RC 20066 (03/09/95) Computer Science

IBM Research Report

Transforming Prioritized Defaults and Specificity into Parallel Defaults

Benjamin N. Grosof

IBM Research Division T.J. Watson Research Center P.O. Box 704, Yorktown Heights, NY 10598 (914) 784-7783 direct -7455 fax -7100 main Internet: grosof@watson.ibm.com (alt.: grosof@cs.stanford.edu)

LIMITED DISTRIBUTION NOTICE

This report has been submitted for publication outside of IBM and will probably be copyrighted if accepted for publication. It has been issued as a Research Report for early dissemination of its contents. In view of the transfer of copyright to the outside publisher, its distribution outside of IBM prior to publication should be limited to peer communications and specific requests. After outside publication, requests should be filled only by reprints or legally obtained copies of the article (e.g., payment of royalties). IBM Research Division Almaden � T.J. Watson � Tokyo � Zurich

Publication Information: This paper is an extended version of the paper to appear in the Proceedings of the Eleventh Conference on Uncertainty in Artificial Intelligence (UAI- 95), to be held Aug. 18–20, 1995 in Montreal, Quebec. Proceedings are to be published by Morgan Kaufmann (San Francisco, CA), edited by Philippe Besnard and Steve Hanks. UAI-95 information is available on the World-Wide-Web: http://www.cs.washington.edu/research/projects/ai/uai95/ . Also, an earlier version of that paper, with somewhat different emphasis, entitled “Implementing Prioritized Defaults and Specificity by Transforming to Parallel”, is to appear in the Proceedings of the IJCAI-95 Workshop on Applications and Implementations of Nonmonotonic Reasoning Systems, to be held Aug. 21, 1995 in Montreal, Quebec. Information about that Workshop is available through the Workshop chair Rachel Ben-Eliyahu: rachelb@cs.technion.ac.il, and through the American Association for Artificial Intelligence (Menlo Park, CA) which is accessible through the World-Wide-Web: http://www.aaai.org .

Permission to publish for each of the above Proceedings is non-exclusive; copyright for the versions of this paper appearing in them has been retained by the author.

Abstract and Summary

We show how to transform any set of prioritized propositional defaults into an equivalent set of parallel (i.e., unprioritized) defaults, in circumscription. We give an algorithm to implement the transform. We show how to use the transform algorithm as a generator of a whole family of inferencing algorithms for circumscription. The method is to employ the transform algorithm as a front end to any inferencing algorithm, e.g., one of the previously available, that handles the parallel (empty) case of prioritization. Our algorithms provide not just coverage of a new expressive class, but also alternatives to previous algorithms for implementing the previously covered class (layered) of prioritization.

In particular, we give a new query-answering algorithm for prioritized cirumscription which is sound and complete for the full expressive class of unrestricted finite prioritization partial orders, for propositional defaults (or minimized predicates). By contrast, previous algorithms required that the prioritization partial order be layered, i.e., structured similar to the system of rank in the military.

Our algorithm enables, for the first time, the implementation of the most useful class of prioritization: non-layered prioritization partial orders. Default inheritance, for example, typically requires non-layered prioritization to represent specificity adequately. Our algorithm enables not only the implementation of default inheritance (and specificity) within prioritized circumscription, but also the extension and combination of default inheritance with other kinds of prioritized default reasoning, e.g.: with stratified logic programs with negation-as-failure. Such logic programs are previously known to be representable equivalently as layered-priority predicate circumscriptions.

Worst-case, the transform increases the number of defaults exponentially. We discuss how inferencing is practically implementable nevertheless in two kinds of situations: general expressiveness but small numbers of defaults, or expressive special cases with larger numbers of defaults. One such expressive special case is non-top-heaviness of the prioritization partial order.

In addition to its direct implementation, the transform can also be exploited analytically to generate special case algorithms, e.g., a tractable transform for a class within default inheritance (detailed in another, forthcoming paper).

We discuss other aspects of the significance of the fundamental result. One can view the transform as reducing n degrees of partially ordered belief confidence to just 2 degrees of confidence: for-sure and (unprioritized) default. Ordinary, parallel default reasoning, e.g., in parallel circumscription or Poole’s Theorist, can be viewed in these terms as reducing 2 degrees of confidence to just 1 degree of confidence: that of the non-monotonic theory’s conclusions. The expressive reduction’s computational complexity suggests that prioritization is valuable for its expressive conciseness, just as defaults are for theirs.

For Reiter’s Default Logic and Poole’s Theorist, the transform implies how to extend those formalisms so as to equip them with a concept of prioritization that is exactly equivalent to that in circumscription. This provides an interesting alternative to Brewka’s approach to equipping them with prioritization-type precedence.

1 Introduction

1.1 The Importance of Prioritization-type Precedence

Prioritization-type precedence is an important aspect of default and non-monotonic reasoning. It is a widely studied concept (actually, family of related concepts) of multiple degrees of confidence (uncertainty, reliability) in beliefs: partially ordered, and lexicographic in flavor. By prioritizationtype “precedence”, we mean an override relationship between defaults that governs the resolution of conflicts between defaults; so that, in case of pairwise conflicts between defaults, a higher-precedence default “wins”, i.e., goes through as non-monotonically entailed, in case of conflict with a lowerprecedence default. Each default can be viewed as an uncertain belief.

Prioritization in circumscription [McCarthy, 1986] [Lifschitz, 1985] [Grosof, 1991] is one of the first, and most expressively general, concepts of precedence in the default reasoning literature.

Several other non-monotonic formalisms share a somewhat similar concept of prioritization-type precedence / degrees of confidence (and a somewhat similar concept of a default) to that in circumscription, including: the specificity dominance principle employed in inheritance, e.g., cf. [Touretzky, 1986] [Stein, 1989] [Quantz and Royer, 1992] [Geffner, 1992], conditional logics, e.g., cf. [Delgrande, 1987a] [Delgrande, 1987b] [Geffner, 1992], and argument systems, e.g., cf. [Loui, 1987]; aggregation principles for modelpreference logics [Brown and Shoham, 1989], including for logic programming with negation-as-failure [Przymusinski, 1988] and terminological logics [Quantz and Royer, 1992]; possibilistic logic [Dubois and Prade, 1988]; syntax-based belief revision formalisms, e.g., [Nebel, 1989]; and a variety of others, e.g., [Brewka, 1989a] [Brewka, 1989b] [Brewka, 1994] [Ginsberg, 1988] [Zadrozny, 1987] [Pollock, 1987] [Konolige, 1988] [Ryan, 1992b] [Ryan, 1992a] [Hunter, 1994].

From a practical viewpoint, two very important kinds of non-monotonic reasoning, in use even before the knowledge representation (KR) field of non-monotonic logic started in the late 1970’s, are:

1. inheritance with exceptions, e.g., default inheritance in frame-based KR systems; and 2. use of negation-as-failure in logic programming, e.g., in- Prolog.

Both these kinds of non-monotonic reasoning can be viewed formally in terms of defaults. In both, prioritizationtype precedence is then very important to represent desired behavior: in default inheritance, to represent specificity dominance (i.e., the precedence of a default with more specificclass antecedent over a default with a more general-class antecedent); and, in stratified logic programs, to represent recursive depth in negation-as-failure use (i.e., deeper strata in backward inferencing have higher precedence associated with their predicates’ minimization) [Lifschitz, 1987] [Przymusinski, 1988].

More generally, precedence appears to be an important expressive aspect of defaults needed or useful to represent many domains. Bases for precedence information include not only specificity dominance but also reliability and authority of sources [Grosof, 1993], decision-theoretic utility (e.g., rules about emergencies have higher precedence) [Grosof, 1991] [Poole, 1992], and temporal directionality (e.g., freshness; or Shoham’s [1988] chronological minimization).

1.2 Virtues of Circumscription as a Focus Formalism

Circumscription is a historically central and relatively wellstudied non-monotonic formalism, with a number of attractive characteristics. First, its expressive feature of prioritization can directly represent precedence; and do so, moreover, in a relatively expressively powerful fashion. By contrast, many other non-monotonic formalisms do not have any expressive feature to directly represent precedence: e.g., Default Logic [Reiter, 1980] and Autoepistemic Logic [Moore, 1985]. Second, circumscription captures a core notion of default shared by most formalisms, corresponding closely to that of Poole’s Theorist formalism [1988]. Third, circumscription is skeptical, which we find to be typically more useful for applications than brave. Fourth, circumscription has a relatively attractive model theory. Fifth, much is known about relationships between circumscription and a variety of other non-monotonic formalisms, including Default Logic and Autoepistemic Logic.

In particular, prioritized (default) circumscription has been previously shown to be able to represent the stratified class of logic programs with negation-as-failure. This is a large, interesting class that is important in practical implementations and applications of logic programming. Prioritized circumscription has also been previously shown to be able to represent a large, interesting class of default inheritance.

We observe that prioritized (default) cirumscription can, moreover, represent theories that combine default inheritance and logic programs, as well as that extend them expressively.

Previously, however, there have not been any queryanswering inferencing algorithms for sufficiently general cases of prioritization: i.e., to handle prioritization partial orders that are not layered (a.k.a. stratified), in the sense discussed first in [Grosof, 1991] and studied more in [Grosof, 1992b]. In particular, as discussed there, non-layered prioritization partial orders are required to adequately represent even very simple cases of specificity in default inheritance. Layered prioritization cannot adequately represent default inheritance, much less its combination and extension with logic programs.

(Sections 2 and 3 discuss details of how circumscription represents these classes.)

1.3 Problems and Opportunities Addressed

Our overall, primary motivations in this paper are twofold. The first is to advance fundamental understanding of prioritization-type precedence as a kind of partially-ordered degree of confidence (uncertainty, reliability) among beliefs. The second is to advance the implementation of default reasoning that has prioritization-type precedence.

