the limit of a convergent sequence from F(x).
Since F'(x) is closed, f(x)e F(x). Thus f is a choice function for F'.

It remains to show that f is <,-measurable. First we prove a
lemma:

(1) For each n, f(U,) =m9 kL<Jm{x: m = pi(x)} .

Inclusion from right to left is obvious since m = p,(x) implies
f(x)eU, CU,. For the reverse inclusion suppose f(x)e U,. Since
U, is open we may choose k > n such that {y: d(f(), ¥) < 1/k} S U,.
Since diam(U,,(x)) < 1/k and f(x)€ U,,,, we have U, SU,. Thus
pi(x) € I, and the lemma is established.

Now set C,, = {x: m = p(x)}. By (1) it suffices to show that
each C,, belongs to =,. This is easily checked by induction on %
using the assumption that <& is a field of sets, together with the
observation:

Pe(®) = m if and only if
(2) @r < m)imel, and plx) =72 and @i)(m =a, and
r€B,,, and (Vj<i)a;¢l or 2¢B,;;)]. |
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REMARK. Note that if we drop the assumption that each F(x)
is closed, the construction still provides a map f with the property
that f(x) € F(x) whenever F(x) closed.

2. Borel-generated topologies. The second set of observations
that we require deals with the notion of Borel generated topologies
on Polish spaces. It is well-known that if B is a Borel subset of a
Polish space Y, then there is a topology on Y compatible with the
Borel structure on Y in which B is both closed and open (cf. [4], p.
448). In this section we examine this remark with special concern
for the Borel complexity of the sets generating the new topology
on Y. Our approach is closely akin to the techniques from mathe-
matical logic of closing a set of formulas under subformulas and of
adding Skolem predicates to a language.

Throughout this section, ¥ = (Y, o) is a fixed Polish space.
¥ is a fixed countable basis for ¥ and <Z is the collection of Borel
subsets of Y. S,, M,, and A, respectively denote the ath additive,
multiplicative and ambiguous classes in the Borel hierarchy on Y (so
S, =9,8=F, A, =F,NG,, ete.). A function s:Y— Z is a a-Borel
provided S-'(0) e S, whenever 0 is open in Z.

For any Borel set B define (B) to be the least ordinal a such
that Be A,. We say that a collection & of Borel sets is supported
provided & is closed under complementation and for all Be%, if
7(B) = a > 1 then there exist collections {B,;: %, j € w} and {C,;: 7, j € w}
included in %" N Us<x 45 such that

B=QUB;=UNGC,.

LeMMA 2.1. Suppose a = 1. Let .&° be a countable collection
of A, sets which is closed under complementation. Then there exists
a countable collection & = Upen A such that & U .S is supported.

Proof. We proceed by induction on «. The case a =1 is treated
trivially by setting ¢ = @.

Let « and .&” be given with @« > 1 and .&° = {R,: n € ®}. Assume
that the lemma holds for all 3 < a. For each n € ® choose sets By,
Cr e Upen 45(1, j € @) such that

R, =AUB;=UNCs.

Applying the induction hypothesis, choose for each triple =, i, 7
a supported collection &% & Us<. 45 such that Bj, Che&s. It is
evident that = U, U. U; € has the required property. 0

LEMMA 2.2. Suppose . & <Z 1is countable and supported. Let
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/" be be the topology generated by & U.7. Then Y' = (Y, .7 ') is
Polish.

Proof. Enumerate & as {B,:ie€w}. Given y€ Y define 2,2
by the equation £,(i)=1<yeB, Define ¢={y, &) yecY}<
Y x 2°. The map f:Y’'— G defined by f(y) = (y, &,) is apparently
one-to-one and onto. Since for each 7,

f(B) =G n{y, 3:0) =1}
and for each Oec.”7, f(O)=GN{(y,&:yc0}, f is open. Since
SO x {(y, &): (1) = k}) is either ON B, or ON(~B,) (as k=0 or 1)
and .&” is closed under complementation, f is continuous. Thus, Y’
is homeomorphic to &. Since any G, subspace of a Polish space is
Polish, it suffices to show that & is G; in ¥ x 2°,

For each ic® we define a G, set G, as follows: If »(B, > 1 we
use the fact that .&“ is supported to choose functions p,, ¢, such that

B= U B0 =~ NU B
with each »(B,, ), (B u,n) < 7(B,). In this case we define
G, ={(y,9)::0) =1 and (VE)ED(E(pi(k, 1) = 1)}
U{(y, 9:50) =0 and (VEK)AD((g,(k, ) = D)} .
If #(B,) <1 we choose open sets Uj;, V| such that
B.=NU.=~NV,,
then define ! ]
G, ={(y, ):2(4) =1 and (Vk)ye U,}
U{(y, 9:24) =0 and (VkyeV.}.