More particularly, we are interested in prioritized circumscription, in great part because of its ability to represent, to a considerable extent, the combination and extension of logic programs with negation-as-failure and default inheritance.

The prospect of practically implementing such combination and extension is an exciting opportunity. It could provide closer integration and enhancement of two very important kinds of non-monotonic reasoning that are today in practical use as basic programming mechanisms.

In this paper, we accomplish (among other things) a first step towards this vision: to provide a correct algorithm for query-answering inference, where previously there was no algorithm at all. More precisely, we give a family of sound and complete query-answering algorithms for the full class of circumscriptions in which the prioritization partial order is unrestricted, and the defaults are propositional. This expressive class suffices to include the combination and extension of large classes of logic programs and default inheritance.

2 Preliminary Definitions: Prioritized Defaults and Circumscription

Below, and throughout the paper, we follow the definitions, notation, and terminology of [Grosof, 1991] and of [Grosof, 1992b]. Refer to either the former (sections 3 and 4 there) or the latter (sections 2.2, 2.3, 2.7, 2.9 there) to find what is not elaborated below. For the reader’s convenience, we have provided an Appendix that reprints some of those background definitions etc..

A pre-order is a transitive, reflexive binary relation; i.e., a kind of ordering. A default pre-order ⪯Di is one that expresses the preference to maximize a first-order formula Di (in predicate and function symbols Z), called the default formula: Z⪯DiZ^{′ def}≡ Di[Z] ≤ Di[Z^′] Here, Di[Z^′] stands for the result of substituting Z^′ for Z in the formula Di[Z]. The ≤ notation is as usual in the circumscription literature. If Di[Z] is a closed formula, then the right-hand-side above stands for D[Z] ⊃ Di[Z^′]. If Di[Z] is an open formula with a tuple x of individual object variables, then the right-hand-side above stands for ∀x. Di[Z](x) ⊃ Di[Z^′](x). Prioritization is defined formally as an operation that takes as input 1) a tuple of starting pre-orders; and 2) a prioritization (precedence) partial order (e.g., R), which is a well-founded (e.g., finite) strict partial order. The prioritization operation outputs a single, aggregated output pre-order.

A layered strict partial order is one that has a structure similar to the system of rank in the military. Viewed as a dag, a layered partial order consists of a totally-ordered series of one or more levels. At each level, there are one or more elements, with no links between them (i.e., within that level). Each element in a higher level has higher priority than every element in any lower level. By contrast, the typical kinds of prioritization partial orders needed to represent even simple cases of specificity in default inheritance are non-layered, e.g., columnar: a forest of two or more chains, with no links between the chains. Among the elements within each chain, there is a total ordering.

A prioritized default pre-order, e.g., (D; R), is one in which each of the starting pre-orders, e.g., Di (from tuple D), is a (single) default pre-order. A prioritized default circumscription is a circumscription in which the overall preference pre-order is a prioritized default pre-order. We write it as follows:

P DC(B; D; R; Z)^{def}≡ B[Z] ∧ ¬∃Z^′. B[Z^′] ∧ (Z⪯_{(D;R)}Z^′) Here, B is the base, i.e., the conjunction of all the for-sure premises (which are classical, e.g., first-order, formulas). D is the tuple of (starting) default formulas, indexed say by N. R is the prioritization partial order, defined over the tuple N. Z is the tuple of all predicate and function symbols in the first-order logical language within which B and D (and F below) are expressed.

When each Di in D is closed (i.e., propositional), then

Z⪯_{(D}N_{;R)}Z^{′ def}≡ ∀i ∈ N. [∀j ∈ N. R(j, i) ⊃ (Dj[Z] ≡ Dj[Z^′])] ⊃ (Di[Z] ⊃ Di[Z^′]) where R(j, i) means that index j has higher priority than index i.

In addition, we permit (explicit) fixtures (e.g., fixed predicates or functions): P DC(B; D; R; fix F ; Z)^{def}≡ B[Z] ∧ ¬∃Z^′. B[Z^′] ∧ (Z⪯_{(D;R)}Z^′) ∧ (Z≈F Z^′) Here, F is a tuple, indexed say by M, of first-order fixture formulas F k. E.g., the fixture formula P (x) expresses the fixing of the predicate P . E.g., the fixture formula f(x) = y expresses the fixing of the function f. Z≈F Z^{′ def}≡ V_{k∈M} (Z≈F kZ^′) Z≈F kZ^{′ def}≡ (Z⪯F kZ^′) ∧ (Z^′⪯F kZ) Fixtures can be expressed equivalently (implicitly) via default formulas: adding the fixture of the formula F k is equivalent to adding the pair of defaults F k and ¬F k in parallel to (i.e., without strict prioritization relative to) the rest of the defaults.

Equivalently, prioritized default circumscription can be defined in terms of preferences over models.

A prioritized predicate pre-order or circumscription can be defined as a prioritized default pre-order or circumscription, respectively, in which every default (and fixture) formula is a negated unbound atom. Minimizing a predicate, say P , is just a special case of a default. It corresponds to maximizing the default formula ¬P (x), where x is a tuple of free individual variables and has the arity of P .

3 Representing Logic Programs and Default Inheritance in Prioritized Default Circumscription

Stratified logic programs with negation-as-failure are previously known to be representable equivalently as layeredpriority predicate circumscriptions [Lifschitz, 1987] [Lifschitz, 1988b] [Przymusinski, 1988]. For any stratified logic program, there is an equivalent circumscription. In the circumscription, every predicate is minimized. Every clause of the logic program is treated as a for-sure premise. The prioritization partial order corresponds to recursive depth in negationas-failure use.

Default inheritance theories are previously known often to be representable as prioritized default circumscriptions. A straightforward method is to represent each default in the inheritance theory as one default in the circumscription, and to represent the specificity dominance partial order among defaults as the prioritization partial order. Higher specificity corresponds to higher prioritization. McCarthy’s [1986] original example for prioritized circumscription is birds flying, for example. See [Grosof, 1992b] (especially, chapters 1, 2, 5, and 6) for discussion and many more examples.

More generally, one might also have other bases for prioritization-type precedence information, besides specificity, among a set of defaults. Being able to represent such is an expressive advantage of prioritized circumscription over default inheritance formalisms.

Prioritized default circumscription enables the expressive extension of default inheritance (cf. [Touretzky, 1986]) in several directions. One direction is to represent prioritization information based other than on specificity. Another direction is to represent negation, non-unary predicates, or arbitrarily nested connectives and quantifiers, in the consequent or antecedent sub-formulas of default “rules”.

4 Transform Equivalence Results, General Case

Our main results are somewhat complex to state formally. So we start by giving a few simple examples to give the flavor and some intuition.

In general, the transform treats the input default formulas E opaquely, and does not involve any inferencing in the sense of computing classical-logic entailments. Essentially, the transform depends only on the details of the prioritization partial order R, not on the form or details of the input default formulas E.

Example 1 (Two Defaults) Let two defaults’ formulas be denoted by 1,2. Let the prioritization be: 1 higher than 2. Then the result of the transform is 3 parallel defaults, with formulas: 1 , 2 ∧ 1 , 2 ∨ 1

Example 2 (Two Columns of Two Each) Let four defaults’ formulas be denoted by 1,2,3,4. Let the prioritization be: 1 higher than 2, and 3 higher than 4. Then the result of the transform is 6 parallel defaults, with formulas: 1 ,

2 ∧ 1 , 2 ∨ 1 , 3 , 4 ∧ 3 , 4 ∨ 3

Example 3 (One Higher Than Two Others) Let three defaults’ formulas be denoted by 1,2,3. Let the prioritization be: 1 higher than 2, and 1 higher than 3. Then the result of the transform is 5 parallel defaults, with formulas: 1 , 2 ∧ 1 , 2 ∨ 1 , 3 ∧ 1 , 3 ∨ 1

Example 4 (Chain of Three) Let three defaults’ formulas be denoted by 1,2,3. Let the prioritization be total: 1 higher than 2, and 2 higher than 3. Then the result of the transform is 7 parallel defaults, with formulas: 1 , 2 ∧ 1 , 2 ∨ 1 , 3 ∧ 2 ∧ 1 , (3 ∧ 2) ∨ 1 , (3 ∨ 2) ∧ 1 , 3 ∨ 2 ∨ 1

Example 5 (Two Higher than One) Let three defaults’ formulas be denoted by 1,2,3. Let the prioritization be: 1 higher than 3, and 2 higher than 3. Then one (non-deterministic) result of the transform is 7 parallel defaults, with formulas: 1 , 2 , 3 ∧ 2 ∧ 1 , (3 ∧ 2) ∨ 1 , (3 ∨ 2) ∧ 1 , 3 ∨ 2 ∨ 1 There is another, equivalent (non-deterministic) alternative: 1 , 2 , 3 ∧ 1 ∧ 2 , (3 ∧ 1) ∨ 2 , (3 ∨ 1) ∧ 2 , 3 ∨ 1 ∨ 2

Definition 6 (General Transform to Parallel) Let E^N be a finite tuple of propositions (i.e., closed firstorder formulas). (The tuple N indexes E.) Let R be any prioritization partial order defined over N.

We define G, the general-case transform for eliminating prioritization, as follows. G is a functional that depends only on the prioritization partial order R. G, moreover, is non-deterministic in general. Hence, we define it as a multifunctional: GR maps its argument E into a non-empty set, each of whose members is a tuple of propositions.

Let W be a tuple of propositions. We define W to be a member of GR(E) when W is constructed (nondeterministically) as follows.

For each i ∈ N:

Let σ^i be any sequencing of RD(i) that is descending with respect to R.

( RD(i) stands for the set of indices in N that are higherpriority than i, i.e., the Dominators of i. “Descending” means topologically sorted in the downward direction of priority. In more detail, it means the following. Consider comparing the i^{th} and the j^{th} elements in the sequence, where i < j. Then either the (earlier) i^{th} element has higher priority than the (later) j^{th} element, or else the two are incomparable with respect to the prioritization partial order (neither has higher priority than the other). ) Note that since the result of topological sorting is not always unique, the choice of σ^i is non-deterministic in general. Let mi stand for the size of RD(i), and thus the length of σ^i.

Let σ^i_k stand for the k^{th} element in the sequence σ^i. Consider the set Vi of all bit strings of length mi. There are 2^{mi} of these, corresponding to the binary numbers {0, . . . , 2^{mi} − 1}. For each l ∈ Vi:

Let lk stand for the k^{th} bit of l.

Let γ^l_k be defined as the logical connective “∧” (i.e., logical and) when lk = 1, and as the logical connective “∨” (i.e., logical or) when lk = 0.

Let Wil be defined as the proposition (E_σi_1 γ^l_1 (E_σi_2 γ^l_2 (E_σi_3 γ^l_3 (. . . (E_σi_{mi} γ^l_{mi} Ei) . . .))))

where, for any j ∈ N, Ej stands for the j^{th} default formula in the tuple E^N .

Finally:

Let Wi be the tuple of all the Wil’s, for all l ∈ Vi. Let W be the tuple formed by concatenating (union’ing) all the Wi’s, for all i ∈ N.

Theorem 7 (General Transform, Pre-Orders) Suppose E^N is a finite tuple of propositions. (The tuple N indexes E.)

Let R be any prioritization partial order defined over N. Then the prioritized propositional default pre-order (E^N ; R) is equivalent to the parallel propositional default pre-order (W ; ∅), for every W such that W ∈ GR(E). (∅ stands for the empty prioritization partial order.)

Proof Overview: Involved; inductive on the prioritization partial order R. See the Appendix for the detailed proof. See the longer version of this paper.

2_{Proof of Example 1 :}

The proof for Example 1 gives some of the flavor of the full proof, which is much more complicated.

Let i^′ for i = 1, 2 stand for the default formula i with Z^′ substituted for Z. We want to show that (1 ⊃ 1^′) ∧ ((1 ∧ 2) ⊃ (1^′ ∧ 2^′))

∧ ((1 ∨ 2) ⊃ (1^′ ∨ 2^′)) is equivalent to (1 ⊃ 1^′) ∧ ((1 ≡ 1^′) ⊃ (2 ⊃ 2^′)) Assume:

(1 ⊃ 1^′) (A1)

Then it suffices to show

((1 ∧ 2) ⊃ (1^′ ∧ 2^′)) ∧ ((1 ∨ 2) ⊃ (1^′ ∨ 2^′)) (2)

is equivalent to

((1 ≡ 1^′) ⊃ (2 ⊃ 2^′)) (3)

(A1) implies that (2) is equivalent to

((1 ∧ 2) ⊃ 2^′) ∧ (2 ⊃ (1^′ ∨ 2^′)) (4)

(4) is tautologically equivalent to

(1 ⊃ (2 ⊃ 2^′)) ∧ (¬1^′ ⊃ (2 ⊃ 2^′)) (5)

(A1) implies tautologically that

(1 ≡ (1 ∧ 1^′)) ∧ (¬1^′ ≡ (¬1 ∧ ¬1^′)) (6)

(6) implies by substitutional rewriting that (5) is equivalent to ((1 ∧ 1^′) ⊃ (2 ⊃ 2^′)) ∧ (¬1 ∧ ¬1^′) ⊃ (2 ⊃ 2^′)) (7)

(7) is tautologically equivalent to

((1 ∧ 1^′) ∨ (¬1 ∧ ¬1^′)) ⊃ (2 ⊃ 2^′) (8) Tautologically, the left-hand-side of (8) is equivalent to the left-hand-side of (3).

QED Example 1

Theorem 8 (Transform, Circumscriptions) Let P DC(B; E; R; Z) be any prioritized default circumscription defined without (explicit) fixtures. In particular, R may be any arbitrary prioritization partial order. (E.g., R need not be layered.)

Suppose the default formulas E are all propositional. Then the PDC is equivalent to the parallel default circumscription that results from applying the transform G, i.e.: P DC(B; E; R; Z) ≡ P DC(B; W ; ∅; Z) for every W ∈ GR(E).

Matters are similar for the case when any (explicit) fixtures F are present: P DC(B; E; R; fix F ; Z) ≡ P DC(B; W ; ∅; fix F ; Z) Proof : We begin by considering the case without (explicit) fixtures:

We are comparing two circumscriptions, one before the transform and one after the transform. They have the same base B. The definition of circumscription implies, therefore, that two circumscriptions are equivalent if their preference pre-orders ((E; R) and (W ; ∅), respectively) are equivalent. Theorem 7 implies just such equivalence between the preference pre-orders.

That adding (explicit) fixtures preserves the equivalence is seen easily by inspecting the role of fixture in the definition of circumscription. 2 Remarks:

The base B and the fixtures F above need not be propositional.

The equivalence between the prioritized set of defaults (E; R) and the parallel set of defaults (W ; ∅) is strong, in the sense that it holds for any base (or fixture). Thus if there are a series of updates to the base (or fixtures) alone, then the transform does not need to be re-applied.

The non-determinism in the definition of the transform does not increase required computational effort. All it does is provide equivalent alternatives.

Observation 9 (Effective Propositionality) When the base implies 1. domain closure (DCA); plus 2. uniqueness of names (UNA) (or, more generally, a complete theory of equality), then the defaults in a circumscription, and in its pre-orders, are effectively propositional, in the sense that every default can be viewed as equivalent to the (parallel) collection of all its ground instances. More precisely: in a PDC, when the base implies domain closure plus uniqueness of names, then this first PDC is equivalent to a second PDC defined by replacing every default in the first PDC by the collection of its instances.

Proof : See [Grosof, 1992b]: Theorem 2.47. 2

Theorem 10 (Extension to DCA & UNA) Our results in Theorem 8 thus generalize straightforwardly to permit the default formulas to be open or closed, when the restriction in Observation 9 is met. Convert the initial set of prioritized defaults to a set of prioritized closed defaults, by replacing every default by the collection of its instances. Then apply Theorem 8.

Proof : Immediate from Observation 9. 2

5 Algorithm to Implement the General Transform

Implementing the general-case transform G is straightforward. Next, we sketch an algorithm to compute GR(E):

1. For each i ∈ N:

2. compute RD(i) and its size mi;

3. non-deterministically, topologically sort RD(i), resulting in σ^i;

As one simple way to compute step 3., one might do the following:

Before step 1. above: non-deterministically, topologically sort R, resulting in a sequence that we may call ψ. Then, in step 3., compute σ^i as the intersection of ψ with RD(i).

4. construct Vi; 5. For each l ∈ Vi:

Alternatively, one might skip step 4. and instead generate Vi within 5. as one goes.

6. construct Wil: first, initialize it to be Ei, then: 7. For each k = mi, . . . , 1:

8. add another E_σi_k γ^l_k then parenthesize.

9. Finally, collect all the Wil’s: the result W is, as desired, a member of GR(E).

Computational Complexity of the General Transform:

Worst case, the transform is exponential in the size of the input representation of E and R, i.e., in the number n of input (prioritized) defaults. The nub is the size of W itself, which is worst-case exponential in n.

However, when the size of W is polynomial, then the time required to compute the transform is also polynomial. This is the case, for example, when: for each default i in E^N , the size mi of RD(i) is bounded by a constant, or grows slowly, say is O(log n). Recall that RD(i) is the set of defaults that are higher-priority than default i. Thus if the prioritization partial order R is non-“top-heavy” in this sense, then the transform is tractable.

Layered or Total Restrictions Do Not Help: We observe that the (size) complexity of the transform is not, in general, improved by requiring that the prioritization partial order be layered, nor by requiring it to be totally ordered. A total order is always top-heavy. Layered partial orders are often top-heavy.

6 Special Case Transform for Specificity in Inheritance

The general-case transform G can also be used analytically to develop special-case transforms that are much simpler than the general-case transform.

In particular, it can be used to develop a special-case transform for default inheritance, where prioritization is based on specificity, which is in turn based on for-sure beliefs about a taxonomic hierarchy. Preliminary investigations indicate that this specificity transform has only quadratic (often linear) blow-up in the number/size of defaults, and thus polynomial computational time complexity. Due to space limitations here, we discuss the details and general results elsewhere in a forthcoming paper. To give the flavor, however, next we give some examples.

All of these examples are about inheritance by a single individual, let us call her T weety, of a single attribute, flying; however, they straightforwardly extend to a full domain of many individuals, and inheritance of many attributes. Below, for conciseness of exposition, we leave T weety implicit and omit showing it as an argument of the predicates bird, flies, etc..