A straightforward induction on #(B;) shows
(a) For all yeY, (v, &,)e@G, and
(b) For all (y, 5)e NG, &) = &,(4).
Thus G = N, G; and the lemma is proved. O

Combining 2.1 and 2.2 we obtain

THEOREM 2.3. Suppose .& = A, is countable and closed wunder
complementation with « = 1. Then there is a countable collection
@ = Usea Ap, such that 57 U .7 U5 generates a Polish topology on
Y.

3. Selectors. Suppose E is an equivalence relation on a space
A. We write A/E for the set of FE-equivalence classes and
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denote the associated projection map =w:y+—[y]. A selector for
E on A is a map s:4— A4 satisfying () (vy)(s(y)ely]) and
1) (Vyw.)W.ely]=s) = s(.). A transversal for E is a set
which intersects each equivalence class in a singleton. Note that if
s is a selector for E, then the fixed points of s form a transversal
T, for E. If s is a-Borel, then T, is an M, subset of A. Given
B < A, we say that a collection .&” of E-invariant sets separates B/E
provided (vye B)([y] = N {Se:[y] < S).

As promised, we will use the constructions of §1 and §2 to
obtain two results on the existence of Borel selectors for certain
equivalence relations on Polish spaces. In each case we introduce a
Borel-generated topology on the relevant space 4 in which the equi-
valence classes are closed. We then consider the identity map
F: AJE — FP(A) and introduce a semisaturation operator derived from
the constructions of Vaught [11]. Theorem 1.1 provides a choice
function f for I, fox is the required selector. |

A. Borel actions. Throughout this subsection, G is a nonmeager
topological group with a countable basis. In the most notable case,
G is Polish. Y is a Polish space and J: G XY —Y is a Borel mea-
surable function. For g e G, J? is the function y — J(g, ¥) = gy. We
assume that J defines an action of G on Y, i.e., that the map g+ J*?
is a homomorphism from & to the group of permutations of ¥. The
action induces the equivalence relation E; = {y, gy): vy € Y, g€ G} on
Y.

Following Vaught [11] we write, for BCY,y€ Y BY = {g: gy ¢ B},
B+ = {y: B* + @}, B! = {y: BY is meager}.

It follows from the definitions and the fact that G is a Baire
space that for A, B, B,CY.

(2) B4 is Ej-invariant and B & B*.

(3) (UiewB)* = Uiew B;.

(4) If A is invariant then A4 = A and (AN B)!= AN B-.

The following lemma is proved in [11] for the case v = 0 and in
[7] for the general case. (In [7] it is asserted only that B’ is Borel,
but the argument establishes the stronger result 3.1.)

LEmMMA 3.1. Suppose J is v-Borel and BeS;. Then BieS,.,.

THEOREM 3.2. Let a =1,v=0. Assume that J is a v-Borel
action on Y. Suppose ACY is an invariant A, set and that & is
a countable collection of imvariant A, sets which separates A/E,.

Then there exists a v + a-Borel selector for E on A.

Proof. We assume without loss of generality that Ae.$%” and
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that .&” is closed under complementation and finite intersection. By
2.3 we can choose a countable set 2~ =& U;.. 45 such that .«” U & U
57" generates a Polish topology .- "on Y. Write Y’ = (Y, . ). Let
B be the closure of = U S# under finite intersections. Then Y’
has the basis ... ={BNS:BeB, Se.v}

Let A" be A with the relative topology from ¥'- A’ has the basis
" ={Ke.wi": K< A}. Since A is closed in ¥, 4’ is Polish.

Set X = A/E and let F' be the the identity function from X to
F(A"). For O € A’ define O° = n(04). It follows from (2) and (4) that
% is a semisaturation operator for F' and from (3) that Z is countably
additive.

Let <7 be the field generated by {K": Ke. 2} and let &' =
{z='(D): De &'}. Since each K‘ is invariant, =’ is just the field
generated by {K4: Ke 2#}. Each Ke€.2 has the form BN S with
S-invariant A, and BelJs..Ss;; by (4) and 3.1, KX = B N Se€ A4,

It follows that

(5) ' A,

Since .9 separates A/E;, each [y]is closed in 4. Thus, we may
apply 1.1 to obtain a <,-measurable choice function f: A/E, — A’
Define s = fox. Clearly, s is a selector for £ on A. We claim that
s is v + a-Borel with respect to A. Since A’ refines A4 it suffices to
establish:

(6) s is a v+ a-Borel map from 4 to A4’ .

Consider an arbitrary open set O & A’. Since f is <&7,-measurable
we may choose D,e. =7 such that f(0) = U, D;. Then s7(0) =
7 (f(0) = Uieo m(D,). By (5) each n7'(D,) e Ar, so s7(0)e S,
as required. N

B. Equivalence relations with relatively large equivalence classes.
Assume throughout this subsection that E is an equivalence relation
on a Polish space Y, such that each equivalence class is Borel in Y
and a Baire space in its relative topology. In the most notable
special case, each equivalence is G; in ¥. For BZ Y we continue to
write BT = {y: [y] N B # O}.

o7 is a fixed countable basis for Y with Ye 2 U, V will
always denote elements of 5~ We write

& ={UnUeyU{~U"Ues}.
LeMmmA 3.3 (Compare [8] Lemma 2.) &7 separates Y/E.

Proof. Given ye Y let
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S ={U"Unlyl# 2}U{~U"):Unlyl = @}.

We must show [y] = N .¥.

Inclusion from left to right is immediate from the definition of
. For the reverse inclusion suppose 2 ¢ [y].

There are two cases to consider.

Case 1. [x] £ [¥] (the closure of [y]).
Let ze[x], 2¢[y]. Then for some Ue 57 z€ U and UnN [y] = .
Then ~ (U*) e and x¢ ~ (U*) so x¢ N.S.

Case 2. [x] < [y].

We claim that [x] is not dense in [y]. This suffices since we then
obtain Ue 2# with UN[yl+ @, UN[z] = @ so UT €. and x¢ U*.
To verify the claim suppose arguendo that [x] is dense in Ty], i.e.,
[y] =[x]. Let C =Ty]. Since [z] is a Baire space, [x] is not meager
in itself, and hence [x] is not meager in C. Since [x] is Borel, [x]
is almost open in C so [¢] N U N C is comeager in UN C for some U.
Since [y] is dense in C, [y]NUNC # @. Since [y] is a Baire space,
[¥Y1NUNC is not meager in C. But [y]NUNCSUNC ~ [«] which
is meager in C. This contradiction establishes the claim and, thereby,
the lemma. O

When & © A, we say that E is a v-decomposition for (Y, 57).
We assume that this is the case, v = 0. Thus we are in a situation
similar to subsection A.

We need an operator analogous to Vaught’s 4. Our solution is
a kind of local version of the transform, cf. the remarks in [8] and
[9] where such a version was described. For B <Y, U e 57 we define

B = {y:U N BN |[y] is not meager in [y]}, B*= B4 .
We have for B, B, Borel in Y (and, by convention, U, Ve 5#)

(7) B C (BN U)*
(8) V@ =(Unv)*
(9) (yB)" =Yz
(10) (~ B = U (V* ~ B*)

(11) B4 is invariant and if S is invariant then (SN B)Y = SN B?.

The proofs of (7)-(11) are essentially similar to corresponding
arguments in [11]. For completeness we indicate them here.
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For (7): The empty set is meager in any space So a nonmeager
subset of [y] is nonempty. Thus, for any y, ye B =U‘N BN [y]# O.

For (8): By (7) it suffices to check inclusion from right to left.
Since [y] is a Baire space, any nonempty open subset of [y¥] is non-
meager. Thus, UN BN [y] # @ —ye B,

For (9): Using the fact that a countable union of meager sets
is meager, note the equivalence ye(U,B)“=UNU,;B;N[y] is
nonmeager = (33)(U N B; N [y] is nonmeager) < y € U, (B Y).

For (10): Since B is a Borel set, [y] N B is almost open in [y]
for each y; say BN [y] is congruent to C, modulo a [y]-meager set,
where C, is closed in [y]. Let [y] ~C, = O, N [y] where O, is open
in Y. Then making repeated use of the fact that [y] is a Baire
space and 57 is a basis, we compute

ye(~ B4 — (U ~ B) N [y] is nonmeager in [y]

= (UNO0,) N [y] is nonmeager in [y]

—= (UN O, Nyl is nonempty

— @AV CU)XVNlyl# @ and V< O,)

— @AVU)XVnlyl# @ and VNC, = @)

— @AV CUXVNnlyl # @ and VN C, is meager in [y])
=@AVCU)XVNnlyl# @ and VN B is meager in [y])
=y eVLCJU( Vt ~ (B").

For (11): The invariance of B (and of any B“Y) is apparent
from the definition. If S is invariant, then for any y, either [y]nN
S= @ or [y] £ 8S. Thus,

ye (SN By —=8SNBN|[y] is nonmeager in [y]

—= [y] £ S and BN [y] is nonmeager in [y]
—=yeS and ye B!.