Example 11 (One Exceptional Sub-Class) Let the starting representation with priorities be: E1^{def}≡ bird ⊃ flies E2^{def}≡ ostrich ⊃ ¬flies where E2 has higher priority than E1, and the base/for-sure axioms entail that ostrich ⊃ bird. This is a very simple case of an default inheritance chain. Then after the special-case transform, there are two defaults, with formulas: D1^{def}≡ bird ⊃ (flies ∧ ¬ostrich) D2^{def}≡ ostrich ⊃ ¬flies Example 12 (Two Exceptional Sub-Classes) Suppose we extend Example 11 by adding another default: E3^{def}≡ penguin ⊃ ¬flies where E3 has higher priority than E1, and the base/for-sure axioms entail that penguin ⊃ bird. Then after the specialcase transform, there are three defaults, with formulas: D1^{def}≡ bird ⊃ (flies ∧ ¬ostrich ∧ ¬penguin) D2^{def}≡ ostrich ⊃ ¬flies D3^{def}≡ penguin ⊃ ¬flies Example 13 (Two Levels of Exceptional Sub-Classes) Suppose we extend Example 12 by adding another default: E0^{def}≡ animal ⊃ ¬flies where E1 (and E2 and E3) has higher priority than E0, and the base/for-sure axioms entail that bird ⊃ animal. Then after the special-case transform, there are four defaults, with formulas: D0^{def}≡ animal ⊃ (¬flies ∧ ¬bird) D1^{def}≡ bird ⊃ (flies ∧ ¬ostrich ∧ ¬penguin) D2^{def}≡ ostrich ⊃ ¬flies D3^{def}≡ penguin ⊃ ¬flies Examples Proof Overview: Our proof technique for the above Examples, and for the special case transform more generally, relies on results in [Grosof, 1992b]. The special-case transform, e.g., in the examples above, has as output a subset of the defaults that result from the general-case transform. Defaults can be dropped (from the general-case’s output) when they are redundant in the sense of [Grosof, 1992b]’s Definition 4.17 and Theorem 6.29. A default is redundant if the base implies 1) that its formula W il is equivalent to an expression formed positively (i.e., using ∧ , ∨ , and quantifiers but not ¬) from other default formulas (in W ); or 2) that W il is tautologically true; or 3) that W il is tautologically false. 2

Relationship to Parallel Abnormalities With Cancellation: There is a close relationship between the above examples and a well-known method of employing abnormality predicates to represent a simple default inheritance chain:

by minimizing the abnormality predicates, with explicit cancellation axioms, and with parallel prioritization. For the above examples, the following defines an equivalent representation. Introduce one distinct abnormality predicate abi for each default formula Di above. Assert a for-sure premise for each i: ¬abi ⊃ Di Assert explicit cancellation axioms as for-sure premises, as follows. For each pair (j, i) of defaults such that j has higher priority (is more specific) than i, include either the for-sure premise: ¬Dj ⊃ abi or, alternatively (equivalently), the for-sure premise: ¬cj ⊃ abi where cj is the class condition on the left-hand-side of the rule Dj, e.g., ostrich in the left-hand-side of D2. Finally, minimize all the abnormality predicates in parallel. (No other defaults are maximized.)

Proof Overview for Equivalence of Examples to Abnormalities plus Cancellation: The equivalence of this representation, for the above examples, can be proven straightforwardly using the results on abnormality theories, and their equivalence relationship to maximizing default formulas, in [Grosof, 1992b] (section 3.2 there). 2

Thus abnormalities with explicit cancellation provides an alternative way to transform a prioritized default representation into a parallel one, for these examples.

7 Uses for Implementation

The transforms, both general-case and special-case, are useful as a front-end to inferencing algorithms that handle the parallel expressive class.

As we discussed earlier (recall Theorem 10), our generalcase transform requires only one expressive restriction: that 1) the defaults are propositional; or 2) the base implies domain closure and uniqueness of names / complete theory of equality. In case of 2), recall, the defaults are effectively propositional.

7.1 Review of Previously Available Inferencing Algorithms

There are several previously available query-answering inferencing algorithms for parallel defaults in circumscription that are sound and complete for queries over fairly general expressive classes of first-order-form beliefs: [Przymusinski, 1989] [Ginsberg, 1989] [Baker and Ginsberg, 1989] [Inoue and Helft, 1990] [Helft et al., 1991]. Each of these covers (at least) ground queries. All of these essentially require effective propositionality. Each, besides Przymusinski’s, covers (at least) the expressive class of: domain closure plus uniqueness of names, which includes propositionality (of base and defaults) as a special case, of course. All restrict the default formulas to have the form of minimizing a predicate: i.e., every default formula Di has the form of a negated atom ¬P i(x), where P i is a predicate symbol and x is a tuple of free variables. However, this restriction is inessential. Maximizing arbitrary default formulas can be reduced, in a simple fashion, to minimizing predicates. [Grosof, 1992b] (section 7.6 there) shows a general method, imposing only overhead time that is polynomial in the input representation, to convert inferencing with arbitrary default formulas (and fixtures) to inferencing with default formulas that are restricted to be predicate minimizations (with all fixtures expressed as fixing of predicates or functions). This method requires no other restrictions on the (input) base, priorities, fixtures, or form of conclusions. This method is based on introducing abnormality predicates. It extends and refines the by-now well-known style of abnormality theories, so as to apply to the case of arbitrary prioritization partial orders. In addition, the algorithms of [Ginsberg, 1989] and [Baker and Ginsberg, 1989] are essentially developed, conceptually as well as mathematically, in terms of maximizing default pre-orders. Thus they are easily extended to handle correctly the default, not just the predicate, case.

The algorithms of [Ginsberg, 1989] and [Baker and Ginsberg, 1989] enable arbitrary closed queries, but impose the restriction of no fixed predicates; however, [Inoue and Helft, 1990] shows how to relax this restriction to permit arbitrary fixed predicates. [Helft et al., 1991] shows how to extend to queries with answer extraction, not just closed (yes/no) queries.

The punchline is that previously available algorithms support rich query-answering for parallel defaults in circumscription, for the expressive class of domain closure plus uniqueness of names (which includes propositional).

In addition, two of the previously available queryanswering algorithms, [Baker and Ginsberg, 1989] and [Przymusinski, 1989] (who does not give a proof), apply to the prioritized case, but require that the prioritization partial order be layered. (Both also require queries to be closed.)

7.2 New Inference Algorithms

Our general-case transform enables the extension of any parallel-case algorithm IP to handle defaults with arbitrary prioritization. These include all of the previous algorithms discussed above, as well as any other / future algorithms. Our general-case transform applies to any direction of inferencing: e.g., the direction may be backward (query-answering) or forward (exhaustive; or selective, e.g., data-driven); queries may be ground, closed, or open (answer extraction). And it applies to inferencing algorithms for expressively highly restricted parallel cases, as well as to those for expressively general parallel cases. Special case transforms based on G, e.g., the one we briefly discussed in section 6, apply similarly, though of course with appropriate expressive restrictions.

The method is simple:

1. If the input prioritized defaults are not propositional, but there is domain closure and uniqueness of names / complete theory of equality, then replace every (open) default by the collection of its instances. In practice, this need not be computed explicitly in its entirety, e.g., for defaults about which there is no strict prioritization information.

2. Apply the transform to the input prioritized defaults. This results in a representation where the defaults are parallel. 3. Apply the inference procedure IP.

For example, the [Inoue and Helft, 1990] algorithm can thus be extended to cover the expressive case of: domain closure plus uniqueness of names, for arbitrary prioritization, universal default formulas, universal base, quantifier-free fixtures, and closed queries. This is a fairly expressive class, and compares well with the expressive classes used practically today in monotonic first-order-logic inferencing.

Another potential use of our transform approach is to partially eliminate the input’s prioritization, so as to produce a simpler prioritization, e.g., layered, in the output that can be handled by another available algorithm, e.g., [Baker and Ginsberg, 1989]’s.

8 Computational Practicality

8.1 Computational Complexity of Inferencing, Generally, including Without Priorities

A major practical difficulty for default reasoning, even without priorities, is the worst-case computational complexity of inferencing. Skeptical entailment (i.e., answering a single closed query) is known to be Π^P_2 -complete, i.e., co-NP-harder than monotonic entailment, in the propositional case of several expressively rich non-monotonic logical formalisms, including: circumscription (even minimizing predicates without priorities), Default Logic (even the “normal” case), Autoepistemic Logic, and several additional non-monotonic modal logics and other formalisms [Eiter and Gottlob, 1993] [Stillman, 1992] [Gottlob, 1992].

There are several avenues to avoiding worst-case complexity of default reasoning, generally. One is to employ approximations, perhaps sound but incomplete, e.g., as in [Cadoli and Schaerf, 1992]. Another is to restrict expressive classes to those with significantly better complexity, e.g., such that inferencing over a large theory can be decomposed into inferencing over several smaller or simpler theories. [Grosof, 1992b] explores both of these avenues, especially the latter.

8.2 Computational Practicality of Inferencing Implemented via our Method

Our transform, as used in our inference algorithms for prioritized defaults, potentially compounds the computational complexity situation for parallel defaults with yet another source of worst-case exponential complexity: in time, and in the number of defaults input into parallel-case inferencing. Thus, it must be used with some discretion, just as parallel default reasoning must be in general.

Implementing the transform is practical nevertheless in two kinds of situations: general expressiveness but small numbers of defaults, or expressive special cases with larger numbers of defaults.

First, our method enables the implementation at least of small numbers of prioritized defaults that have arbitrary non-layered prioritization partial orders. The history of rule-based knowledge representation demonstrates that even small rule sets are often quite useful for applications.

Second, feasibility for small numbers of defaults can be sometimes be leveraged in order to implement larger prioritized default theories. There exist previous techniques for decomposing large prioritized default theories into a collection of local default theories, each with a small number of defaults [Grosof, 1992b] [Grosof, 1992a].

Third, complexity of the transform can be kept manageable by expressively limiting the top-heaviness (mi) of the prioritization partial order. An example is when the (strict) prioritization is columnar (recall section 2 terminology) and the columns (chains) have bounded height (e.g., less than five). Shallowness of rule interaction is a common situation in practical knowledge-based systems today.