Corresponding to 3.1 we have the somewhat stronger:

LEMMA 3.3. For all a, if Be S, then B is a countable union
of wnvariant A, sets.

Proof. We proceed by induction on «.

For a = 0 note that any open set O can be written O = ...V,
with each V;e€ 52 Then by (9) and (8), 07 = (U, V) = U, (V¥) =
U: (V.nU)*. Since 5 is a basis, V,;NUe S5~ Since E is a 7-
decomposition for (Y, &), each (V,;NU)*e€A,. For a =1, write
B = U.., ~ B, with each B;€Us..S; and note that
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B =, (~ B)* =U UV nB"). U
4 i VGU
As in the introduction, we write v* = sup{v + 8: 8 < 7}

THEOREM 3.5. Suppose K is a v-decomposition for (Y, 5£), v = 0.
Then there is a v*-Borel selector for E on Y.

Proof. First consider the case v = 0. In this case Theorem 1.1
(or rather its classical antecedent) can be applied directly. By 3.3
each [y] is an intersection of clopen sets and, hence, is closed. Set
X =Y/E, & = {n(C): C is an E-invariant clopen set}, and for each
open O CY set

0 =w(0") = {lyl: [y1N O =+ &}
= U{#n(U"):Ues# and U< O}.

Theorem 1.1 then applies to provide a choice function f:Y/E—Y
which is <,-measurable. Define a selector s by setting s = forx.
Then for any open O, s7(0) is of the form z—*({J; n(C,)) = U; #~'x(C,)
where each C, is invariant clopen. Since 7~'z(C) = C for any invariant
set C, each s~}(0) is open and s is continuous as required.

Now suppose v = 1. As before, we imitate the above argument
by introducing a new topology and substituting 4 for +. By 2.3
we can choose a countable collection & = U;.r 4; such that & U
% U &# generates a Polish topology .7 "on Y. For OCY' = (Y, . 97)
we define O* = 7(04) using our new 4 operator and, using (7) and (9),
again observe that # is a countably additive semisaturation operator
for the identity map Y/E — Z#(Y").

Set & = {n(A): A is an invariant A, set}. We claim

12) If O is open in Y’, then Ofc &, .

Let 57’ be the collection of sets of the form BN S where B is
a finite intersection of elements of & U 57 and S is a finite intersec-
tion of elements of &2 Since 57’ is a basis for Y’ and £ is countably
additive, it suffices to check that (12) holds for Oe 5#’. Given O =
BN S with B, S as above we have O* = z(BN S)? = n(B* N S). Noting
that Be S; for some 8 < v, we may apply 3.3 to conclude that B
is a countable union of invariant A,.; sets. Since S is invariant
A;, BN S is a countable union of invariant A,., sets. Since v +
B8 = v* and projection commutes with union, #(B'NS)e <z, as
required, establishing (12).

As in 3.2 we note that each [y] is closed in Y’'. Thus, we are
again in a position to apply 1.1 to obtain a <7,-measurable choice
function f:Y/E—Y’. As before, the map s = forx is a selector. In
this case, however, it follows directly from our definition of & that
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s is an a-Borel map from Y to Y’, a fortiorti an a-Borel map from
Y to Y. The theorem is proved. ]

COROLLARY 3.6. Suppose A s an A; subspace of Y with basis
s ={UNA:Uec#}. Suppose E' S A X A is a ~v-decomposition
Jor (A, S7"). Then there is an v*-Borel selector for E' on A.

Proof. When v <1, we can apply 8.5 directly to the Polish
space A. For v>1, set K=E U{(y,y):yeY}. Then for any
Uesoy, Ut = (U~ A UUNA™ eA,. It follows easily that E
is a v- decomposition for (¥, 277). 3.5 provides an v*-Borel selector
for E whose restriction to A is an v*-Borel selector for E’. ]

As an application of 3.7 we can derive a multifunction version.!

COROLLARY 3.7. Let v =1 and let Z be Polish.

Suppose G S Z x Y is an A, set such that

(i) For each z€ Z,G, = {y: (z,y) G} 1s G,

(ii) For every Ue o7, {z:G.NU #*= @} is A;,. Then there is an
M,. set which uniformizes G.

Proof. Let &7 ={0 x U:0 is open in Z and UecF}, o7 =
{BNG:Besr"}. Set E={(,9),*#,y)eG xXG:Z=2"}). For W=
O xU)NnGezszr" we have W ={(z,y)e€G:2€0 and G, NU # Q}e
A, so F is a rv-decomposition for (&, 27"). Let s be the y*-Borel
selector for K on & provided by 8.6. Then 7T, = {(z, ¥)eG: (2, y) =
s((z, ¥))} is an M,. uniformization for G. ]
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