Fourth, complexity of the transform can be kept manageable by employing special-case transforms, corresponding to restricted expressive classes, e.g., the tractable special-case transform for specificity in inheritance that we briefly discussed in section 6.

Finally, we observe also that the transform is a “compiletime” operation that need be performed only once for a long sequence of for-sure (base) updates and even default updates, as long as the (strict) prioritization is not changed.

The computational complexity of the overall inferencing does not depend only on the computational complexity of the transform. It also depends on the underlying computational complexity of inferencing with the parallel defaults that result from the transform. As we discussed in subsection 8.1, this itself is Π^P_2 -complete.

Again, the worst-case complexity of inferencing with parallel defaults limits, but far from eliminates, the practicality of such inferencing. In some interesting and useful cases, parallel default reasoning is tractable. Again, there are two kind of situations. The first kind is general expressiveness but small numbers of defaults. The second kind is expressive special cases with larger numbers of defaults: e.g., Closed World Assumption, some kinds of logic programs and predicate completions, sympathetically solitary default theories [Grosof, 1992b] (section 6.5 there), and some other cases.

Let us summarize the foregoing’s implications for overall inferencing via our method, combining both the transform and the parallel reasoning. The feasibility picture is of a glass half full and half empty, just as in much of AI and KR. Inferencing via our method is computationally practical for small numbers of defaults with general expressiveness, or for larger numbers of defaults in expressive special cases for which the underlying default reasoning and the transform are tractable.

9 More Implications of Fundamental Result

9.1 Prioritization’s Expressive Reducibility and Conciseness

One can view the transform as reducing n degrees of partially ordered belief confidence to just 2 degrees of confidence: forsure and (unprioritized) default.

This reducibility is, at first glance, surprising: prioritization was introduced into circumscription by McCarthy [1986], Lifschitz [1985], and Grosof [1991] because it was not understood how to achieve the same entailment behavior without it; likewise, for similar concepts of precedence in other nonmonotonic formalisms.

At second glance, however, the reducibility is less surprising. Ordinary, parallel default reasoning, e.g., in parallel circumscription or Poole’s Theorist, can be viewed in these terms as reducing 2 degrees of confidence to just 1 degree of confidence: that of the non-monotonic theory’s conclusions.

Much of the point of non-monotonic reasoning (e.g., Π^P_2 - complete; recall subsection 8.1) altogether is its representational conciseness (e.g., exponential) relative to monotonic reasoning (e.g., NP-complete).

Nevertheless, prioritization appears to be useful as a tool for conciseness, and thus naturalness, in representation. Our transform result suggests (no lower-bound result, though) that prioritization may allow an exponential savings in the number of defaults that must be specified by a user.

In short, the expressive reduction’s computational complexity suggests that prioritization is valuable for its expressive conciseness, just as defaults are for theirs.

9.2 Defining Prioritization in Formalisms Previously Without It

Our transform implies how to define / introduce explicit prioritization, in a manner precisely equivalent to prioritization in default circumscription, into some previously parallel formalisms. In particular, Theorist Poole’s formalism [1988] and the “normal, prerequisite-free” case of Reiter’s [1980] Default Logic each overlap equivalently with parallel fixturefree default circumscription, in the case of propositionality or domain closure plus uniqueness of names.

In a bit more detail: Grosof [1992b] (section 8.5 there) shows that, in this case, for any set of default formulas G, indexed by N:

the parallel default circumscription without explicit fixtures P DC(B; G^N ; ∅; Z) is equivalent to the skeptical version of the Default Logic default theory ⟨B, D⟩, where each DL default Di ∈ D, for i ∈ N, is defined as: : Gi Gi Thus, our transform can be applied to define prioritized versions of Poole’s Theorist formalism and of normal, prerequisite-free Default Logic. It will be interesting to compare this to Brewka [1989a] [1989b] [1994] alternative approach in which he defines new extended, prioritized variants of Poole’s Theorist formalism and of Default Logic. Brewka’s approach does not, in general, have the same entailment behavior (see [Grosof, 1992b] section 8.8).

10 Contrast With Other Algorithms and Approaches

Our transformational approach (for transforming prioritized into parallel) and algorithms (for inferencing with prioritization) is quite different from previous approaches and algorithms for circumscription. Perhaps most importantly, unlike previous ones, it extends to non-layered prioritization partial orders, which appear quite important for practical applications; e.g., default inheritance typically has non-layered prioritization.

Baker & Ginsberg’s [1989]’s query-answering algorithm for the layered case of prioritized default circumscription does not reduce the prioritized representation to a parallel one; instead it takes prioritization into account by modifying the dominance criterion involved in dialectically comparing arguments for and against a given proposition.

The previous approach to transforming a prioritized set of defaults into a parallel set of defaults is based on what [Grosof, 1992b] calls decomposition. [Lifschitz, 1985] has shown an equivalence theorem, for the case of layered prioritization and predicate minimization, between a prioritized circumscription and a conjunction of parallel circumscriptions, one per layer. [Grosof, 1992b] (chapters 5 and 7, especially) has extended this to the case of arbitrary non-layered prioritization and arbitrary default formulas, and has shown a similar result giving equivalence to a series (cascade) of parallel circumscriptions (extending a previous unpublished result by Lifschitz for the layered predicate case). In addition, Brewka’s [1989a] [1989b] [1994] employs the serial decompositional approach as a means to definitionally introduce prioritization-type precedence into Poole’s [1988] Theorist formalism and into Default Logic.

The decompositional approach is quite different in spirit from our transform here, which gives equivalence to a single parallel circumscription. The decompositional approach, in general, results in extra fixtures and also, for non-layered prioritizations, expressively complex extra base. Also, neither Grosof nor Lifschitz have previously given a query-answering algorithm based on this decompositional approach. (Though [Przymusinski, 1989]’s unproven algorithm for layered predicate case is based on Lifschitz’ result.)

Besides previous work for general prioritized circumscriptions, there is also some relevant previous work on encoding specificity into parallel defaults. Early work by Etherington & Reiter [1983] showed how to encode specificity in inheritance into Default Logic, starting from a path-based representation cf. [Touretzky, 1986]. Delgrande & Schaub [1994] propose a general approach, applicable to many default formalisms: “to use the techniques of a weak system, as exemplified by System Z [ [Pearl, 1990] ], to isolate minimal sets of conflicting defaults. From the specificity information intrinsic in these sets, a default theory in a target language is specified.” They then give some particular transforms, concentrating primarily on Default Logic. In current work, they are exploring applying their approach to circumscription.

It will be interesting to compare the transformational approach here in more detail to the previous approaches, in the cases where they overlap: e.g., to compare their entailment behavior and the efficiency of inferencing and updating algorithms based on the different approaches.

11 Summary

See the Abstract.

12 Work in Progress

12.1 More Efficient Special Case for Specificity and Inheritance

As we discussed earlier (section 6), in a forthcoming paper, we address default inheritance and specificity, and show how to improve greatly on the efficiency of the transform and inferencing algorithms given here. We use the transform G analytically to generate an equivalent, special-case transform that is tractable (polynomial in space and time) for a large class of default inheritance represented in prioritized circumscription.

12.2 Applying Results to Other Formalisms

In a forthcoming paper, we also show that our results apply to several default formalisms other than circumscription, including [Geffner, 1992]’s formalism for defaults, inheritance, specificity, and conditionals; [Quantz and Royer, 1992]’s formalism for defaults, inheritance, and specificity in terminological logics; and Brewka’s formalism family [1989a] [1989b]

[1994] which extends Poole’s Theorist and Reiter’s Default Logic with prioritization-type precedence.

Each of these formalisms overlap equivalently, for a broad case, with propositional prioritized defaults in circumscription. Our results thus apply to these formalisms as well.

13 Remaining Challenges

We have not yet experimented with, or evaluated the efficiency of, our approach and algorithms: that awaits future work.

There is much further to go to realize the vision we discussed towards the end of section 1. Enabling sufficient computational efficiency and demonstrating practical applications remain outstanding as problems for future work.

Good algorithms for other kinds of reasoning besides query-answering are also needed: for updating and belief revision, and for other directions, e.g., forward, of inferencing. Approaches to these are discussed for prioritized default circumscription in [Grosof, 1992b] [Grosof, 1992a].

Acknowledgements

Thanks to Torsten Schaub, Jim Delgrande, Leora Morgenstern, and Hector Geffner for encouraging discussions. Thanks also to two anonymous reviewers for helpful suggestions, some of which are incorporated only in the longer version of this paper.

14 Appendix: Additional Preliminary Definitions and Notation, and Proof of Central Theorem

14.1 Preliminary Definitions and Notation

[The next definitions are repeated, mainly verbatim, from [Grosof, 1991] (section 4 there).]

Definition 14 (Pre-Order) A binary relation H is a pre-order when it is reflexive and transitive. A non-strict partial order, by contrast, is a preorder that also obeys anti-symmetry, i.e.: ∀x, y. H(x, y) ∧ H(y, x) ⊃ x = y We adopt the following notation for pre-orders. We write x⪯H y to stand for H(x, y), x≈H y to stand for (x⪯H y) ∧ (y⪯Hx), and x≺H y to stand for (x⪯H y) ∧ ¬(x≈H y). Note that the lack of the anti-symmetry property means that, in general, x≈H y does not imply x = y.

We say that a pre-order is defined over a domain D when both of its arguments are drawn from that domain.

In the context of circumscription, we will be discussing pre-orders that are defined over predicate and function symbols of a “base” logical language L. In our definitions and applications of circumscription in this paper, we will take L to be a first-order logical language and define pre-orders that take as explicit arguments a tuple of predicate and function symbols “similar to”, i.e. of the same type as, the tuple of all predicate and function symbols in L.

Definition 15 (Prioritized Pre-Order)

Let H^{def}= {Hi | i ∈ N} be an indexed set (tuple) of preorders, where N is the set (tuple) of indices, and where each Hi is defined over the same common domain D. We permit any domain: we do not require that it be the models of a logical language, or the symbol tuples (see Z below) corresponding to models. Let R be a strict partial order defined over N, where R(j, i) means that index j has higher priority than index i. We call R a prioritization partial order. Furthermore, let R be well-founded (in the direction of ascending priority). Note that any (strict) partial order defined over a finite domain is well-founded; therefore, finiteness of N suffices. We define the prioritized pre-order (H; R) as:

Z⪯_{(H;R)}Z^{′ def}≡ ∀i ∈ N. [∀j ∈ N. R(j, i) ⊃ (Z≈HjZ^′)] ⊃ (Z⪯HiZ^′) The resulting prioritized pre-order (H; R) is defined over the same domain D as the starting pre-orders Hi.

You may get some intuition about this definition from the following analogy. View the index i ∈ N of each starting pre-order Hi as a voter. Z⪯HiZ^′ means that voter i votes non-strictly (i.e., “agrees”) in favor of Z^′. Then in order for the overall preference function (i.e., Z⪯_{(H;R)}Z^′) to be (nonstrictly) in favor of Z^′, each voter must vote (non-strictly) in favor in case of a tie (i.e., ≈Hj ) by all the voters who are higher-priority (R(j, i)) than that voter. Thus, if a voter’s “higher-ups” do not tie, then that voter is “of no account”: his agreement is not required.

Definition 16 (General Circumscription)

Circumscription in its general form was defined by [Lifschitz, 1984] as minimization with respect to a pre-order defined over a logical-syntactic kind of domain. Let B[Z] be a formula in L, where Z is the tuple of all predicate and function symbols in L. (It will be helpful usually to think of B as a closed formula, i.e., a sentence.) Let H be a pre-order defined over the domain of tuples that are similar to Z, i.e., have the same type and arity as Z. The circumscription of (Z in) B[Z] with respect to H is the (second-order) formula^1

C(B; H; Z)^{def}≡ B[Z] ∧ ¬∃Z^′. B[Z^′] ∧ Z^′≺H Z Preferences On Models: The essence of the definition of general circumscription is that the minimized pre-order represents a preference criterion. For prioritized (predicate and) default pre-orders (see below), the preference pre-order formula ⪯H , defined on tuples Z of all predicate and function symbols corresponds equivalently to a (reflexive, transitive) preference relation ⊑H defined on models M. The models of C(B; H; Z) are exactly those models of B[Z] that are most preferred with respect to ⊑H . The circumscriptive theory is defined as the set of sentences satisfied in all models of C(B; H; Z), i.e., in all most preferred models of B, following [Lifschitz, 1988a]. In general, however, as [Etherington, 1988] remarks, the existence of a model-preference correspondent to a syntactically-defined pre-order is an open question.

Notation: Let D ≤ E stand for ∀x. D(x)⊃E(x), where D and E are open formulas with the same arity (i.e., are sim-

1One can express the fixing of a subset W of the predicates and functions by modifying the minimized pre-order to conjoin the preorder W = W0 to the minimized pre-order. This corresponds to a parallel prioritization.

ilar), and x stands for a tuple of individual object variables.

[The next definitions are repeated, in summary form, from [Grosof, 1992b] (sections 2.2 and 2.7 there).]

Earlier in section 2, we defined a default pre-order Di as: Z⪯DiZ^{′ def}≡ Di[Z] ≤ Di[Z^′] We defined a prioritized default pre-order (D; R) as one in which each of the starting pre-orders is a single default preorder. We defined a prioritized default circumscription as one in which a prioritized default pre-order is maximized (rather than minimized). A propositional default is one in which the default formula is closed; therefore, Z⪯DiZ^{′ def}≡ Di[Z] ⊃ Di[Z^′] when Di is propositional. Next, we elaborate the definition of a prioritized propositional default pre-order.

Definition 17 (Prioritized Propositional Default Pre-Order)

Z⪯_{(D}N_{;R)}Z^{′ def}≡ ∀i ∈ N. [∀j ∈ N. R(j, i) ⊃ (Z≈DjZ^′)] ⊃ (Z⪯DiZ^′) i.e., Z⪯_{(D}N_{;R)}Z^{′ def}≡ ∀i ∈ N. [∀j ∈ N. R(j, i) ⊃ (Dj[Z] ≡ Dj[Z^′])] ⊃ (Di[Z] ⊃ Di[Z^′]) For example, suppose that D consists of two propositional defaults which represent the Quaker-Republican example for the instance Nixon: D1^{def}≡ Rep(Nix) ⊃ ¬P ac(Nix) D2^{def}≡ Qua(Nix) ⊃ P ac(Nix) and that the prioritization partial order R, considered as a relation, consists of one tuple: R(1, 2) ; i.e., the Republican default has higher priority than the Quaker default. Here, the tuple Z of all predicate and function symbols is: ⟨Qua, Rep, Nix⟩ Consider another, similar tuple Z^′: Z^{′ def}≡ ⟨Qua^′, Rep^′, Nix^′⟩ Then Z⪯_{(D;R)}Z^{′ def}≡ [(Rep(Nix) ⊃ ¬P ac(Nix)) ⊃ (Rep^′(Nix^′) ⊃ ¬P ac^′(Nix^′))] ∧ {[(Rep(Nix) ⊃ ¬P ac(Nix)) ≡ (Rep^′(Nix^′) ⊃ ¬P ac^′(Nix^′))] ⊃ [(Qua(Nix) ⊃ P ac(Nix)) ⊃ (Qua^′(Nix^′) ⊃ P ac^′(Nix^′))]} [The next definitions and notation are repeated from [Grosof, 1992b], especially its proof appendix (section B.5 there).]

Below, indices and their quantifiers are presumed implicitly to range within the domain N.

Recall that we write RD(i) to stand for {j | R(j, i)}, i.e., those indices (defaults) that are higher priority than i according to the prioritization partial order R. Here the subscript “D” stands for “Dominators”.

Segments: Let (G^N ; R) be a prioritized pre-order, defined with index set N. Let U ⊆ N be any subset of those indices N. We define the segment of ⪯_{(G}N_{;R)} selected by U, as: Z⪯_{(G}N_{;R):U} Z^{′ def}≡ ∀i ∈ U. [∀k ∈ RD(i). (Z≈G_k Z^′)] ⊃ (Z⪯G_i Z^′) When U is the singleton set {i}, we often write it simply as i.

Warning: Typographic Glitch: In the expressions below, especially those with segments, you will sometimes see spurious variation in the sizes of sub-expressions, e.g., “{i}”, etc.. Please ignore the sizing and just pay attention to subscript and superscript relationships.

Implicit Arguments Z and Z^′: Below, for brevity, we will often leave implicit the arguments of a pre-order (e.g., Z and Z^′). For example, we will often write ⪯H to stand for Z⪯HZ^′. Furthermore, also for brevity, we will often apply a prime symbol to a formula. For example, we will often write E^′ to stand for E[Z^′].

Identities About Segments: Notice that

⪯_{(G}N_{;R)} ≡ ⪯_{(G}N_{;R):N} ⪯_{(G}N_{;R):U} ≡ ∀i ∈ U. ⪯_{(GN ;R):}{i} ⪯_{(G}N_{;R):(U∪V )} ≡ ⪯_{(G}N_{;R):U} ∧ ⪯_{(G}N_{;R):V} Line Numbering Notation: An “A” prefix on a line number, e.g., in “(A1)”, indicates an Assumption, or premise, or a step working forward from such. A “G” prefix, by contrast, indicates a Goal, or a step working backward from such.

Proof Step Notation: “ =⇒ ” indicates an implication, and “⇐⇒” indicates an equivalence, at the (metalinguistic) level of the proof.

14.2 Proof of Central Theorem

Proof of Theorem 7 : Let ⪯H^{def}≡ (E^N ; R).

Let ⪯G^{def}≡ (W ; ∅).

Our proof is inductive. We choose (non-deterministically) as the inductive ordering: ψ, which is a sequencing of the indices N that is descending with respect to the prioritization partial order R.

Let ψj ∈ N stand for the j^{th} element in the sequence ψ. Let S stand for the set {ψ1, . . . , ψj }. Let i stand for ψj+1.

Our inductive hypothesis is: ⪯H:S ≡ ⪯G:S (A1) End case of the induction: S = N. This case corresponds precisely to the equivalence in the “then” part of the theorem statement.

Beginning case of the induction: S = ∅. The inductive hypothesis is trivially true in this case.

It remains to show that the inductive hypothesis with parameter S implies the inductive hypothesis with parameter S ∪ {i}. In detail:

Assume (A1).

Assume as well that

ψ is a sequencing of N that is descending with respect to R. (A2)

Then it suffices to show ⪯_{HS}[{i} ≡ ⪯_{GS}[{i} (G1) By definition: ⪯G:S ≡ V_{j∈S} ⪯W_j (1a) ⪯_{G:S∪}{i} ≡ ⪯G:S ∧ ⪯W_i (1b)

⪯_{H:S∪}{i} ≡ ⪯H:S ∧ ⪯H:i (1c) (A1), (1c), (1b) =⇒ it suffices to show ⪯H:S ⊃ (⪯H:i ≡ ⪯W_i ) (G2) Assume ⪯H:S (A3) Then it suffices to show ⪯H:i ≡ ⪯W_i (G3) By definition: ⪯H:i ≡ (V_{j∈}R_D(i) ≈E_j ) ⊃ ⪯E_i (2) Next, we give some properties of propositional default pre-orders that we will use later.

Since each Eh, for all h ∈ N, is propositional: by definition, ⪯E_h ≡ Eh ⊃ Eh^′ (3a) ≈E_h ≡ Eh ≡ Eh^′ (3b) Some tautologies are: (Eh ≡ Eh^′) ≡ ((Eh ∧ Eh^′) ∨ (¬Eh ∧ ¬Eh^′)) (4a) (Eh ⊃ Eh^′) ⊃ (Eh ≡ Eh ∧ Eh^′) (4b) (Eh ⊃ Eh^′) ⊃ (¬Eh^′ ≡ ¬Eh ∧ ¬Eh^′) (4c) Local Lemma 1:

Let F be any sentence. Then ⪯E_h =⇒ (Eh ∧ F ⊃ Eh^′ ∧ F^′) ≡ (Eh ∧ Eh^′ ⊃ (F ⊃ F^′)) (LL1a) (Eh ∨ F ⊃ Eh^′ ∨ F^′) ≡ (¬Eh ∧ ¬Eh^′ ⊃ (F ⊃ F^′)) (LL1b)

Proof of Local Lemma 1:

Straightforward manipulation using (3a), (4b), and (4c). QED Local Lemma 1

(2), (3), (4a) =⇒ ⪯H:i ≡ ( V_{j∈RD(i) ((Ej ∧ Ej ′) ∨ (¬Ej ∧ ¬Ej ′)) )} ⊃ (Ei ⊃ Ei^′) (5) By definition, and since Wil is propositional: ⪯W_i ≡ V_{l∈}V_i (Wil ⊃ Wil^′) (6) To compare ⪯H:i and ⪯W_i , we consider the “disjunctivenormal-form” expansion of the left-hand-side of the righthand-side of (5). We form this “dnf” expansion by distributing the outermost conjunctions over the inner disjunctions, while treating the innermost parenthetical expressions as “literals”. The result is an expression that has disjunctions appearing outermost, and only conjunctions as the inner connectives. There are 2^{mi} disjuncts: the result of conjoining mi “clauses” of length 2.

For example, let RD(i) be {1, 2, 3}. Thus mi = 3. Let aj stand for (Ej ∧ Ej^′), and let bj stand for (¬Ej ∧ ¬Ej^′). Then the left-hand-side of the right-hand-side of (5) is: (a1 ∨ b1) ∧ (a2 ∨ b2) ∧ (a3 ∨ b3) and its “dnf” expansion is: (a1 ∧ a2 ∧ a3) ∨ (a1 ∧ a2 ∧ b3) ∨ (a1 ∧ b2 ∧ a3) ∨ (a1 ∧ b2 ∧ b3) ∨ (b1 ∧ a2 ∧ a3) ∨ (b1 ∧ a2 ∧ b3) ∨ (b1 ∧ b2 ∧ a3) ∨ (b1 ∧ b2 ∧ b3) Next, observe that in this “dnf” expansion, there is one disjunct per l in Vi. Since σ^i is a sequencing of RD(i), we can thus rewrite (5) equivalently as: ⪯H:i ≡ [ W_{l∈Vi (} V_{k=1,...,mi ( αlk Eσik ∧ αlk E′σik ) ) ]} ⊃ (Ei ⊃ Ei^′) (7) where α^l_k is a logical sign, defined as positive when lk = 1, and as negative (i.e., negation) when lk = 0. Suggestively, k and l are as in the theorem statement, i.e., as in the definition of Wi. (6), (7) =⇒ it suffices to show that: for all l ∈ Vi, (Wil ⊃ Wil^′) ≡ [ ( V_{k=1,...,mi ( αlk Eσik ∧ αlk E′σik ) )} ⊃ (Ei ⊃ Ei^′) ] (G4) We show (G4) by induction.

The inductive parameter is q. The inductive ordering is 0, . . . , mi. The inductive hypothesis is that, for all i ∈ N and for all l ∈ Vi: ⪯W_{il} ≡ [ ( V_{k=1,...,q ( αlk Eσik ∧ αlk E′σik ) )} ⊃ { [(E_σi_{q+1} γ^l_{q+1} (E_σi_{q+2} γ^l_{q+2} (. . . (E_σi_{mi} γ^l_{mi} Ei) . . .))] ⊃ [(E^′_σi_{q+1} γ^l_{q+1} (E^′_σi_{q+2} γ^l_{q+2} (. . . (E^′_σi_{mi} γ^l_{mi} Ei^′) . . .))] } ] (IH2q) End case of the induction: (G4) is identical to: (IH2q) with q = mi.

Beginning case of the induction: q = 0. This follows trivially from the definitions of ⪯W_{il} and Wil.

Let 0 ≤ q ≤ mi − 1. Then it suffices to show that (IH2q) implies: (IH2q) with q + 1 substituted for q, i.e., ⪯W_{il} ≡ [ ( V_{k=1,...,q+1 ( αlk Eσik ∧ αlk E′σik ) )} ⊃ { [(E_σi_{q+2} γ^l_{q+2} (E_σi_{q+3} γ^l_{q+3} (. . . (E_σi_{mi} γ^l_{mi} Ei) . . .))] ⊃ [(E^′_σi_{q+2} γ^l_{q+2} (E^′_σi_{q+3} γ^l_{q+3} (. . . (E^′_σi_{mi} γ^l_{mi} Ei^′) . . .))] } ] (IH2q+1) Comparing the right-hand-side of (IH2q) to the right-hand-side of (IH2q+1), notice that the left-hand-side of the former also appears conjunctively in the left-hand-side of the latter. I.e., (IH2q) has the form a ≡ b ⊃ c, and (IH2q+1) has the form a ≡ b ∧ d ⊃ e, where a, b, c, d, and e are expressions. Thus it suffices to show b ⊃ (c ≡ d ⊃ e). Accordingly, Assume b: V_{k=1,...,q ( αlk Eσik ∧ αlk E′σik ) (A4)} Then it suffices to show c ≡ d ⊃ e:

{ [(E_σi_{q+1} γ^l_{q+1} (E_σi_{q+2} γ^l_{q+2} (. . . (E_σi_{mi} γ^l_{mi} Ei) . . .))] ⊃ [(E^′_σi_{q+1} γ^l_{q+1} (E^′_σi_{q+2} γ^l_{q+2} (. . . (E^′_σi_{mi} γ^l_{mi} Ei^′) . . .))] } ≡ [ ( α^l_{q+1} E_σi_{q+1} ∧ α^l_{q+1} E^′_{σiq+1} ) ⊃ { [(E_σi_{q+2} γ^l_{q+2} (E_σi_{q+3} γ^l_{q+3} (. . . (E_σi_{mi} γ^l_{mi} Ei) . . .))] ⊃ [(E^′_σi_{q+2} γ^l_{q+2} (E^′_σi_{q+3} γ^l_{q+3} (. . . (E^′_σi_{mi} γ^l_{mi} Ei^′) . . .))] } ] (G5) Next comes a key step. Local Lemma 1 (LL1) =⇒ it suffices to show ⪯E_{σiq+1} (G6)

To see this: in Local Lemma 1, the role of Eh is played by E_σi_{q+1} , and the role of F is played by:

(E_σi_{q+2} γ^l_{q+2} (E_σi_{q+3} γ^l_{q+3} (. . . (E_σi_{mi} γ^l_{mi} Ei) . . .))) Case lk = 1 corresponds to case (LL1a), and case lk = 0 corresponds to case (LL1b).

(A2) plus the transitivity of R =⇒ RD(i) ⊆ S (8) In particular, since σ^i_{q+1} ∈ RD(i), (8) =⇒ σ^i_{q+1} ∈ S (9) (9), (A3) =⇒ ⪯_{H:}σi_{q+1} (10)

By definition, (10) ⇐⇒ ( V_{j∈RD(σiq+1) ≈Ej ) ⊃ ⪯Eσiq+1 (11)} (A4), (4a) =⇒ V_{k=1,...,q ≈Eσik (12)} Recall that, by the theorem statement, σ^i is a descending sequencing of RD(i). This plus the transitivity of R =⇒ RD(σ^i_{q+1}) ⊆ {σ^i_1, . . . , σ^i_q } (13) (13), (12) =⇒ V_{j∈RD(σiq+1) ≈Ej (14)} (14), (11) =⇒ (G6)

QED Theorem 7

References

[Baker and Ginsberg, 1989] A. Baker and M. Ginsberg. A theorem prover for prioritized circumscription. In Proceedings of IJCAI-89, pages 463–467, Detroit, MI., 1989.

[Brewka, 1989a] G. Brewka. Preferred subtheories: An extended logical framework for default reasoning. In Proceedings of IJCAI-89, pages 1043–1049, Detroit, Michigan, 1989.

[Brewka, 1989b] Gerhard Brewka. Nonmonotonic Reasoning: From Theoretical Foundations to Efficient Computation. PhD thesis, University of Hamburg, Germany, 1989.

[Brewka, 1994] Gerhard Brewka. Reasoning about priorities in default logic. In Proceedings of the Twelfth National Conference on Artificial Intelligence (AAAI-94), pages 940–945, Menlo Park, CA / Cambridge, MA, 1994. AAAI Press / MIT Press.

[Brown and Shoham, 1989] Allen L. Brown, Jr. and Yoav Shoham. New results on semantical nonmonotonic reasoning. In M. Reinfrank et al, editor, Proceedings of the Second International Workshop on Non-Monotonic Reasoning, Berlin, Germany, 1989. Springer Lecture Notes on Computer Science.

[Cadoli and Schaerf, 1992] Marco Cadoli and Marco Schaerf.

Approximate inference in default reasoning and circumscription. In B. Neumann, editor, Proceedings of the Tenth European Conference on Artificial Intelligence (ECAI-92), pages 319–323. John Wiley, August 1992. Extended version to appear on Fundamenta Informaticae.

[Delgrande and Schaub, 1994] James P. Delgrande and Torsten H. Schaub. A general approach to specificity in default reasoning. In Proceedings of the Fourth International Conference on Principles of Knowledge Representation and Reasoning, pages 146–157, San Francisco, CA, 1994. Morgan Kaufmann.

[Delgrande, 1987a] J. Delgrande. An approach to default reasoning based on a first-order conditional logic. In Proceedings of the Sixth National Conference on Artificial Intelligence (AAAI-87), pages 340–345, Seattle, 1987.

[Delgrande, 1987b] James P. Delgrande. A first-order conditional logic for prototypical properties. Artificial Intelligence, 33:105–130, 1987.

[Dubois and Prade, 1988] Didier Dubois and Henri Prade.

Possibility Theory. Plenum Press, New York, 1988.

[Eiter and Gottlob, 1993] Tomas Eiter and Georg Gottlob.

Propositional circumscription and extended closed world reasoning are π^P_2 -complete. Theoretical Computer Science, 114(2):231–245, 1993. See also Addendum with two missing references in Theoretical Computer Science 118 (2) 1993 p. 315.

[Etherington and Reiter, 1983] D. Etherington and R. Reiter. On inheritance hierarchies with exceptions. In Proceedings of the Second National Conference on Artificial Intelligence (AAAI-83), pages 104–108, Washington, D.C., 1983.

[Etherington, 1988] D. Etherington. Reasoning with Incomplete Information. Pitman, London, 1988.

[Geffner, 1992] Hector Geffner. Default Reasoning: Causal and Conditional Theories. MIT Press, Cambridge, Mass., 1992.

[Ginsberg, 1988] M. Ginsberg. Multivalued logics: A uniform approach to reasoning in artificial intelligence. Computational Intelligence, 4:265–316, 1988.

[Ginsberg, 1989] M. Ginsberg. A circumscriptive theorem prover. Artificial Intelligence, 39:209–230, 1989.

[Gottlob, 1992] Georg Gottlob. Complexity results for nonmonotonic logics. Logic and Computation, 2(3):397–425, June 1992.

[Grosof, 1991] Benjamin N. Grosof. Generalizing prioritization. In Proceedings of the Second International Conference on Principle of Knowledge Representation and Reasoning, pages 289–300, April 1991. Also available as IBM Research Report RC15605, IBM T.J. Watson Research Center, P.O. Box 704, Yorktown Heights, NY 10598.

[Grosof, 1992a] Benjamin N. Grosof. Reformulating nonmonotonic theories for inference and updating. In Michael Lowry, editor, Proceedings of the 1992 Workshop on Change of Representation and Problem Reformulation, Moffett Field, California, April 1992. NASA Ames Research Center Technical Report FIA-92-06. Workshop held Asilomar, California, April 28 – May 1, 1992. Also available as IBM Research Report RC17955.

[Grosof, 1992b] Benjamin N. Grosof. Updating and Structure in Non-Monotonic Theories. PhD thesis, Computer Science Dept., Stanford University, Stanford, California 94305, October 1992. Published by University Microfilms, Inc.. Also available as Research Report from Stanford University Computer Science Dept. and/or IBM T.J. Watson Research Center.

[Grosof, 1993] Benjamin N. Grosof. Prioritizing multiple, contradictory sources in common-sense learning by being told; or, advice-taker meets bureaucracy. In Leora Morgenstern, editor, Proceedings of the Second Symposium on Logical Formalizations of Common-Sense Reasoning (Common-Sense ’93), IBM T.J. Watson Research Center, P.O. Box 704, Yorktown Heights, NY 10598, 1993. Available as an IBM Research Report. Copies of the Proceedings are available via the editor (wider publication being arranged): leora@watson.ibm.com. Held Guest Quarters Hotel, Austin, Texas, Jan. 11-13, 1993.

[Helft et al., 1991] Nicolas Helft, Katsumi Inoue, and David Poole. Query answering in circumscription. In Proceedings of IJCAI-91, pages 426–431, San Francisco, California, 1991. Morgan Kaufmann.

[Hunter, 1994] Anthony Hunter. Defeasible reasoning with structured information. In Proceedings of the Fourth International Conference on Principles of Knowledge Representation and Reasoning, pages 281–292, San Francisco, CA, 1994. Morgan Kaufmann.

[Inoue and Helft, 1990] Katsumi Inoue and Nicolas Helft.

On theorem provers for circumscription. In Proceedings of the Canadian Conference on Computer Science and Artificial Intelligence ’90, 1990. Held Ottawa, Canada, May 1990.

[Konolige, 1988] Kurt Konolige. Hierarchic autoepistemic theories for nonmonotonic reasoning. In Proceedings of AAAI-88, pages 439–443. Morgan Kaufmann, 1988. Held Minneapolis, MN.

[Lifschitz, 1984] Vladimir Lifschitz. Some results on circumscription. In Proceedings of the First AAAI Non- Monotonic Reasoning Workshop, pages 151–164, Oct 1984. Held New Paltz, NY.

[Lifschitz, 1985] V. Lifschitz. Computing circumscription. In Proceedings IJCAI-85, pages 121–127, Los Angeles, CA, 1985.

[Lifschitz, 1987] Vladimir Lifschitz. On the declarative semantics of logic programs with negation. In Matthew L. Ginsberg, editor, Readings in Nonmonotonic Reasoning. Morgan Kaufmann, San Francisco, CA, 1987.

[Lifschitz, 1988a] V. Lifschitz. Circumscriptive theories: a logic-based framework for knowledge representation. Journal of Philosophical Logic, 17:391–441, 1988.

[Lifschitz, 1988b] V. Lifschitz. On the declarative semantics of logic programs. In J. Minker, editor, Foundations of Deductive Databases and Logic Programming, pages 177– 192. Morgan Kaufmann, Los Altos, CA., 1988.

[Loui, 1987] R. Loui. Defeat among arguments: A system of defeasible inference. Computational Intelligence, 3(3):100– 107, 1987.

[McCarthy, 1986] J. McCarthy. Applications of circumscription to formalizing commonsense knowledge. Artificial Intelligence, 28:89–116, 1986.

[Moore, 1985] R. Moore. Semantical considerations on nonmonotonic logics. Artificial Intelligence, 25:75–94, 1985.

[Nebel, 1989] Bernhard Nebel. A knowledge-level analysis of belief revision. In Proceedings of the First International Conference on Principles of Knowledge Representation and Reasoning, pages 301–311, San Francisco, CA, 1989. Morgan Kaufmann. Held Toronto, Canada.

[Pearl, 1990] Judea Pearl. System z: A natural ordering of defaults with tractable applications to nonmonotonic reasoning. In Proceedings of the Third Conference on Theoretical Aspects of Reasoning about Knowledge (TARC ’90), pages 121–135, 1990. Held Pacific Grove, CA.

[Pollock, 1987] J. Pollock. Defeasible reasoning. Cognitive Science, 11:481–518, 1987.

[Poole, 1988] D. Poole. A logical framework for default reasoning. Artificial Intelligence, 36:27–47, 1988.

[Poole, 1992] David Poole. Decision-theoretic defaults. In Proceedings of Canadian AI Conference (CSCSI-92), pages 190–197, Vancouver, B. C., May 1992.

[Przymusinski, 1988] Teodor Przymusinski. On the declarative semantics of deductive databases and logic programs. In J. Minker, editor, Foundations of Deductive Databases and Logic Programming. Morgan Kaufmann, San Francisco, CA., 1988.

[Przymusinski, 1989] T. Przymusinski. An algorithm for circumscription. Artificial Intelligence, 38:49–73, 1989.

[Quantz and Royer, 1992] J. Joachim Quantz and Véronique Royer. A preference semantics for defaults in terminological logics. In Proceedings of KR ’92: the Third International Conference on Principles of Knowledge Representation and Reasoning, pages 294–305, San Francisco, California, 1992. Morgan Kaufmann.

[Reiter, 1980] R. Reiter. A logic for default reasoning. Artificial Intelligence, 12:81–132, 1980.

[Ryan, 1992a] Mark Ryan. Ordered Presentations of Theories — Default Reasoning and Belief Revision. PhD thesis, University of London, London, England, U.K., 1992. Author’s address: Department of Computing, Imperial College, London SW7 2BZ, England, U.K.

[Ryan, 1992b] Mark Ryan. Representing defaults as sentences with reduced priority. In Proceedings of KR ’92: the Third International Conference on Principles of Knowledge Representation and Reasoning, pages 649–660, San Francisco, California, 1992. Morgan Kaufmann.

[Shoham, 1988] Y. Shoham. Reasoning about Change: Time and Causation from the Standpoint of Artificial Intelligence. MIT Press, Cambridge, Mass., 1988.

[Stein, 1989] Lynn A. Stein. Skeptical inheritance: Computing the intersection of credulous extensions. In Proceedings of IJCAI-89, pages 1153–1158. Morgan Kaufmann, 1989. Held Detroit, MI.

[Stillman, 1992] Jonathan Stillman. The complexity of propositional default logics. In Proceedings of the Tenth National Conference on Artificial Intelligence (AAAI-92), pages 794–799, Cambridge, Mass., 1992. AAAI Press / MIT Press.

[Touretzky, 1986] D. Touretzky. The Mathematics of Inheritance Systems. Pitman, London, 1986.

[Zadrozny, 1987] W. Zadrozny. A theory of default reasoning. In Proceedings of the Sixth National Conference on Artificial Intelligence (AAAI-87), pages 385–390, Seattle, Washington, 1987.